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�

Doner � 0?��� 7Thatcher & Wright
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Query

Automata
�p5*BI4R>JB�BWD(>AFHGIB(>JBEPA:=<?>A@?OQ<¢SH2HD�[�S*4 xI:�3�2HD(< �

Selecting Tree Automata
��/#st:�xI2HX

V�u82(xH4 \W�A2HDWGI[�>AU]V�u8:=V�U]>�OQ<v>A[�xI[=D(>JBIT OQ<!GI[y>J2W<�B(xW3�FH@R4 �hGI2
B(SH2(>RT GIUWV�UWX�3"4 B
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V8>=2 � Z
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Model Checking
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>=2HD
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SH2RxWxI\][=<APR4 BW©":=@A2W<?>JB
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u8@AFW<A2­SH2HD�PR4 :´�h[=V�[�V8>J2­<AB�SHBW@AB(5*2(xW2HDR�h[JT�V8>A[ }<A\]>AUW<vSH@A2H[�>J2*4 GIBWV"T B]BWD(>A6WXN>AUWX!PR4 SIxWOQGIB(>R4 5*6WXNGI[;SH2RxWxI:=X!4 PA:=[=X(7�V�u8F(xH4 B
5*BI4�PR4 2H@J�" QV�[J4 X(7
5*BR�" QX�5*BI483"4 B;>J2�©h4 xH4 5*Fv5HxHT GIB;[�S*4 5*2*4 <?OQ<RT BWXE5*BI4*>AUW<y3�[=<R4 5*F(>A[=@AU!D(SH2HV8>A6W@R4 �AU8/
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�EBW@ABR�h:�>J2HDWGI[E>J2HDWX�wHBWV"4 5*2H�WX�2H@R4 V�GI2H�WX�SH2HDvV�u8[�>RT �A2W<?>=BI4hGI[�>AUvxI2R3"4 5*6!5*BI4�>R4 X�PA2HGI:=X�SH2HD
GI[�xI[�>A\WGI[¢5*BI48>JB!BWD(>AFHGIB(>JBNPA:=<?>A@?OQ<I/���@RT �A[�>JBI48[�S*T V�UWX�U!:=<A<A2*4 B;>AUWX�PA[=<?>A@A2HPR4 \WV8SHBWV�UWXE5*BI4
BW<ABW©":=@A2W<?>JBI48[J4 V�B(38O#3"4 5*\;V8>J2*4 u8[JT BN5*BI4*wHBWV"4 5*\;B(SH2(>A[�xI:=V�GIB(>JB*/

�
��� �����������������! #"%$%&'��(*)+"%,
-.&�"/&
0 ��)*)*+&� ,('�kIid'vgh+8�#� $d�d'�
 « �¡<AB�1325476983:

τ
�
vocabulary

�¡[JT <ABI4H:=<ABySH[�SH[=@ABWV�GI:=<A2;V��W<A2(xI2!B(SH2
;=<?>!@BA 1DC ;7E
FG;!HJI � relation symbols

��/�¤�T B
τ } PA2HGI6 A [JT <ABI4p:=<AB��A[=D(3�\W@R4 (A, (RA)R∈τ )

7
FISH2HDv>J2

A
[JT <ABI4h:=<AB
GIU�5*[=<AF±V��W<A2(xI2]>=2
2ISH2*T 2±2W<A2HGI\W�A[�>JBI4">J2±V��WGWSHBW<;>AUWXNPA2HGI6WX

A
5*BI4

RA ⊆ Ar
3"4 B;5*\R�d[

r } GI[�xI:=X�V��WG(wH2(xI2vV�u8:=V�UWX R ∈ τ /L�[�OQ@A2H�WGI[;:=<AB]V��W<A2(xI2
τ ′
B(SHF
V��WG(wH2(xIB
V�u8:=V�UWX(7&>J2�2ISH2*T 2
[JT <ABI4&D(SH2HV��W<A2RxI2±>=2HD±V�D }<AF(xI2HD

τ
�
τ ′ ⊆ τ

��/��LK72NM=6 A M=6 ;O> : IQPRHJI τ SUT A5>WVJI A ;!PXA τ ′ [JT <ABI4"U τ ′ } PA2HGI6 (A, (RA)R∈τ ′)5*BI4�V�DWG(wH2RxHT �A[�>JBI48GI[
A|τ ′
/QCE<

C
GH4 B;5HxI\WV�U

τ } PA2HGW Q<I7 A K72NM=6 A M=6 ;O> : I�PRHJI C ;!P5A τ ′ [JT <ABI4�U5HxI\WV�U
τ ′ } PA2HGW Q< C|τ ′ = {A|τ ′ |A ∈ C}

/
�¡BW<

C
[JT <ABI4�GH4 B
5HxI\WV�U
PA2HGW Q<I7¡V�DWG(wH2RxHT �A2HDWGI[!GI[

C[τ ]
>AUW<±D(SH2I5HxI\WV�U±F(xWOQ<]>�OQ<

τ }PA2HGW Q<NV8>AUW<
C
/

_N+
adc*e"fhg�idj��
kIid'
L m ��ad+�k8n jdid��id'N�pkIid)v$dg��"��i C 
 9;[=PA2HGI:=<AUWX�GH4 BWX�PA2HGI6WX A 5*BI4([=<AFHX>A�(SH2HD

ϕ(x1, . . . , xm)
7*V�DWG(wH2RxHT �A2HDWGI[�>R4 X�CZY5CD[ F5; 2X6 I K A?\ 6�8DCZY A K A 6 A]< Y PXA Y P?< K A ϕ ;!PRH T A5>WV

A
GI[

sat assign(ϕ,A) ^ /¡9;U(xIBWPA6
sat assign(ϕ,A) = {(b1, . . . , bm) | A |= ϕ(b1, . . . , bm)}.

9;[=PA2HGI:=<AUWXt5*\(SH2*4 BWX�xI2(3"4 5*6WX
L
5*BI4HGH4 BWXt5HxI\WV�UWXtPA2HGW Q<

C
7I>J2_KGMO: @ 1 HD> C PRHJI C`K A?Pba >WHJ;!HJI

c 6 C PRH 1 A7c 698 V L ; 2 T AX>+F5I K A?\ CZY V 8 A?\ Y ;!PRH Yd8R1=e ;!H C V KGMO: @ 1 H3> C PRHJI L S C`K A?Pba >WHJ;!HJI;!PRH Y C f evaluation problem for L on C g 2H@RT �A[�>=BI4�B(SHF!>JB![ �A6WX�V8>R4 3�GH4 F(>AD(SHB8�

} ��T V�2HPA2HX(�QPA2HGI6 A ∈ C, >A�(SH2HX ϕ(x1, . . . , xm) ∈ L.

} �E@AFWwIxIUWGIB8�Q²ESH2(xI2(3"4 V�GIFHXE>J2HD sat assign(ϕ,A).

h +")*�"q8� �hn �!q*,���k*,(c*+"f���&¡jp� �!gh+8�#� $h�+i
MSO logic j 
 � >%A YXC T 6 C a C T 2 \DP 2NM A�@ eD[ > 6 C�1 A7c 698 V�

monadic second-order logic or MSO
� � wIxI:�SH[ � 0A.
�Q5*BI4 � .W.
�Q3"4 B
SH[=@R4 V�V�F(>A[=@A[=XNxI[�SI>=2HGI: }@A[J4 [=X
�p[JT <ABI4(GH4 B�[�SH:�5H>JBWV�UE>AUWX�SH@?O#>=2WwH\R�hGH4 BWX�xI2R3"4 5*6WX�U�2ISH2*T B�[�S*4 >A@A:�SH[J4R>AUW<¢SH2HV�2HPA[JT 5H>AUWV�U

SH\W<?O V�[�V��W<A2(xIB8/¡�Q5H>AFHX�B(SHF�>JBvV��WG(wH2(xIB;>AUWX�SH@?O#>=2WwH\R�hGH4 BWX�xI2R3"4 5*6WX(78>=2]B(xI©"\RwHU(>AFv>AUWX
SH[=@R4 :=u8[J4?PA[=D(>A[=@A2WwH\R�hGH4 [=X#GI[�>JBRwIxIU(>A:=X

X,Y, Z, . . .
SH2HD¢B(SH2(>R4 GI2H�W<?>JBW4?B(SHF�V��W<A2(xIBtV8>J2*4 u8[JT OQ<

>J2HDvV��WGWSHBW<?>J2HX�>AUWXyBW<?>RT V8>=2*4 u8UWX�PA2HGI6WX(/tst2]V��W<A2(xI2�>=OQ<;>A�(SIOQ<N>AUWX�SH\W<?O V�[�:=<ABvxI[ �R4 5*F
τ
[JT <ABI4�[�5*[JT <A2vSH2HD;SHBW@A\(3�[�>=BI48B(SHFv>J2HDWX�5*BW<AFW<A[=X�>R4 X�SH@?O#>J2WwH\R�hGH4 BWXExI2(3"4 5*6WX(7*[�SH[�5H>R[�>=BWGI: }<A2]GI[y:=<ABW<N5*BW<AFW<ABvSH2HDv2H@RT �A[J4hB(>J2HGH4 5*2H�WX�>A�(SH2HDWX�>AUWXyGI2H@A©"6WX

X(x)
7hFISH2HD

X
GI[�>JBRwIxIUR>A6

k�l%mXnGm5o�pbnGq?rXs?t/u5o5vXt�w xGmbvXsRv m
my s?tNzX{b|/}7~]�U}]p]�!��o�pB�Rv �bz?v qX�7nGmX�Zw m%~]n�pb}`v �?qRv t�w o�mbvb}7�Xx�{5�Z�=|/q+}7�XsX�?q5zRv }7s?ub|

ϕ(A)
�`v m�o�q�w �5v q.}7rXxGq5zbq7�

K
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V�DW<AF(xI2HD!5*BI4
x
SH@?O#>J2WwH\R�hGH4 B�GI[�>JBRwIxIUR>A687"GI[�>AUW<;SH@A2H©"BW<A6�V�UWGIBWV"T B�F(>R4�� >J2

x
BW<A6(5*[J4"V8>J2

X 	 /­²ESH\W@Au8[J4�:=<ABWX�B(5*FHGIB
5*BW<AFW<ABWXvSHBW@AB(38O#3�6WX MSO} >A�(SIOQ<]2¬2ISH2*T 2HXvxI:=[J4pF(>R4#BW<±2 ϕ[JT <ABI4�:=<ABWX
MSO} >A�(SH2HXv5*BI4�U X GH4 B�GI[�>JBRwIxIUR>A6
V�DW<AF(xI2HD87�>AF(>A[v2*4 ∃Xϕ 5*BI4 ∀Xϕ [JT <ABI4

MSO} >A�(SH2*4 /#��V�UWGIBWV"4 2(xI2(3"T BN2H@RT �A[�>JBI485*B(>A\N>J2W<N©"DWV"4 5*Fv>A@AFISH2"/


 c��%�Q+&���tjdi®q8� ��k8,RkW����j�%()*��q*%()Hk*c*��
 « �¡<ABWX c MJe�
 A]I [JT <ABI4hGH4 B {E} } PA2HGI6 G = (G,EG)
7

FISH2HDlU
EG ⊆ G2 [JT <ABI4QGH4 BlBW<?>R4 } BWD(>J2ISIBR�h6WX�5*BI4QV�DWGIGI[�>A@R4 5*6lPR4 GI[�xI6WX]V�u8:=V�U8/b« �¡<AB >WH

T 6 C P 2 P C c7>+F Y A T F Y P M A [JT <ABI4�:=<ABWX�V�DW<A[�5H>R4 5*FHX�B(5*D(5HxH4 5*FHX!3�@A\W©"2HX T = (T,ET )
/­|�[�:=<AB

PA:=<?>A@A2
T
7d2H@RT �A2HDWGI[�SH\W<?>=B�>ADWu8BIT BvGHT B M a � C rT ∈ T /��E@A2H5*�(SI>A[J4h:�>AV"4dGHT B
©"DWV"4 5*6�GI[=@R4 5*6PR4 \(>JB��AU
≤T V8>J2
V��W<A2RxI2 T >A:�>J2*4 BN QV8>A[

n ≤T u ⇐⇒
2v5*FHG(wH2HX

n
[=GI©"BW<RT �A[�>JBI48V8>J2
GI2W<ABWPR4 5*F�GI2W<A2ISH\(>R4

B(SHF!>AUv@RT �AB
rT
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δ
[JT <ABI4�GH4 BbV�DW<A\W@?>AUWV�U­B(SHFb>J2

[Q]≤2 × Γ
V8>=2

Q
/±¤�[
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7&PAU(xIBWPA6�>J2
V��W<A2(xI2

{{q, q′} | q, q′ ∈ Q}
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CE<A\(xI2(3�B87&U±[�5H>A:�xI[=V�U
>J2HD
SHBW@AB(SH\W<?O BWD(>=2HGI\(>J2HD
V�[!:=<AB
Γ } PA:=<?>A@A2 T = ((T, s), c)

[JT <ABI4
GH4 B�V�DW<A\W@?>AUWV�U
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n
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>AU
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V�DW<A\W@?>AUWV�U!GI[�>A\RwHBWV�UWX
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/ �
�
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A
GI[
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<AB�BW<AB(SHBW@ABWV8>A6WV�2HD(GI[�GH4 B τ } PA2HGI6�V�[yGHT B ram
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BW<AB(SHBW@R4 V�>A\(>=BI4&GI[v:=<AB±�A[=D(3�\W@R4p©"DWV"4 5H Q<]BW@R4 �hGW Q<I/±��4 2�V�D(385*[�5*@R4 GI:=<AB87�>J2��A[=D(3�\W@R4
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i} 2HV8>AF j } GI[�xI:=X!V��WG(wH2(xI2�V�u8:=V�UWX!>J2HD τ /]� 5HOQPR4 5*2ISH2*T UWV�U [τ ]
[JT <ABI4�GH4 B

B(5*2(xI2HDA�dT B
1 + 2|τ |
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τ
5*BI4
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V8>=B
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‖τ‖ = 1 + 2|τ |
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CE<A\(xI2(3�B­U¬5HOQPR4 5*2ISH2*T UWV�U
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>AU­PA2*GW6WX�[JT <ABI4�GH4 B­B(5*2(xI2HDA�dT B¬©"DWV"4 5H Q<lBW@R4 �hGW Q<I7¢U

2ISH2*T B �A[�584 <A\W[J4�GI[�>AUW<y5HOQPR4 5*2ISH2*T UWV�UN>J2HD!xI[ �R4 5*2H�N>AUWX(/�C¢5*2(xI2HDR�h2H�W<�2*4�SIxIUR�h\W@R4 �hGI2*4
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R ∈ τ
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B(SHFyBWD(>J2H�WX(7(B(5*2(xI2HDA�d[JTRU�BW<AB(SHBW@A\WV8>JB(V"U¢>=OQ<�V�u8:=V�[�OQ<E>AUWX�PA2HGI6WX �IV�[�5*\R�h[
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RA BW<?>R4 V8>J2*4 u8[JThGH4 B
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B(5*[=@ABIT 2HD(X�SH2HD�B(SH2W>A[�xI2H�(<N>R4 XySIxI[J4 \WPA[=X�>AUWX

RA /¡9;U(xIBWPA6N>J2�GI:�3�[´�h2HX�GI4 BWX τ } PA2HGI6WX A [JT <ABI4

‖A‖ = ‖τ‖+ 1 + |τ |+ |A|+ �
R∈τ

r
5X��$'��C<7
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����x��5zbq5�7m'q?n5w �GtNo�mbv`o�q
[Q1, Q2]≤2 = {{q, q′} | q ∈ Q1, q
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u5o�mXx
δ(qi, qj , γ) = δ(qj , qi, γ) 9 �`v m;:+�G�Zt

γ ∈ Γ
:Rmbv7�`v m	:+�G�Zt

qi, qj ∈ Q
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δ
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Q
� � w xGmbv

Q ∗Q = {(q, q′) | (q, q′) ∈ Q×Q
:Rmbv

q ≥ q′}
�>�tU�=nGq?rXs?t u5o5vBpd}7�Xx��Xn�o�pb}]p

o : [Q]≤2 → Q ∗ Q 9 �5v m5o��X}7t�v%o�m }]o�qRv ~]t�w m o�q?� [Q]≤2
}7rXs?�`�=xGmds?to�pbx �?mXnGm5�1�XxG� �5v �5o�m.@�p(B

o({q, q′}) = (q, q′) 9 ub�?q?� q ≥ q′
:Rmbv

o({q}) = (q, q)
�,CBu5oGt

δ({q, q′}, γ) =
δ′(o({q, q′}), γ)
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= Θ(|τ |+ |A|+ �
R∈τ

‖RA‖).

� CbMJe T 2X6 c7> C���� ����L�[�OQ@A2H�WGI[
>J2�PR4 B(>A[�>JB(3�GI:=<A2 Γ} PA:=<?>A@A2"7 Γ = {w, b}
7�SH2HDlBW<AB(SHBW@RT V8>JB }>JBI4�xI2(3"4 5*\�B(SHFb>AUW<

τoΓ }
PA2HGI6

T
/ L�DWGHT �A2HDWGI[±FW>R4

τoΓ = {S1, S2, Pw, Pb}
/ ��T <ABI4

T =
{1, 2, 3, 4, 5}

7
P T
w = {2, 3, 4, 5}

7
P T
b = {1}

7
ST

1 = {(1, 2), (2, 4)}
7
ST

2 = {(1, 3), (2, 5)}
/

��T <ABI4
[τoΓ] = ( 4�������

|τo
Γ
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, 1, 2�������
S1

, 2, 2�������
S2

, 1, 1�������
Pw

, 2, 1�������
Pb

),

[T ] = ( . . .�������
[τo

Γ
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|T |
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ST

1
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b
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7
SH2HD�B(SH2(>A[�xI[JT >JBW4"B(SHF]:=<AB�GIUv5*[=<AF±V��W<A2RxI2
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>=OQ<�5*2H@ADW©� Q<E>J2HD�D(SH[=@?3�@A\W©"2HD

H
� PAU(xIBWPA6
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V��W<A2(xI2±>�OQ<
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tree-decomposition
>J2HD!D(SH[=@?3�@A\W©"2HD8/Q9;U(xIBWPA68�

tw(H) = min{w(T ,X ) | (T ,X ) ∈ TreeDecomp(H)}.
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Tv
3"4 B�>J2�V��W<A2RxI2

{t ∈ T | v ∈ Xt}SH2HDv2H@RT �A[J4�>J2 \ K A T F Y P M A Tv K A?\ CDY P 6 ;!PXA 6 E 2 a/;!PRH Y 8 A M \ 
 V v ∈ H 7"PAU(xIBWPA6!>=2]D(SH2HPA:=<?>A@A2
(Tv, E

T ∩ (Tv × Tv))
/

�])Hk8� �pkI+&n o&id��i®jp� �"']$&+dc��%���d'
$&�h�#jp� �"' ��ad,(c*��$&jd�d'±kW+�� ��ad,(cH��c��%�Q+��­��,]$&e&jhfd+ 

L�[�OQ@A2H�WGI[�GHT B
PA[=<?>A@A2HPR4 \WV8SHBWV�U

(T , (Xt)t∈T )
[=<AFHXND(SH[=@?3�@A\W©"2HD

H = (H,EH)
/�� : >!@#A]I

node(T ,X )(v)
> 6 C I 8 A M \ 
 VJI v ∈ H � I KGM A]I
PRH Y (T ,X )

2W<A2HGI\W�A[�>JBI4*2v[�xI\Wu�4 V8>=2HX¢5*FHG(wH2HX
� OQX!SH@A2HX;>AU±V�u8:=V�U

≤T � t ∈ T 3"4 B]>=2W<
2ISH2*T 2 v ∈ Xt
� PAU(xIBWPA6]U±@RT �AB±>=2HD±D(SH2HPA:=<?>A@A2HD

(Tv, E
T ∩ (Tv × Tv))

��/ CE<A\(xI2(3�B 83: >!@#A]I node(T ,X )(e)
> 6 C I \ K72NMJCD8 >WVJI e ∈ EH OQX

SH@A2HXt>AUNPA[=PA2HGI:=<AUyPA[=<?>A@A2HPR4 \WV8SHBWV�U
(T ,X )

[JT <ABI4I2![�xI\Wu�4 V8>J2HXt5*FHG(wH2HX
t ∈ T
3"4 By>=2I<�2ISH2*T 2

e ⊆ Xt
/

|¡>AUNV�DW<A:=u8[J4 ByF(>JBW<�UNPA[=<?>A@A2HPR4 \WV8SHBWV�U
(T , (Xt)t∈T )

[=<A<A2H[JT >JBI4HB(SHFN>JByV�DWGI©"@ABW�AFHGI[=<AB87
�hB;SHBW@AB(xI[JT SH2HD(GI[¢>AUW<yBW<ABW©"2H@A\;>AUWX�5*BI4*�hB;3�@A\W©"2HDWGI[

node(v)
5*BI4

node(e)
BW<?>RT V8>J2*4 u8B8/

��� 
 
 ��� � �	��
 �
��������� 2 T A5>+F Y A?\ 2]Y]: I.\ K72NM c MJe�
 AR\ H = (H,EH)
8DCZ6 T 2 T AX>+F Y HJI�> 6 C I tree-

decomposition (T , (Xt)t∈T ) P5AR\ H � \ K]ebM E 2X6'C?1 c :�M=6 [ >BA]I c MJC >�> 698 A]<_E MO:]Y A?\ A A K ARa A]I
\ K A 1 A]cJa � 2X6 PRH Y A 6�8 A]cOF Yb2X6 C f node(x))x∈H∪EH .

� ad+8gh+��#� ��j�ed'
q*,()Hk*c*+dq8� �"�pa��"��,(��)�
 ~�V�u8�W[J4H>J2;SHBW@AB(5*\(>�O¬3"4 By>AUW<�SH2RxID(5HxI2I5*F(>AUR>JB�>J2HD
D(SH2(xI2R3"4 V�GI2H�NGH4 BWX�PA[=<?>A@A2HPR4 \WV8SHBWV�UWX(/
� ���	� �#
 ��� � �	��
 ��������� 2 T A5>+F Y AR\ 2]Y A]I
\ K72NM c MJe�
 A?\ H = (H,EH) � \ K]ebM E 2X6 F YXC K A 1 \ ��Y \ S>%A p(x) 83CZ6 F Y5C I C?1 c :�M=6 [ >BA]I � AdA K ARa A]I�\ K A 1 A7cJa � 2X6 >�a C T 2]Y P M A T 6 e ; K]C ;!H�PXA?\ H K51=e PXA?\ZI
w = tw(H) ; 2 E MO:]Y A 2p(w)|H|.

L�B�BW<ABW©":=@A2HDWGI[�SI[=@R4 V�V�F(>A[=@A[=X�xI[�SI>J2HGI:=@A[J4 [=X�V�>AUW<¢�¡<AF(>AU(>JBy�*/ 0W7IF(>JBW<t�hB�BW<ABW©"[=@J�h2H�WGI[
V8>R4 X�PA2HGI:=X�©"@AB(3�GI:=<A2HD!PA[=<?>A@A2ISIxI\(>J2HDWX(/
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CEV�u82(xI2H�WGIBWV8>A[vV�>AUW<±[=<AFW>AU(>=B�BWD(>A6�GI[�>=2¬SH@AFWwIxIUWGIB
>AUWX
B(SH2W>RT GIUWV�UWXv3"4 B�>AUlGI2W<ABWPR4 BIT B
PA[=D(>A[=@A2WwH\R�hGH4 B�xI2(3"4 5*6 �

MSO
�&V�[QPA2HGI:=X#SH2HD¢[JT <ABI4Au8@?OQGIB(>R4 V�GI:=<ABEPA:=<?>A@AB8/#��4JwHBWV"4 5*:=XQ4 PA:=[=X

>=OQ<�>A[=u8<R4 5H Q<�V8>R4 Xv2ISH2*T [=XywHBWV"T �A[�>JBI4dU±[�S*T xIDWV�U
>J2HD
SH@A2WwIxI6WGIB(>J2HXNBWD(>J2H�]BW<AB(SI>A�WuH�hU(5*B(<
5*B(>A\¢>AU�GI[�xI:�>AUESH@A2WwIxIUWGI\R>=OQ<�B(SHFH©"BWV�UWXQ>AUWX¡xI2(3"4 5*6WXQ5*BI4AS*4 2�V�D(385*[�5*@R4 GI:=<AB¢>AUWX�BWV*�h[=<A2H�WX
GI2W<ABWPR4 BIT BWXQPA[=D(>A[=@A2WwH\R�hGH4 BWX��h[�OQ@RT BWXQ>=OQ<tV"DW<ABW@?>A6WV�[�OQ<�>=OQ<tPA�W2�[�SHFHGI[=<?OQ<I/p���h[�OQ@RT BE>=OQ<
V�DW<ABW@?>A6WV�[�OQ<±>=OQ<
PA�W2­[�SHFHGI[=<?OQ<±SHBW@A2HDWV"4 \W�A[J4�V�UWGIBW<?>R4 5*:=X
2HGI2*4 FW>AU(>A[=X�GI[�>AUlGI2W<ABWPR4 BIT B
PA[=D(>A[=@A2WwH\R�hGH4 B��h[�OQ@RT B­>=OQ<¬PADWBWPR4 5H Q<lPA:=<?>A@?OQ<¬FISH2HD¬>JB�V��WG(wH2(xIB¬V�u8:=V�[�OQ<

S1
5*BI4

S2u8@AUWV"4 GI2ISH2*4 2H�W<?>=BI4�3"4 Bl<AB¬PAU(xW QV�2HDW<±>J2­BW@R4 V8>A[=@AF­5*BI4#PA[ �RTQSHBI4 PRTQBW<?>RT V8>=284 u8B��
Doner � ^*70?��� 7

Thatcher & Wright � .*0����=/]|�UWGI[J4  Q<A[�>JBI4�F(>R4&>JB
BW<?>RT V8>J2*4 u8B±B(SI2W>A[�xI:=V�GIB(>=B][JT <ABI4�V8>AU2HDWV"T B�[�SH:�5H>JBWV�U¢>=OQ<¢B(SH2(>A[�xI[=V�GI\(>=OQ<�>=2*D
Büchi � � �83"4 B�xI: �A[J4 X � wIxI:�SH[¡[�S*T V�UWX Thomas � .W.
�3"4 B;SH[=@R4 V�V�F(>A[=@A[=X�xI[�SI>=2HGI:=@A[J4 [=X
��/

� 5*[=<?>A@R4 5*6±4 PA:=B]3"4 B]>AUW<�[�S*T xIDWV�U�>=OQ<�SHBW@AB(SH\W<?O SH@A2WwIxIUWGI\(>�OQ<v[JT <ABI4&U±V��W<APA[=V�U]>AUWX
GI2W<ABWPR4 BIT BWXyPA[=D(>A[=@A2WwH\R�hGH4 BWX�xI2(3"4 5*6WXyGI[y>JB]BWD(>AFHGIB(>=B8/N|¡>AU
V��W<APA[=V�U]BWD(>A6vwHBWV"T �A[�>=BI4h5*BI4
Uv[�S*T xIDWV�U;>J2HDvSH@A2WwIxI6WGIBR>J2HX�>AUWX�[=�W@A[=V�UWX�>=OQ<!BW<ABR�h:=V�[�OQ<y3"4 Bv>AU

MSO
xI2(3"4 5*6!V"[�PA2HGI:=X

SH2HD;[JT <ABI4�u*@?OQGIB(>R4 V�GI:=<ABvPA:=<?>A@AB ^ �

} ��T V�2HPA2HX(� Γ} PA:=<?>A@A2 T 7 MSO} >A�(SH2HX ϕ(X1, . . . , Xl, x1, . . . , xm)
/

} �E@AFWwIxIUWGIB8�Q²ESH2(xI2R3"4 V�GIFHXE>J2HD sat assign(ϕ, T ).

1�F(38O >AUWX�V��W<APA[=V�UWX�BWD(>A6WX�[JT <ABI4"[=©h4 5H>A6vUvBW<AB(38O#3�6!>J2HDvBW@Au�4 5*2H�;SH@AFWwIxIUWGIB;>=2HDvD(SH2 }xI2(3"4 V�GI2H�;>=OQ<;BW<ABR�h:=V�[�OQ<I78FHSWOQX�BWD(>AF�2H@RT V8>AU(5*[ESHBW@AB(SH\W<?Ot78V�[�:=<ABv4 V�2HPA�W<ABWGI2vSH@AFWwIxIUWGIB
BWD(>J2HGI\(>�OQ<I/±« �ESIOQX;�hB�PA2H�WGI[vV8>AUW<
�¡<AFW>AU(>=B�K8/ 0
GWSH2H@A2H�WGI[vu*OQ@RT XvwIxI\RwHU]>AUWXv3�[=<R4 5*FW>AU }>JBWX]<AB��h[�OQ@A2H�WGI[
FW>R4Q2­BW@Au�4 5*FHX
>A�(SH2HX]PA[=<�:=u8[J4Q[�xI[=�R�h[=@A[=X�SH@?O#>=2WwH\R�hGH4 [=X]GI[�>JBRwIxIUR>A:=X(/
« �Q>AV"4�2H@RT �A[�>JBI4�U±>A@A2ISH2ISH2*4 UWGI:=<AU]GI2H@A©"6
>=2HD
BW@Au�4 5*2H�±SH@A2WwIxI6WGIBR>J2HXNSH2HD
PA[=<][JT <ABI4�>RT SH2(>=B
\(xWxI2yB(SHF�>J2ySHBW@AB(SH\W<?O�SH@AFWwIxIUWGIB�B(xWxI\�3"4 B�PA[=PA2*GW:=<A2*DWX�>A�(SH2HDWX�SH2HD�PA[=<�:=u82HDW<E[�xI[=�R�h[=@A[=X
SH@?O#>=2IwH\R�hGH4 [=X�GI[�>JBRwIxIU(>A:�X(/�st2�SH@AFWwIxIUWGIBNBWD(>AF�GI[�xI[�>A\WGI[EV8>R4 X�[�SHFHGI[=<A[=X�[=<AF(>AU(>A[=X(/
��4 2 V�D(385*[�5*@R4 GI:=<AB87�V8>AUW<¬�¡<AF(>RU(>=B®K8/ .�SHBW@A2HDWV"4 \W�A[�>=BI4�U 4 V�2HPADW<ABWGHT BbGI[�>=B��A�

MSO}xI2(3"4 5*6WX�V�[�PA:=<?>A@AB�5*BI4#BWD(>=2HGI\(>=OQ<]3"4 B�PA:=<?>A@AB8/b|�UWGI[J4  Q<A2HDWGI[vFW>R4#2*4��¡<AF(>AU(>A[=X]K8/ 0
5*BI4
K8/ .�B(SH2(>A[�xI2H�(<]>=2l�h[�OQ@AU(>R4 5*F¬D(SHFWwHBR�h@A2�>AUWX]BW<AB(38O#3�6WX�>=2HDlBW@Au84 582H�
SH@A2WwIxI6WGIB(>=2HX�V8>J2
4 V�2HPA�W<ABWGI2NSH@AFWwIxIUWGIB�BWD(>J2HGI\(>=OQ<E5*BI4HGWSH2H@A2H�W<�<ABySHBW@AB(xI[J4 ©8�h2H�W<EB(SHFN>J2W<�BW<AB(3�<? QV8>AU�SH2HD
PA[=<�[=<APR4 BW©":=@A[�>=BI4=3"4 B�>R4 X�>A[=u8<R4 5*:=X�xI[�SI>J2HGI:=@A[J4 [=X�>AUWX#BW<AB(38O#3�6WX(/�|¡>AUW<Q�¡<AFW>AU(>=BtK8/ Kt2H@RT �A[�>JBI4
>J2
4 V�2HPA�W<ABWGI2vSH@AFWwIxIUWGIBNBWD(>J2HGI\(>�OQ<I/
|¡>AU�V�DW<A:=u8[J4 B87WV8>AUW<¢�¡<AF(>AU(>JB�K8/ ��7(SHBW@A2HDWV"4 \W�A[�>=BI4(BW<AB(xID(>R4 5*\E2NB(xW3�FH@R4 �hGI2HX�>=OQ<

Flum,
Frick, Grohe � 0?K��E3"4 B­>AUW<�[�S*T xIDWV�Ul>J2HD¬SH@A2WwIxI6WGIB(>=2HX±BWD(>J2HGI\(>�OQ<I/�|�UWGI[J4  Q<A[�>=BI4�F(>R4�USH@A2HV�:�383"4 V"U±BWD(>A6
wHBWV"T �A[�>JBI4&V�[v4 PA:=[=X!>=2HD � K�� /]st2
wHBWV"4 5*F�B(SH2(>A:�xI[=V�GIB]V�DW<A2��hT �A[�>JBI4�V8>=2L�[� Q@AUWGIB�K8/ .*7EV��WGI©�OQ<AB®GI[
>J2 2ISH2*T 2b>J2 SH@AFWwIxIUWGIB¬>AUWX�B(SH2(>RT GIUWV�UWX±3"4 B

MSO } >A�(SH2HDWXkG��o�p.}7�XxG�U~]t�v m
�Zm��ZtU�=nGq?rXs?tWuXo5v`q.oGr5�?q?| :Rmbv`p'�Gq?sb{.�U~]q?�Xx�o�q w �5v q'zbt$@5v :Ru�:RmbvZ�Gt%�Zm
o�q�mXxGmX�`�UnGq?�Xs?tu5o�mXx�mX�5oGu�tUxGxGq?t�w o�mbvZm5�?u'o�m
}7�Xs?�`nGm.�Gu?s?tUx5mR�
0?�
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V�[�u8@?OQGIB(>R4 V�GI:=<AB�PA:=<?>A@ABl[�S*4 xI�W[�>=BI4pV�[
u8@AFW<A2
f(‖ϕ‖) · (|T | + ‖sat assign(ϕ, T )‖)

7Q3"4 B
5*B(>A\(xWxIURxIU�V�DW<A\W@?>AUWV�U

f : N→ N
/Q|¡>R4 Xt[=<AFW>AU(>A[=X�SH2HD�B(5*2(xI2HDR�h2H�(<I7WV�u82(xH4 \W�A2W<?>JBI4WGH4 5*@A:=X

SHBW@AB(xWxIBR3�:=X�>J2HDvSHBW@AB(SH\W<?O B(xW3�2H@RT �dGW2*D87�5*BR�" QXy5*BI4hPR4 \W©"2H@A[=X�wH[�xW>R4 V8>J2ISH2*4 6(V�[J4 XR/Est:�xI2HX(7
V8>AUW<
�¡<AF(>AU(>JBlK8/ ^lPRT <A2W<?>JBI4Q2*4QGI[�>JBW©"@A\WV�[J4 X
>�OQ<�PR4 BW©"FH@?OQ<
SH@A2HV�[�383"T V�[�OQ<�V�[]V�u8[=V"4 B(5*6
\(xW3�[´wH@AB8/

�
��� ��� &W$�
 ���., �'$%,���� �
-.& "%$%�	�'�	�'�'� �
-.�! %�
|¡>AUW<![=<AF(>AU(>JB�BWD(>A6!SHBW@A2HDWV"4 \W�A[�>JBI4�>=2]SH@A2ISHBW@ABWV85*[=DWBWV8>R4 5*FvwH6WGIB!>AUWXNBW<AB(38O#3�6WX�>J2HD
BW@ }u�4 5*2H��SH@A2WwIxI6WGIB(>=2HX
V"[]:=<AB¬4 V�2HPA�W<ABWGI2¬SH@AFWwIxIUWGIB�BWD(>J2HGI\(>=OQ< � � 0?K�����/z|�UWGI[J4  Q<A2HDWGI[
F(>R4V8>J2 � 0?K��d>=2vD(SI2H5*[JT GI[=<A2NPADWBWPR4 5*F;2H@RT �A[�>JBI4HV8>J2;xI[ �R4 5*F {E} 5*BI4H\W@ABN[JT <ABI4*GIUNPR4 B(>A[�>=B(3�GI:=<A2"/9;U(xIBWPA6!>JB�BW<?>RT V8>J2*4 u8Bvu8@?OQGIB(>R4 V�GI:=<AB
PA:=<?>A@AB
[JT <ABI4

τΓ } PA2HGI:=X�5*BI4h2*4">R�(SI284"BW<A6(5*2HDW<;V8>AUW<
MSO[τΓ]

/!stB]B(SH2(>A[�xI:=V�GIB(>=B
BWD(>A\
[�SH[�5H>A[JT <A2W<?>=BI4d[=<?>A[�xW QX;©"DWV"4 5*\
5*BI4d3"4 B
>AUW<vSH[=@RT SI>=O }V�U�SH2HDv>J2±D(SH2I5*[JT GI[=<A2]PADWBWPR4 5*F]PA:=<?>A@A2±2H@RT �A[�>JBI4hV8>J2]xI[ �R4 5*F
{S1, S2}

7dPAU(xIBWPA6�F(>JBW<![JT <ABI4
PR4 B(>A[�>JB(3�GI:=<A2"/pstF(>A[t>=Byu8@?OQGIB(>R4 V�GI:=<ABNPA:=<?>A@ABy[JT <ABI4

τoΓ }
PA2HGI:=Xt5*BI4I2*4*PA[=PA2HGI:=<A2*4I>A�(SH2*4IBW<A6 }5*2HDW<�V8>AUW<

MSO[τoΓ]
/�« �ESIOQXt�hB;PA2H�WGI[¢V8>AUNV"DW<A:=u*[J4 B87H>=BywH6WGIB(>=ByGI[�>JBWV�u8UWGIB(>R4 V�GI2H��5*BI4*2*4

BW<?>RT V8>=2*4 u8[=X�B(SH2HPA[JT �A[J4 X�[JT <ABI48BW<A[ �A\W@?>AU(>A[=X�B(SHFv>J2�BW<y>=2�xI[ �R4 5*FvGIBWX�[JT <ABI4*>J2
τΓ
6;>J2

τoΓ
/

� ��&¡,
MSOm k���ad+d' ϕ j&ad+dc*,WnN)*��j�,RkI��k*c*��ad,Wn���, %()*�") ,R$#�Qc*�"�pk8� $#� � ��+dq��")*�"j�+

MSOm k���ad+ ϕ′ op��c8n ' ,Rgh, ��&¡,(c*,('®adc*��kI+"f���&¡jp� ,('®j�,RkW�8fhg�ihk*%('�
 ��\R�h[ MSO} >A�(SH2HX
ϕ(X1, . . . , Xl, x1, . . . , xm)

GWSH2H@A[JTA[=�(5*2RxIBt<AB¢GI[�>JBW©"@ABWV8>A[JTAV�[Q:=<ABW<�[�5*©"@ABWV8>R4 5*\¢4 V�2HPA�W<ABWGI2
>A�(SH2

ϕ′ SH2HD�:=u8[J4WGIFW<A2NPA[=D(>A[=@A2WwH\R�hGH4 [=X�[�xI[=�R�h[=@A[=X�GI[�>=BRwIxIU(>A:=X(/�� 4 PA:=B�[JT <ABI4W<AB�GH4 GIUR�h2H�WGI[
>JB�V8>J2*4 u8[JT B�GI[yGI2W<A2HV��W<A2(xIB8/E��4 2±V�D(385*[�5*@R4 GI:=<AB87"V8>J2W<!<A:=2]>A�(SH2

ϕ′ 7d2*4 xi, i = 1, . . . ,m3"T <A2W<?>JBI4hPA[=V�GI[=DWGI:=<A[=X � B(SIF][�xI[=�R�h[=@A[=X�SH2HDv6(>JBW<;V8>=2W<
ϕ
�=/�L�[�OQ@A2H�WGI[

m
<A:=[=XyGI2W<ABWPR4 BIT [=X

PA[=D(>A[=@A2WwH\R�hGH4 [=XNGI[�>JBRwIxIU(>A:�X
Y1, . . . , Ym

7&SH2HD]PA[=<
[=GI©"BW<RT �A2W<?>JBI4&V8>J2W<
ϕ
/���@RT �A2*DWGW[;:=<ABW<

>A�(SH2
ϕ1(x1, . . . , xm, Y1, . . . , Ym)

SH2HDN[�5*©"@A\W�A[J48F(>R4H5*\R�d[¢GI2W<ABWPR4 BIT BNPA[=D(>A[=@A2WwH\R�hGH4 B�GI[�>JB }wIxIU(>A6
Yi
BW<?>R4 V8>J2*4 u8[JTRV�[¡GI2W<A2HV��W<A2(xI2ESH2HD¢SH[=@R4 :=u8[J4A>AUW<�>R4 GI6¢>AUWX

xi
7R3"4 B¢5*\R�h[

i = 1, . . . ,m
/

��<A:=2HX�>A�(SH2HX
ϕ′ :=u8[J48>AUW<ySHBW@AB(5*\(>�O®GI2H@A©"68�

ϕ′(X1, . . . , Xl, Y1, . . . , Ym) = ∃x1, . . . ,∃xm � ϕ(X1, . . . , Xl, x1, . . . , xm) ∧

ϕ1(x1, . . . , xm, Y1, . . . , Ym) � ,
FISH2HD

ϕ1(x1, . . . , xm, Y1, . . . , Ym) = � mi=1 [Yi(xi) ∧ ∀x(Yi(x)→ x = xi)]
/

|¡>AUW<t2HDWV"T BE2*4RPA�W2�>A�(SH2*4
ϕ
5*BI4

ϕ′ [�5*©"@A\W�A2HDW<�>AUW<tT PR4 B�4 PR4 FW>AU(>=B87RB(SIxI\¢2 ϕ >AUW<t[�5*©"@A\W�A[J4V�BW<�4 PR4 F(>AU(>JB
[=<AFHX;V8>=284 u8[JT 2HD
ci
� GI[y>J2
2ISH2*T 2±B(SH2(>R4 GI\(>JBI4hU
GI[�>JBRwIxIU(>A6

xi
��[=<? z2

ϕ′ >AUW<
[�5*©"@A\W�A[J4�V�BW<N4 PR4 FW>AU(>=B;>=2HD!GI2W<A2HV"DW<AFRxI2HD

{ci}
� SH2HD;B(SH2W>A[�xI[JTH>AUW<�>R4 GI6!>AUWX

Yi
��/

9;U(xIBWPA6�3"4 Bt2ISH2*4 BWPA6(SH2(>A[�PA2HGI6
A
GI[�V��WGWSHBW<

A
58BI4=3"4 B

B = (B1, . . . , Bl) ∈ (Pow(A))l
� 7

C = (C1, . . . , Cm) ∈ (Pow(A))m
5*BI4

c = (c1, . . . , cm) ∈ Am
7"4 V�u8�W[J48>=2�SHBW@AB(5*\(>=O �

A |= ϕ′(B,C) ⇐⇒
²ESH\W@Au82HDW<

c1, . . . , cm ∈ A
>A:�>=2*4 B; QV8>A[

Ci = {ci},
3"4 B

i = 1, . . . ,m (
PAU(x�/
A |= ϕ1(c, C, ))5*BI4

A |= ϕ(B, c).��� t
Pow(A)

}7�XsX�?q5z?w �GtNo�mbv`o�q.�G�XxGmXs?q?}7rXxGqXzbq�o�q?�
}7�XxGu5zbq?�
A
�

0W0
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� CbMJe T 2X6 c7> C�� � ���t« �¡V8>=O Γ = {w, b}
� >=2

b
�
black

�QBW<?>R4 V8>J2*4 u8[JTHV8>J2;GIBW�W@A2;u8@? QGIBy5*BI4W>J2
w�

white
�¢V8>J2±\WV8SH@A2]u8@? QGIB ��7h>AF(>A[

τΓ = {E,Pw, Pb}
/ ��BI4h:=V8>�Oz[�S*T V�UWX�5*\(SH2*4 2

Γ } PA:=<?>A@A2
T = (T,ET , Pw

T , Pb
T )
/]L�[�OQ@A2H�WGI[y>AUW<
4 PR4 F(>AU(>JB � 2

x
:=u8[J4�PA�W2
SHBI4 PR4 \]u8@? QGIB(>=2HX

w 	 U2ISH2*T B;[�5*©"@A\W�A[�>JBI48V8>J2�xI[ �R4 5*F
τΓ
GI[�>J2W<�SH@?O#>J2WwH\R�hGH4 2!>R�(SI2

ϕ(x)
�

ϕ(x) = ∃y1∃y2((y1 6= y2) ∧ E(x, y1) ∧E(x, y2) ∧ Pw(y1) ∧ Pw(y2)).

L�[�OQ@A2H�WGI[�>=2W<�>A�(SH2
ϕ1(x, Y ) = Y (x)∧∀y(Y (y)→ y = x)

/¡�z>A�(SH2HX
ϕ(x)
GI[�>JB(>A@A:�SH[�>JBI4

V8>J2W<y>A�(SH2
ϕ′(Y )
�

ϕ′(Y ) = ∃x(ϕ(x) ∧ ϕ1(x, Y )).
��4&>A�(SH2*4

ϕ(x)
5*BI4

ϕ′(Y )
[�5*©"@A\W�A2HDW<v>AUW<
T PR4 B
4 PR4 F(>AU(>=B87�B(SIxI\
2

ϕ(x)
>AUW<�[�5*©"@A\W�A[J4�V�BW<

4 PR4 F(>AU(>JB�:=<A2HXEV8>J2*4 u8[JT 2HD
c ∈ T
[=<? �2

ϕ′(Y )
>AUW<�[�5*©"@A\W�A[J4*V�BW<�4 PR4 F(>AU(>JB�>J2HDyGI2W<A2HV�DW<AF(xI2HD

{c}
/
�EBW@AB(>AUW@A2H�WGI[NF(>R4&V8>J2
xI[ �R4 5*F

τoΓ = {S1, S2, Pw, Pb}
U
T PR4 B±4 PR4 F(>AU(>JB
[�5*©"@A\W�A[�>JBI4&B(SHF

>J2W<�>A�(SH2"�
φ(x) = ∃y1∃y2(S1(x, y1) ∧ S2(x, y2) ∧ Pw(y1) ∧ Pw(y2)),

2�2ISH2*T 2HX�GI[�>JB(>A@A:�SH[�>JBI48GW[�>J2W<;T PR4 2v>A@AFHSI2
V8>=2I<�>A�(SH2
φ′(Y ) = ∃x(φ(x) ∧ ϕ1(x, Y ))

/
�

�]c*o�� $&e­adc*e"fhg�idj�� i�k*c*+dah+dah+�� idj�%()Ii�j�+dc���� j 
 �EBW@AB(>AUW@A2H�WGI[txI2*4 SHFW<�F(>R48u*OQ@RT XEwIxI\RwHU>AUWX�3�[=<R4 5*F(>AU(>JBWX�GWSH2H@A2H�WGI[E<ABv2H@RT V�2HDWGI[¢>J2
BW@Au�4 5*FvGIBWX�SH@AFWwIxIUWGIByOQX�[ �A6WX(�

} ��T V�2HPA2HX(� Γ} PA:=<?>A@A2 T 7 MSO} >A�(SH2HX ϕ(X1, . . . , Xk)
/

} �E@AFWwIxIUWGIB8�Q²ESH2(xI2R3"4 V�GIFHXE>J2HD sat assign(ϕ, T ).

�
� � � 
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��
MSO �

���%���9�
��� �.&��.&+)+"/�
- ��" �_ *��� & �%�! #"%$%&�� &W ���
�� #"�& �
"/� &W$�
 ���., �'$%,���� �
-.& 
�
 �! %&*� 

������ %&W-.� �'$%,���� �
-.& &+)+"/�
- ��" �_ 

�EBW@A2HDWV"4 \W�A2HDWGI[ � �¡<AF(>AU(>JB!K8/ .*/ 0��¡>J2!�d[�O#@A6WGIB!>=OQ<
Doner [10], Thatcher & Wright [21]

/
|¡>AU�V�DW<A:=u8[J4 B � �¡<AF(>AU(>JB�K8/ .*/ . �p2H@RT �A[�>JBI4WU�:=<A<A2*4 B�>AUWXt[�SH:�5H>JBWV�UWX(7(U�2ISH2*T B�[JT <ABI4RwHBWV"4 5*6�>AF }V�2�3"4 BE>AUW<¢BW<AB(38O#3�6�V�[¡SI@AFIwIxIUWGWBEBWD(>J2HGI\(>=OQ<tFHV�2�5*BI4R3"4 BE>AUW<¢BW<A\(xIDWV�U¢>J2HDESH@A2WwIxI6WGIB(>J2IX
BWD(>J2H�8/¢st:�xI2HXyV8>AUW<;�¡<AF(>AU(>JB
K8/ .*/ K;wIxI:�SH2HDWGI[�SI QXy>J2
�h[� Q@AUWGIB�>�OQ<

Doner, Thatcher &
Wright

u8@AUWV"4 GI2ISH2*4 [JT >=BI4R3"4 B�<AB�B(SH2HPA[JT �A2HDWGI[QF(>R4IGH4 B�V�D(385*[�5*@R4 GI:=<AUE5*xI\WV�U�u8@?OQGIB(>R4 V�GI:=<?OQ<
PA:=<?>A@?OQ<¢[JT <ABI4(BW<AB(3�<?O#@RT V"4 GIU8/Q|¡>=2�SHFH@R4 V�GIB�BWD(>A6WX¡>AUWX¡�¡<AF(>AU(>JBWXQwHBWV"T �A[�>JBI4AU�BW<AB(38O#3�6E>=2HD
>A@A2ISH2ISH2*4 UWGI:=<A2HDNBW@Au�4 5*2H�NSH@AFWwIxIUWGIB(>=2HX�V�[�:=<ABv4 V�2HPA�W<ABWGI2vSH@AFWwIxIUWGIB;BWD(>=2HGI\(>=OQ<I/

-�
 � 
 �	�J��+dq��")*�"jpn �
MSO

gh+��#� $h�d'±��,]q*%()Hk*c*�¬$&�h�#�%��kW+dj ��kW��)±�#� �­q*%()Hk*c*�
�EBW@A2HDWV"4 \W�A2HDWGI[�>J2¢�h[� Q@AUWGIBtSH2HD�SH[=@R4 3�@A\W©"[J4J>AUW<�4 V�2HPADW<ABWGHT B

MSO
xI2R3"4 5*6WX�5*BI4?BWD(>J2HGI\(>=OQ<

3"4 Bv>AUW<NSH[=@RT SI>=OQV�Uv>=OQ<!u8@?OQGIB(>R4 V�GI:=<?OQ<!PA:=<?>R@?O#<I/��E@R4 <!B(SHF]BWD(>AF
PRT <A2HDWGI[�PA�W2�wHBWV"4 5*2H�WX
2H@R4 V�GI2H�WX(/
¤�4 B±5HxI\WV�U±u8@?OQGWB(>(4 V�GI:=<?OQ<]PA:=<?>A@?OQ<][JT <ABI4+CZY5C c Y �/M a ; 6 >WH f recognizableg 7�[=BW<
[JT <ABI4�U5HxI\WV�U;>�OQ<;u8@?OQGIB(>R4 V�GI:=<?OQ<;PA:=<?>A@?OQ<NSH2HD;3"T <A2W<?>JBI4"PA[�5H>A\!B(SHFv5*\(SH2*4 2vBWD(>AFHGIB(>J2�PA:=<?>A@A2HD8/

0A.



���
MSO � � � ����� 
���� � � ��� � ��
 ����� � 
 ��
��
	 ��
���� �

�QS*T V�UWX(7*GH4 B;5HxI\WV�UySH[�SH[=@ABWV�GI:=<?OQ<yPA2HGW Q<
C
[JT <ABI4 A M a ; 6 >WH V�[E5*\(SH2*4 ByxI2(3"4 5*687H[=\W<yD(SH\W@Au8[J4

SH@AF(>JBWV�U
ϕ
>AUWX�xI2(3"4 5*6WXE>A:�>J2*4 BN QV8>A[

C = Mod(ϕ)
7�PAU(xIBWPA6

C = {A |A |= ϕ}
/

��4 V�2HPADW<ABWGHT B;GI[�>=B��A�
MSO } xI2R3"4 5*6WX�V�[�PA2HGI:=X�SH2HD![JT <ABI48PA:=<?>A@ABvB(SHF!>AU!GHT B;5*BI48BWD(>AF }GIB(>JBN3"4 B!PA:=<?>A@ABvB(SHFv>AUW<y\(xWxIU87HSH[=@R4 3�@A\W©"[�>JBI48V8>J2
B(5*F(xI2HDA�h2;�h[� Q@AUWGIB8�

� ���	� �#
 � ��� �	�
Doner [10], Thatcher & Wright [21]

����� 6 C 8R1=e ;!H�E M�� > C P 6 ;O>+F SY ��Y T F Y P M���YQ2 a Y5CZ6!CZYXC c Y �/M a ; 6 >WH CDY�8DCZ6 > :]Y A CZY�2 a Y5CZ6 A M a ; 6 >WH�;!PRH Y MSO
�

� K`69KGMO: ; [Z2 P C � \ K]ebM E 2X6 F YXC I C?1 c :�M!6 [ >%A]I A A K ARa A]I > K A MO2 a YXC 8DC P C ; 832 \ e ; 2X6 PXA C \DP : > C PXA
T F Y P M AR\ K A?\ CZY P 6 ;!PXA 6 E 2 a/; 2 > 6 C T A [Z2 a ; C MSO S KGMO: P C ;!H 8DCZ6!CZY Pba ;!P M A 
!C��
|�UWGI[J4  Q<A2HDWGI[�F(>R4">J2]GI:�3�[´�h2HX�>J2HD�BWD(>J2HGI\(>=2HDv[JT <ABI4hD(SH[=@A[�5I�h[�>R4 5*6!V�DW<A\W@?>AUWV�U!>J2HD�GI[ }3�:´�h2HDWX¡>AUWX�BW<?>RT V8>J2*4 u8UWXQSH@AF(>JBWV�UWX � wIxI:�SH[#�¡<AFW>AU(>=B�K8/ .*/ �E3"4 B�SI[=@R4 V�V�F(>A[=@A[=X�xI[�SI>=2HGI:=@A[J4 [=X
��/

-�
 � 
 � ��ah,($dk��"��,W� ']kI��)�opc*��j���k8� ��j�%()*��)�q*%()Hk*c*��)
L�DWGHT �A2HDWGI[�FW>R4E3�[=<R4 5*\ :=<AB u8@?OQGIB(>R4 V�GI:=<A2 PA:=<?>A@A2zGWSH2H@A[JT�<AB 2H@R4 V8>A[JT�B(SHF :=<AB �A[=�(3�2HX
(tree, c)

7¡FISH2HD
tree
[JT <ABI4�>=2­D(SH2I5*[JT GI[=<A2lPADWBWPR4 5*F¬PA:=<?>A@A2¬5*BI4

c
U�V�DW<A\W@?>AUWV�U�u8@?OQGIB(>R4 }V�GI2H�8/¡L�DWGHT �A2HDWGI[�:�S*4 V�UWX¢F(>R4*BW<A\(xI2R3�B�GI[t>J2;BW<�>=2!D(SH2I5*[JT GI[=<A2NPA:=<?>A@A2![JT <ABI4HPR4 B(>A[�>JB(3�GI:=<A2

6!FWu�48>J2
tree
2H@RT �A[�>JBI4*OQX�>A@R4 \WPAB

(T, s1, s2)
6;OQX��A:=D(3�2HX

(T, s)
BW<?>RT V8>=284 u8B8/

)
�
k m ,Rad,R$dk��"��,W� 'v,()*ed' Γ m q*%()Hk*c*+���
 9;[=PA2HGI:=<A2HD�[=<AFHX Γ } PA:=<?>A@A2 T = (tree, c)

5*BI4IPA[=PA2 }GI:=<AUWX�GH4 BWX¡SIxI[J4 \WPABWX
B = (B1, . . . , Bk)∈ (Pow(T ))k

7IU
B } [�SH:�5H>JBWV�U¢>J2HD T 7(SH2HD�V�DWG(wH2RxHT }�A[�>JBI4(GI[

(T ;B)
7I[JT <ABI4(:=<AB�<A:=2

Γk } PA:=<?>A@A2 � Γk = Γ×{0, 1}k
��SH2HDE5HOQPR4 5*2ISH2*4 [JTR>AUW<�SIxI[J4 \WPAB

B
/���5HOQPR4 5*2ISH2*T UWV�U;SH@AB(3�GIB(>J2ISH2*4 [JT >JBW4�V8>AUvV�DW<A\W@?>AUWV�U

c(B1,...,Bk)
GI[�>AUW<N2ISH2*T B![�SH[�5H>A[JT }<A2HDWGI[
>AUW<�V�DW<A\W@?>AUWV�U¬u8@?OQGIB(>R4 V�GI2H�¬>=2*D

T
/ ��V�DW<A\W@?>AUWV�U

c(B1,...,Bk) : T → {0, 1}k2H@RT �A[�>JBI4¡OQX�[ �A6WX(��3"4 B­5*\R�h[
n ∈ T

7
c
B

(n) = c(B1,...,Bk)(n) = (cB1
(n), . . . , cBk

(n))FISH2HD
cBi

(n) = 1
BW<A<

n ∈ Bi
7¢3"4 B

i = 1, . . . , k
/ �

B } [�SH:�5H>JBWV�U (T ;B)
>=2HD
T =

(tree, c)
[JT <ABI4�>J2

Γk }
PA:=<?>A@A2

(tree, c; c
B

)
7�FISH2HD

c; c
B

: T → Γk
7p5*BI4�4 V�u8�W[J4

c; c
B

(n) =
(c(n), cB1

(n), . . . , cBk
(n))
/��

c(n)
V�DW<R4 V8>? QV�BE>J2HD¢u8@? QGIB(>J2HX

c; c
B

(n)
[=<AFHXQ5*FHG(wH2HD

n
>AUWX

[�SH:�5H>JBWV�UWX
(T ;B)
7d2W<A2HGI\W�A[�>JBI4 E M�� > C!>=2HD n �d>=2 c

B
(n)
2I<A2HGI\W�A[�>=BI4%2RKZ69KGMO: ; [Z2 P5A.E M�� > C

>J2HD�5*F*GRwH2*D
n
/Q�zV�DW<A\W@?>AUWV�U

c
B

2W<A2HGI\W�A[�>=BI4 ;/\ YRebM PRHJ;!H 2RKZ69KGMO: ; [Z2 PXA?\
E M�� > C P 6 ;O>BA]< >AUWX
(T ;B)
/
��<A2HGI\W�A2HDWGI[�>J2;V��W<A2(xI2N>=OQ<�[�SH[�5H>A\WV"[�O#<

(T ;B)
7
B∈ (Pow(T ))k

7H5HxI\WV�U�>=OQ<
(T , k) }[�SH[�5H>A\WV�[�OQ<;6�5HxI\WV�Uv>=OQ<

k } [�SH[�5H>A\WV�[�OQ<N>J2HD T /E« �E>=BW<;>J2 T [=<A<A2H[JT >JBI4hB(SHF]>=B]V�DWGI©"@AB }�AFHGI[=<AB��hB±BW<ABW©"[=@AFHGIBWV8>A[yV8>J2�T PR4 2�V��W<A2RxI2
B(SIxI\�OQX
k } [�SH[�5H>A\WV�[J4 X(/��QS*T V�UWXN3"4 B
>J2W<
T PR4 2xIF(3�2vV�DWu8<A\vBW<ABW©"[=@AFHGIBWV8>A[EV�[�GH4 B

k } [�SH:�5H>JBWV�UNB(SIxI\;GI[�>=2W<NFH@A2
[�SH:�5H>=BWV�U8/

)
�
ϕ m ,Rad,R$dk��"��,W� '�
 9;[=PA2HGI:=<A2HD¬[=<AFHX Γ } PA:=<?>A@A2HD T 5*BI4¡PA[=PA2HGI:=<A2HD¬[=<AFHX]>A�(SH2HD ϕ(X1,

. . . , Xk)
7(2W<A2HGI\W�A2HDWGI[

ϕ} [�SH:�5H>JBWV�U�>J2HD T 5*\R�h[ k } [�SH:�5H>JBWV�U (T ;B1, . . . , Bk)
3"4 Bt>AUW<�2ISH2*T B

U;SIxI[J4 \WPAB
(B1, . . . , Bk) ∈ sat assign(ϕ, T )

/���<A2HGI\W�A2HDWGI[¢>=2
V��W<A2RxI2v>=OQ<
ϕ} [�SH[�5H>A\WV�[�OQ<>J2HD

T
7
(T , ϕ)} [�SH[�5H>A\WV�[J4 X(/

� CbMJe T 2X6 c7> C�� � ����9;[=PA2HGI:=<A2HD­[=<AFHX Γ} PA:=<?>A@A2HD T 7 Γ � {b, w} 7tGI[±V��W<A2(xI2­5*FHG(wIOQ< T =
{n, n1, n2}

5*BI4*V�DW<A\W@?>AUWV�UNu*@?OQGIB(>R4 V�GI2H�
c = {n 7→ b, n1 7→ w, n2 7→ w}

7H5HOQPR4 5*2ISH2*4 2H�WGI[
>AUW<vSWxI[J4 \WPAB

B = ({n, n1}, {n1, n2}) ∈ (Pow(T ))2
V8>AU±V�DW<A\W@?>AUWV�U
[�S*4 SH@AFHV*�h[�>J2HD]u*@?O }GIB(>R4 V�GI2H�

c
B

= {n 7→ (1, 0), n1 7→ (1, 1), n2 7→ (0, 1)}
/­��[�SH:�5H>JBWV�U

(T ;B)
[JT <ABI4�>J2

Γ2 } PA:=<?>A@A2 (tree, c; c
B

) = (tree, {n 7→ (b, 1, 0), n1 7→ (w, 1, 1), n2 7→ (w, 0, 1)})
/

�

0?K
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� ��� ��� ��� � � � ��� � � �¬SIxI[J4 \WPAB
(B1, . . . , Bk)

SH2HD�5*O#PR4 582ISH2*4 [JT >JBI4=B(SHFt>AUW<�[�SH:�5H>=BWV�U
(T ;B1,

. . . , Bk)
78D(SH2(xI2(3"T �A[�>=BI4HOQX�[ �A6WX(�

Bi = {n ∈ T | cBi
= 1}
7
i = 1, . . . , k

/
◊

-�
 � 
 - ! $&g��"��i
CΓ,ϕ
kI��)
q*%()Hk*c*��)
ad+���,Wn )*�h�

ϕ m ,Rad,R$dk��"��,W� 'v$#��ad+&� +�� Γm q*%()Hk*c*+��,Wn )*�h�#�")*����)*��c8n �#� jdi ��kW+b�%��k*edj���kW+
Aϕ

L�[�OQ@A2H�WGI[y:=<ABW<
MSO[τΓ]} >A�(SH2 ϕ(X1, . . . , Xk)

/!L�B
PA2H�WGI[NV8>AUW<v[=<AF(>AU(>JB
BWD(>A6
F(>R4&[JT <ABI4
[=©h4 5H>A6­U¬5*B(>JBWV85*[=DW6l[=<AFHX

Γk } BWD(>J2HGI\(>=2HD Aϕ
>A:�>J2*4 2HDl QV8>A[±3"4 B¬5*\R�h[

Γ} PA:=<?>A@A2 T 5*BI4
B = (B1, . . . , Bk) ∈ (Pow(T ))k

7&<AB]4 V�u8�W[J4 �
T |= ϕ(B)

BW<A<;>=2
Aϕ
PA:=u8[�>JBI48>AUW<

(T ;B).st2vSHBW@AB(SH\W<?ObB(SH2(>A[�xI[JT*\WGI[=V�U;V�DW<A:�SH[J4 BN>=2HD�L�[�OQ@A6WGIB(>J2HX�K8/ 0 �
Doner, Thatcher & Wri-

ght
��>AUWXv�E@AF(>JBWV�UWX�K8/ 0�V��WGI©�OQ<AB�GI[!>AUW<]2ISH2*T B
U±5HxI\WV�U±>=OQ<

Γk } PA:=<?>A@?OQ<]SH2HD
[JT <ABI4 ϕ }[�SH[�5H>A\WV�[J4 X¢5*\(SH2*4 2HD
Γ} PA:=<?>A@A2HD![JT <ABI4 MSO[τΓk

]} 2H@RT V"4 GIU8/

! $&g��"��iYkI��)
Γk m q*%()Hk*c*��)zad+��Y,Wn )*�h� ϕ m ,Rad,R$dk��"��,W� ' $#��ad+&� +�� Γm q*%()Hk*c*+��Y,Wn )*�h�

MSO[τΓk
] m +dc8n �#� jdi�


������� ��� ����� � � � 2 T AX>+F Y AR\ 2]Y]: I C?1 
!e @/HOPXA?\ Γ
8DCZ6 T 2 T AX>+F Y A?\ 2]Y]: I MSO[τΓ] S P?< K A?\ ϕ(X1,

. . . , Xk) � H 8R1=e ;!H�P ��Y Γk SUT F Y P M���Y K A?\ 2 a YXCZ6 ϕ S 2RK72b8 P e ; 2X6 I 8DeZK A 6 AR\ Γ SUT F Y P M A?\ 2 a Y5CZ6 A M a S; 6 >WHd>+FG; � PRHJI MSO[τΓk
] S KGMO: P C ;!HJI��

ϕ′ = ∃X1 . . . ∃Xk∃(Yγ)γ∈Γϕ
∗∗(X1, . . . , Xk, (Yγ)γ∈Γ),:`K A?\ A MSO[τΓk

] S P?< K A]I ϕ∗∗(X, (Yγ)γ∈Γ)
KGM A 8 < K P 2X6=C`K7: PXA Y MSO[τΓ ∪ τΓk

] S P?< K A
ϕ∗(X) = ϕ(X) ∧ ∀t(

�

(γ,ε)∈Γk

(P(γ,ε)(t)←→ Pγ(t) ∧
�

i:εi=1

Xi(t) ∧
�

i:εi=0

¬Xi(t)))

CZY P 6�8DCD[D6 ;!P ��Y P C I :�1ZC P C ;=<?>!@BA 1DC ;7E
F5;!HJI Pγ ∈ τΓ � γ ∈ Γ � K AR\ 2 > 
!CDY a �GA Y P CZ6 ; 2QC \DP :RY> 2�Y F 2 I >%A Y5C T 6 C a 2 I T 2 \DP 2NM A�@ eD[ > 6 2 I.> 2 P C @ 1 HOP?F5I Yγ � γ ∈ Γ
�

�E@RT <ESHBW@A2HDWV"4 \WV�2HDWGI[¡>AUW<�B(SHFHPA[J4 �AU87WPRT <A2HDWGI[�:=<ABW<�2H@R4 V�GIFNSH2HD��hByGIBWXtu8@A[J4 BWV8>A[JT /QL�[�O }@A2H�WGI[;GH4 B
τ } PA2HGI6 A = (M, (RA)R∈τ )

5*BI4d�h[�OQ@A2H�WGI[;GH4 B
τ ′ } PA2HGI6 B = (M, (RB)R∈τ ′)

7
3"4 BE>R4 X�2ISH2*T [=X�4 V�u8�W[J4 �

RA = RB 3"4 BE5*\R�h[ R ∈ (τ ∩τ ′)
/�« �E>=BW<E4 V�u8�W2HDW<t>=B�SHBW@AB(SH\W<?Ot7(2H@RT }�A2HDWGI[¢GH4 By<A:=B

(τ ∪ τ ′) } PA2HGI6 C = (M, (RC)R∈(τ∪τ ′))
7H>AUW<�2ISH2*T ByV�DWG(wH2RxHT �A2HDWGI[tGI[

(A;B)
7

OQX¢[ �A6WX(�
RC = RA = RB 3"4 B�5*\R�h[ R ∈ (τ ∩ τ ′)

7
RC = RA 3"4 B�5*\R�d[ R ∈ τ \ (τ ∩ τ ′) 5*BI4

RC = RB 3"4 By5*\R�h[ R ∈ τ ′ \ (τ ∩ τ ′)
/#�EBW@AB(>AUW@A2H�WGI[tF(>R4

(A;B)|τ = A
5*BI4

(A;B)|τ ′ = B
/

� 4 BESHBW@A\WPA[J4 3�GIB87?�h[�OQ@A2H�WGI[¡GH4 B
τΓ }
PA2HGI6

T = (T,ET , (P T
γ )γ∈Γ)

SH2HDE2H@RT �A[J4(:=<AB�GIUEPR4 B }>A[�>JB(3�GI:=<A2
Γ } PA:=<?>A@A2�5*BI4�GH4 B τΓk

} PA2HGI6 T ′ = (T,ET ′

, (P T ′

γ′ )γ′∈Γk
)
SH2HD!2H@RT �A[J4"GH4 B

(T , k) }[�SH:�5H>JBWV�U8/
�EBW@AB(>AUW@A2H�WGI[;F(>R4�2H@RT �A[�>JBI4�U
(T ; T ′)

5*BI4p[JT <ABI4pU
(τΓ ∪ τΓk

)} PA2HGI6 T ∗ = (T,
ET ∗

, (P T ∗

γ )γ∈Γ, (P T ∗

γk
)γ′∈Γ′)

FISH2HD
ET ∗

= ET = ET ′ 7
P T ∗

γ = P T
γ

5*BI4
P T ∗

γ′ = P T ′

γ′

3"4 B
γ ∈ Γ
7
γ′ ∈ Γk

/
� � ������� � � � ������� ��� ��� ��� ��� � 9;[=PA2HGI:=<A2HD�[=<AFHX

Γ} PA:=<?>A@A2 T 7EV�DWG(wH2(xHT �A2HDWGI[]GI[ CT ,ϕ
>JB

Γk } PA:=<?>A@AB�SH2HDlB(SH2(>A[�xI2H�W< ϕ} [�SH[�5H>A\WV�[J4 X�>=2HD T /®�EBW@AB(>RUW@A2H�WGI[�F(>R4QUl5HxI\WV�U CΓ,ϕ >�OQ<
Γk } PA:=<?>A@AB;SH2HD;B(SH2W>A[�xI2H�(< ϕ} [�SH[�5H>A\WV�[J4 X¢5*\(SH2*4 2HD Γ } PA:=<?>R@A2HD!2H@RT �A[�>=BI4�B(SHF!>RU!:=<?OQV�U

CΓ,ϕ = ∪T Γ−
PA:=<?>A@A2 CT ,ϕ.
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L�:�xI2HDWGI[
<AB®PA[JT �A2HDWGI[
F(>R4¢U
CΓ,ϕ
[JT <ABI4�2H@RT V"4 GIUbGI:=V8O >AUWX

MSO[τΓk
] } SH@AF(>JBWV�UWX ϕ′ /

L�[�OQ@A2H�WGI[!:=<AB±>ADWu8BIT 2
Γ } PA:=<?>A@A2"7�BW@?5*[JTp<AB�PA[JT �A2HDWGI[!F(>R4�GI[�>JB��A�±>=OQ< k } [�SH[�5H>A\WV�[�OQ<�>J2HD

T
7EU­SH@AF(>JBWV�U

ϕ′ B(xIUR�h[=�W[J4¡GIFW<A2 V�[
[�5*[JT <A[=X±>R4 X k } [�SH[�5H>A\WV�[J4 X±SH2HD­B(SH2(>A[�xI2H�W< (T , ϕ) }[�SH[�5H>A\WV�[J4 X(/
L�[�OQ@A2H�WGI[�>AUW<;5HxI\WV�UvPA2HGW Q<

C′T ,k = {(T ; T ′) | T ′ k −
[�SH:�5H>=BWV�UN>J2HD

T }
/EC¢SH2HPA[J4 5 }<A�W2HDWGI[]BW@Au�4 5*\¬F(>R4�U

MSO[τΓ ∪ τΓk
] } SH@AF(>JBWV�U ∃X1 . . . ∃Xkϕ

∗(X)
B(xIUR�h[=�W[=4QGIFW<A2®V8>R4 X

PA2HGI:=X]>AUWX
C′T ,k
SI2*DlBW<A6(5*2HDW<
V8>RU¬D(SH2I5HxI\WV�U�>AUWX

C′T ,ϕ = {(T ; T ′) | T ′ ∈ CT ,ϕ}
5*BI4

V�[v5*BWGHT B�\(xWxIU
PA2HGI6�>AUWX(/�L�[�OQ@A2H�WGI[�GHT B
SIxI[J4 \WPAB
B ∈ sat assign(ϕ, T )

5*BI4p>AUW<±BW<?>RT }V8>J2*4 u8U
ϕ} [�SH:�5H>JBWV�U T ′ = (T ;B)

/®��@RT �A2HDWGI[v>AUW<
(τΓ ∪ τΓk

) } PA2HGI6 T ∗
B

= (T ; T ′)
/®L�B

PA[JT �A2HDWGI[�F(>R4�U;SIxI[J4 \WPAB
B ∈ sat assign(ϕ∗, T ∗

B
)
/Q�E@A2H©"BW<? QX

B ∈ sat assign(ϕ, T ∗
B

)
7*3"4 B }>RT

ϕ(X) ∈ MSO[τΓ]
7
T ∗
B
|τΓ = T

� PAU(xIBWPA6±>JB�V��WG(wH2(xIB±>=2HD
τΓ
[=@AGIUW<A[=�W2W<?>=BI4�5*B(>A\
>J2W<

T PR4 2N>A@AFISH2!V8>AUW<
T ∗
B

5*BI4*V8>AUW<
T
�#5*BI4HB(SHFN>AUW<�D(SHFW�h[=V�Uy:=u82HDWGI[tF(>R4

B ∈ sat assign(ϕ, T )
/

C¢SH2HGI:=<A[J4�<AB!PA[JT �A2HDWGI[�F(>R4

T ∗
B
|= ∀t(

�

(γ,ε)∈Γk

(P(γ,ε)(t)←→ Pγ(t) ∧
�

i:εi=1

Bi(t) ∧
�

i:εi=0

¬Bi(t))).

CE@?5*[JTp4 V�2HPA�W<ABWGIB±<AB±PA[JT �A2HDWGI[;F(>R4�3"4 B]5*\R�h[;V8>J2*4 u8[JT 2
t ∈ T
5*BI4&3"4 B±F(xIB]>=B

(γ, ε) ∈ Γk4 V�u8�W[J4

T ∗
B
|= P(γ,ε)(t)

BW<A<
T |= Pγ(t) ∧

�

i:εi=1

Bi(t) ∧
�

i:εi=0

¬Bi(t).

« ��4 V�2HPA�W<ABWGIBN<AB!PA[JT �A2HDWGI[EF(>R483"4 BN5*\R�h[EV8>J2*4 u8[JT 2
t ∈ T
5*BI4*3"4 B;F(xIBN>JB

(γ, ε) ∈ Γk
4 V�u8�W[J4

t ∈ P T ′

(γ,(ε1,...,εk))

BW<A<
t ∈ P T

γ

5*BI4
t ∈ Bi

3"4 B;5*\R�h[
i
>I/ Ot/

εi = 1
5*BI4

t 6∈ Bj
3"4 B;58\R�h[

j
>I/ Ot/

εj = 0.

9;U(xIBWPA6
P T ′

(γ,(ε1,...,εk))

BW<A<
t ∈ P T

γ

5*BI4
t ∈ Bi

BW<A<
εi = 1

/ ��SHBW@AB(SH\W<?O 4 V�2HPADW<ABWGHT B
4 V�u8�W[J4"B(SHF�>J2W<;2H@R4 V�GIF
>AUWX�[�SH:�5H>JBWV�UWX

T ′ /��QS*4 SIxI:=2W<NU B [JT <ABI4"U�GI2W<ABWPR4 5*6vBW<A\R�h[=V�U!SH2HD4 5*BW<A2ISH2*4 [JTH>J2W<
ϕ∗(X)

V8>AUW<
T ∗
B

/
|¡>AU­V�DW<A:=u8[J4 B87¡�h[�OQ@A2H�WGI[±<A:=[=X±GI2W<ABWPR4 BIT [=X±PA[=D(>A[=@A2WwH\R�hGH4 [=X]GI[�>JBRwIxIU(>A:�X

Yγ
7
γ ∈ Γ
/

L�[�OQ@A2H�WGI[�>AUW<
MSO[τΓk

]
SH@AF(>=BWV�U

ϕ′ = ∃X1 . . . ∃Xk∃(Yγ)γ∈Γϕ
∗∗(X, (Yγ)γ∈Γ)

7HFISH2HDy2
ϕ∗∗(X, (Yγ)γ∈Γ)

[JT <ABI4h2
>R�(SI2*X�SH2HDvSH@A2I5*�(SI>A[J4"B(SHF
>J2W<
ϕ∗(X)

BW<?>R4 5*BR�d4 V8>? Q<?>JBWXyF(xIB!>JB
V��WG(wH2(xIByV�u8:=V�UWX

Pγ ∈ τΓ
SH2HD;[=GW©"BW<RT �A2I<?>=BI48V�[�BWD(>AFW<�GI[E>R4 X�<A:=[=X�GI[�>=BRwIxIU(>A:=X

Yγ
7
γ ∈ Γ
/

� B(SHFHPA[J4 �AU­2RxI2I5HxIUW@? Q<A[�>JBI4¡B(SH2HPA[J4 5*<A�W2W<?>JBWX±F(>R4�U�GI[�>=B��A�­>=OQ<lPA2HGW Q<l>AUWX
C′T ,k
7EU

SH@AF(>JBWV�U
∃X1 . . . ∃Xkϕ

∗(X)
B(xIUR�h[=�W[=4#GIFW<A2�V8>R4 X]PA2HGI:=X]>AUWX
5HxI\WV�UWX

C′T ,ϕ
BW<±5*BI4QGIFW<A2

BW<­GI[�>JB��A��>=OQ<­PA2HGW Q<­>AUWX
C′T ,k|τΓk

= CT ,k
U

MSO[τΓk
] } SH@AF(>JBWV�U ϕ′ B(xIUR�h[=�W[=4�GIFI<A2

V8>R4 X�PA2HGI:=X
>AUWX�5HxI\WV�UWX
C′T ,ϕ|τΓk

= CT ,ϕ
/ �E@A\(3�GIB(>R4 7t�h[�OQ@A2H�WGI[�F(>R4

(T ; T ′) ∈ C′T ,ϕBW<A<
(T ; T ′) |= ∃X1 . . . ∃Xkϕ

∗(X)
/�L�B¬PA[JT �A2HDWGI[
>AF(>A[]F(>R4

T ′ ∈ CT ,ϕ
BW<A<
T ′ |= ϕ′ /

CE@?5*[JTt<AB�PA[JT �A2HDWGI[
F(>R4
(T ; T ′) |= ∃X1 . . . ∃Xkϕ

∗(X)
BW<A<
T ′ |= ϕ′ / CE< (T ; T ′) |=

∃X1 . . . ∃Xkϕ
∗(X)
7Q>RF(>A[

(T ; T ′) |= ϕ′ 5*BI4�>AFW>A[ T ′ |= ϕ′ 7�BW©"2H� ϕ′ ∈ MSO[τΓk
]
5*BI4

(T ; T ′)|τΓk
= T ′ /�CE<A\(xI2(3�BvB(SH2HPA[J4 5*<A�W[�>=BI48U�BW<?>RT �h[�>AU;5*B(>A[=�R�dDW<AV�U;SHBW@AB(>AUW@? Q<?>=BWX�F(>R4"U

GI2W<ABWPR4 5*6�BW<A\R�h[=V�U�SH2HDN4 5*BW<A2ISH2*4 [=TW>=2W<
ϕ∗∗(X, (Yγ)γ∈Γ)

V8>AUyPA2HGI6
T ′ [JT <ABI4I[�5*[JT <AU�3"4 B�>AUW<

2ISH2*T B
Yγ = P T

γ

7
γ ∈ Γ
/
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� ��� ��� ��� � � � ��� � � ��B(SHFHPA[J4 �AUN[JT <ABI48[=<?>A[�xW QX�T PR4 B;F(>JBW<�>=2vxI[ �R4 5*FvGIBWX�[JT <ABI4*>J2
τoΓ
5*BI4*>J2

τoΓk

BW<?>RT V8>J2*4 u8B8/
◊

� CbMJe T 2X6 c7> C�� � � ��|¡>J2¬SHBW@A\WPA[J4 3�GIB�K8/ 0][JT u8BWGI[�2H@RT V�[J4#>=2I<±>A�(SH2 ϕ(X) ∈ MSO[τΓ]
7

Γ =
{w, b}
78OQX�[ �A6WX(�

ϕ(X) = ∃x(X(x) ∧ ∀y(X(y)→ y = x) ∧ ψ(x)),

FISH2HD
ψ(x) = ∃y1∃y2((y1 6= y2) ∧E(x, y1) ∧ E(x, y2) ∧ Pw(y1) ∧ Pw(y2))

/
�

MSO[τΓ1
]} SH@AFW>=BWV�U ϕ′ 7 τΓ1

= {E,P(w,0), P(w,1), P(b,0), P(b,1)}
7WSH2HD�2H@RT �A[J4W>AUW<¢5HxI\ }V�U;>=OQ<

ϕ } [�SH[�5H>A\WV�[�OQ<�[=<AFHX Γ} PA:=<?>A@A2HD![JT <ABI4 �

ϕ′ = ∃X∃Yb∃Yw[(∃x(X(x) ∧ ∀y(X(y)→ y = x) ∧ (∃y1∃y2((y1 6= y2) ∧

E(x, y1) ∧ E(x, y2) ∧ Yw(y1) ∧ Yw(y2))))) ∧

∀t((P(b,0)(t)←→ Yb(t) ∧ ¬X(t)) ∧ (P(b,1)(t)←→ Yb(t) ∧X(t)) ∧

(P(w,0)(t)←→ Yw(t) ∧ ¬X(t)) ∧ (P(w,1)(t)←→ Yw(t) ∧X(t)))].

�

! $dg��"��i�kW��)
Γk m q*%()Hk*c*��)yad+��!,Wn )*�h� ϕ m ,Rad,R$dk��"��,W� '�$#��ad+&� +�� Γm q*%()Hk*c*+��v,Wn )*�h�*�")*� m��)*��c8n �#� jdi � kI+��%��k*edj���kI+

Aϕ

 « �ESIOQX�6WPAUvBW<ABW©":=@ABWGI[R78>=2�SHBW@AB(5*\(>=O®�EFH@R4 V�GIBvB(SH2(>A[�xI[JT

\WGI[=V�U]V"DW<A:�SI[J4 B
>J2HD�L�[�OQ@A6WGIB(>=2HX!K8/ 0
�
Doner, Thatcher & Wright

��5*BI4d>AUWX!�E@AF(>JBWV�UWX
K8/ 0W/
���	��� � 
 ����� �	�

Doner, Thatcher & Wright
��� � 2 T AX>+F Y A?\ 2]Y]: I C?1 
!C @/VJPXAR\ Γ

8DCZ6
T 2 T A5>+F Y A?\ 2]Y]: I MSO[τΓ] S P?< K AR\ ϕ(X1, . . . , Xk) �

2 a YXCZ6'2 
!6�8 PRV*H 8DC P C ; 832 \DV 2]Y]: I Γk SC \DP5AX> e S PXAR\ Aϕ
P?F?P5A 6 A?\ � ;!P 2 c 6 C�8DeD[Z2 Γ SUT F Y P M A T 8DCZ6

B = (B1, . . . , Bk) ∈ (Pow(T ))k �Y5C 6 ;7E
< 2X6 �
T |= ϕ(B)

CZY7Y PXA
Aϕ T F�E 2 P CZ6 PRH Y (T ;B).

-�
 � 
 � !£$&��kW�"�p$&,��8��kW+��­�%��kW+dj ��kI+��
Aϕ

��T PABWGI[EV8>AUW<��¡<AFW>AU(>=B;K8/ 0ESI QXE:=<ABWX
MSO[τoΓ]} >A�(SH2HX ϕ(X1, . . . , Xl, x1, . . . , xm)

GI[E[�xI[=� }�h[=@A[=X�SH@?O#>J2WwH\R�hGH4 [=X�GI[�>JBRwIxIU(>A:=X�GI[�>JBW©"@A\W�A[�>=BI4"V�[�:=<ABW<
MSO [τoΓ] } >A�(SH2 ϕ′(X1, . . . , Xl,

Y1, . . . , Ym)
u*OQ@RT X±[�xI[=�R�h[=@A[=X�SH@?O#>J2WwH\R�hGH4 [=X
GI[�>JBRwIxIU(>A:=X(/®L�DWGHT �A2HDWGI[�F(>R4Q>A@RT Bl[JT <ABI4#>JB

wHBWV"4 5*\yV�UWGI[JT BNBWD(>A6WXt>AUWX�GW[�>R\W©"@ABWV�UWX(�
i)
UNPA:=V�GI[=DWV�Uy>=OQ<y[�xI[=�R�h[=@?OQ<�SH@?O#>=2WwH\R�hGH4 OQ<�GI[ }>JBRwIxIU(>? Q<

x1, . . . , xm
7
ii)
U!�h[� Q@AUWV�Uv3"4 Bv5*\R�h[

xi
GH4 BWXy<A:=BWX�GI2W<ABWPR4 BIT BWX�PA[=D(>A[=@A2WwH\R�hGH4 BWX

GI[�>JBRwIxIUR>A6
Yi
SH2HD�BW<?>R4 V8>J2*4 u8[JT�V�[�GI2W<A2HV��W<A2(xI2�5*BI4

iii)
U � >JBW�(>R4 V�U 	 5*\R�h[!SH@?O#>J2WwH\R�hGH4 BWXGI[�>JBRwIxIUR>A6WX

xi
GI[�>AU!GI2W<ABWPR4 BIT B;PA[=D(>A[=@A2WwH\R�hGH4 B;GI[�>=BRwIxIU(>A6

Yi
/

¤�4 B;PR4 BW©"2H@A[�>R4 5*6�SH@A2HV�:�383"4 V�UySH2HD�wHBWV"T �A[�>JBI4HV8>AU!T PR4 B;4 PA:=B87*PAU(xIBWPA6yV8>AUW< � GHT GIUWV�U 	 >=OQ<V8>J2*4 u8[JT OQ<vB(SHF±GI2W<A2HV��W<A2(xIB87h[JT <ABI4dU
BW<?>R4 5*\WV8>JBWV�U�F(xWOQ<!>�OQ<vSH@?O#>=2IwH\R�hGH4 O#<vGI[�>JBRwIxIU(>? Q<
SH2HDy[=GI©"BW<RT �A2W<?>JBI4*V8>=2I<�BW@Au�4 5*F;>A�(SH2;B(SHF;GI2W<ABWPR4 BIT [=X¢PA[=D(>A[=@A2WwH\R�hGH4 [=X¢GI[�>=BRwIxIU(>A:=X�SH2HDNBW< }>R4 V8>=2*4 u82H�W<yV�[�GI2W<A2HV��W<A2(xIB8/#�EBW@A2HDWV"4 \W�A2HDWGI[¢V8>AU!V�DW<A:=u8[J4 B!BWD(>A6N>AUW<�SH@A2HV�:�383"4 V�U878[�SH[J4 PA6
2HPAU(3�[JT�V�[�:=<ABW<�3�[=<R4 5*F�>A@AFISH2v5*B(>JBWV85*[=DW6WX¢>=OQ<;BW<?>RT V8>J2*4 u*OQ<NBWD(>=2HGI\(>=OQ<I7*5*BI4�PRT <A2HDWGI[E>=2I<
3�[=<R4 5*F�>A@AFISH2�5*B(>JBWV85*[=DW6WX�>J2HD

Γk } BWD(>=2HGI\(>J2HD Aϕ 7(FISH2HD¢2 MSO[τoΓ]} >A�(SH2HX ϕ(X1, . . . , Xk)PA[=<N:=u8[J485*BR�hFRxI2HDNSH@?O#>J2WwH\R�hGH4 [=X�GI[�>JBRwIxIU(>A:=X(/
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�])Hk8� $&��k��"�pkW�"��iYe�gh��) kW��) adc*��kI+"f���&¡jp� ��) j�,RkI�8fhg�ihk���) kW+����"c*o�� $&+ ��k���ad+����
+dc8� ��j�ed' )*%(��) ��kW+djp� $	��) k���ad��)�
 L�[�OQ@A2H�WGI[�F(>R4#2¬BW@Au�4 5*FHX
GIBWX�>A�(SH2HX
[JT <ABI4

ϕ(X1,
. . . , Xl, x1, . . . , xm)

5*BI4?F(>R4A2*4?SH@?O�>J2WwH\R�hGH4 [=X#GI[�>JBRwIxIU(>A:�Xp>J2HDtB(SHBW@R4 �hGI2H�W<?>JBI4 �
x1, . . . , xm

/
9;�W2y[JT <ABI4(>=B�wHBWV"4 5*\EV�UWGI[JT B�GH4 BWX�>A:�>=2*4 BWX�GI[�>A\W©"@ABWV�UWX(�

i)
UE�h[� Q@AUWV�U�3�4 B�5*\R�d[QSH@?O#>J2WwH\R� }GH4 B�GI[�>JBRwIxIU(>A6

xi
GH4 BWXt<A:=BWX¢GI2W<ABWPR4 BIT BWX�PA[=D(>A[=@A2WwH\R�hGH4 BWX�GI[�>JBRwIxIU(>A6

Yi
SH2HD�BW<?>R4 V8>J2*4 u8[JTIV�[

GI2W<A2HV��W<A2(xI2�5*BI4
ii)
U�BW<?>R4 5*B(>A\WV8>JBWV�UE5*\R�h[�SH@?O#>J2WwH\R�hGH4 BWX�GI[�>=BRwIxIU(>A6WX

xi
GI[�>AU�GI2W<ABWPR4 BIT B

PA[=D(>A[=@A2WwH\R�hGH4 BNGI[�>JBRwIxIUR>A6
Yi
5*BI48U;5*B(>A\(xWxIURxIUNBW<?>R4 5*B(>A\WV8>JBWV�Uy>�OQ<NB(>J2HGH4 5H Q<�>A�(SIOQ<�>J2HD

BW@Au�4 5*2H�N>A�(SH2HD;B(SHF�<A:=2HDWX�B(>=2*GI4 582H�WX¢>A�(SH2HDWX(/
L�DWGHT �A2HDWGI[EFW>R4�2*4�B(>J2HGH4 5*2*T*>A�(SH2*4*>AUWX

MSO[τoΓ]
[JT <ABI4 �

Y (x), S1(x, y), S2(x, y), (Pγ(x))γ∈Γ, x = y.

��BW<A\(385*U;3"4 B;>J2W<N2H@R4 V�GIF
<A:�OQ<NB(>J2HGH4 5H Q<y>A�(SIOQ<I78SH@A2I5*�(SI>A[J48B(SHFv>J2�38[�3�2I<AFHX�FW>R4�UvBW<?>R4 }5*B(>A\WV8>JBWV�U�F(xWOQ<¢>=OQ<ESH@?O#>J2WwH\R�hGH4 OQ<�GI[�>=BRwIxIU(>? Q<EB(SHFyPA[=D(>A[=@A2WwH\R�dGI4 [=X�V8>J2W<�BW@Au�4 5*Fy>A�(SH2
GIBWXyPRT <A[J4">R�(SI2*DWX�>AUWXyGI2H@A©"6WX

Y (X), S1(X,Y ), S2(X,Y ), Pγ(X), X = Y
7h2*4h2ISH2*T 2*4"PA[=<

[JT <ABI4�2H@R4 V�GI:=<A2*4"V8>AUW<
MSO[τoΓ]

/ � 4 BN>J2vxIF(3�2�BWD(>AF;�h[�OQ@A2H�WGI[�>=2HDWX�[ �A6WX�<A:=2HDWX�B(>=2HGH4 5*2H�WX
>A�(SH2HDWX(�

Y ∗(X), S∗
1 (X,Y ), S∗

2 (X,Y ), (P ∗
γ (X))γ∈Γ,Equal∗(X,Y ),

2*4�2ISH2*T 2*4�[�5*©"@A\W�A2HDW<lF(>(4�5*BI4�2*4�BW<?>RT V8>=2*4 u82*4�B(>J2HGH4 5*2*T¡>AUWX
MSO[τoΓ]

B(xWxI\¬OQXl4 PR4 F(>AU(>JB
GI2W<A2HV�DW<AF(xI2HD8/�9;U(xIBWPA6�U�V�UWGIBWV"T Bv>J2HD

Y ∗(X)
[JT <ABI4hF(>R4�� >J2

X
[JT <ABI4hGI2W<A2HV��W<A2(xI2

{x}
>I/

Ot/
Y (x) 	 7pU±V�UWGIBWV"T B]>=O#< S∗

i (X,Y )
[JT <ABI4&F(>R4�� >=B

X
7
Y
[JT <ABI4&GI2I<A2HV��W<A2RxIB

{x}
7
{y}
GI[

Si(x, y) 	
7
i = 1, 2

58BI48BW<A\(xI2(38BN3"4 BN>JB!D(SHF(xI2*4 SIB � /�L�B!V�DWG(wH2RxHT �A2HDWGI[t>J2vxI2(3"4 5*FvV��WV8>AUWGIB
GI[�BWD(>J2H�WXE>J2HDWX�B(>=2HGH4 5*2H�WXE>A�(SH2HDWX

MSO∗ /
� ��� ��� ��� � � � ��� ��� CE<A\(xI2R3�2�xI2(3"4 5*FbV��WV8>AUWGIB­[JT <ABI4�U

MSO0
7tSH2HD­2H@RT �A[�>JBI4¡BW<AB(xID(>R4 5*\

V8>J2l�EBW@A\W@?>AUWGIB±Cy/
� BW<?>R4 V8>J2*4 u�T B
GI[�>=B��A�±>=OQ<±B(>=2HGH4 5H Q<
>A�(SIOQ<�>AUWX
MSO0

5*BI4�BWD(>? Q<
>AUWX

MSO∗ [JT <ABI4 �

Y ∗(X) ≡ Sing(X) ∧X ⊆ Y.

S∗
i (X,Y ) ≡ Suci(X,Y ).

P ∗
γ (X) ≡ Sing(X) ∧X ⊆ Pγ .

Equal∗(X,Y ) ≡ Sing(X) ∧ Sing(Y ) ∧X ⊆ Y.

◊

_N� �%��k*edj���kW�
AY ∗

�
AS∗

i

�
AP∗

α

�
AEqual∗

�Y$&��kW�"�p$&,��8� kI+��
Aϕ


 9;[=PA2HGI:=<A2HD­[=<AFHX
MSO∗[τoΓ] } >R�(SI2*D ϕ(X1, . . . , Xk)

7�U]5*B(>JBWV85*[=DW6�>J2HD±BWD(>=2HGI\(>J2HD
Aϕ
3"T <A[�>JBI4�BW<ABWPA@A2HGH4 5*\

B(SHF!>JB!BWD(>AFHGIB(>JBNSH2HD;BW<AB(3�<?OQ@RT �A2HDW<y>=2HDWX�D(SH2(>A�(SH2HDWX¢>J2HD;>A�(SH2HD
ϕ
/

� � w xGmbv7��pXzbmX��{�t :R�`nGmX}]o5v :+�.v }7q?�GrXxGmXs?qRvZs?tBo�qb�b|+t$@�{b|
MSO[τoΓ] y oGr5�?q?�X|�B

Y ∗(X) ≡ ∃x(X(x) ∧ Singl(X,x) ∧ Y (x)).

S∗
i (X,Y ) ≡ ∃x∃y[(X(x) ∧ Singl(X,x) ∧ Y (y) ∧ Singl(Y, y)) ∧ Si(x, y)].

P ∗
γ (X) ≡ ∃x(X(x) ∧ Singl(X,x) ∧ Pγ(x)).

Equal∗(X,Y ) ≡ ∃x∃y(X(x) ∧ Singl(X,x) ∧ Y (y) ∧ Singl(Y, y) ∧ x = y).� w xGmbv
Singl(X,x) = ∀z(X(z) → z = x).

0RZ
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L�[�OQ@A2H�WGI[�>J2W<NB(>J2HGH4 5*Fv>A�(SH2
P ∗
α(X)
7
α ∈ Γ
/�st2]BWD(>AFHGIB(>=2

AP∗
α

BW<AB(3�<?OQ@RT �A[J4�>JB
Γ1 }PA:=<?>A@AB!SH2HDvB(SH2(>A[�xI2H�(<

P ∗
α }
[�SH[�5H>A\WV�[J4 XE5*\(SH2*4 2HD

Γ} PA:=<?>A@A2HD8/�9;U(xIBWPA6!BW<AB(3�<?OQ@RT �A[J4 (T ;B)[�SH[�5H>A\WV�[J4 X(7QFISH2HD
T
5*\(SH2*4 2

Γ} PA:=<?>A@A2�5*BI4 B GI2W<A2HV��W<A2(xI2¬SH2HDlSH[=@R4 :=u8[J4Q:=<ABW< α 5*FHG(wH2>J2HD
T
/
L�[�OQ@A2H�WGI[NF(>R4&>J2

Γ1 } BWD(>AFHGIB(>J2 AP∗
α

= (Q,∆, δ, F )
5*BI4

Q = {q0, qa, qf}
7
F =

{qa}
/ ��T <ABI4

∆((a, 1)) = qa
7

∆((γ, 0)) = q0
7t3"4 B¬5*\R�h[

γ ∈ Γ
7t5*BI4

∆((γ′, 1)) = qf3"4 B
γ′ ∈ Γ \ {a}

/N�QS*T V"UWX
δ(q0, q0, (a, 1)) = qa

7
δ(q0, q0, (γ

′, 1)) = qf
BW<

γ′ ∈ Γ \ {a}
7

δ(q0, q0, (γ, 0)) = q0
7
δ(qf , q, (γ, ε)) = δ(q, qf , (γ, ε)) = qf

F(>JBW<
γ ∈ Γ
7
q ∈ Q
7
ε ∈ {0, 1}

/
�QS*4 SIxI:=2W<

δ(qa, q0, (γ, 0)) = δ(q0, qa, (γ, 0)) = qa
7
δ(qa, q0, (γ, 1)) = δ(q0, qa, (γ, 1)) = qf5*BI4

δ(qa, qa, (γ, ε)) = qf
3"4 By5*\R�h[

γ ∈ Γ
7
ε ∈ {0, 1}

/¡��4*BW<?>RT V8>J2*4 u8[=XEGI[�>JBRwH\WV�[J4 XtPRT <A2W<?>JBI4
BW<AB(xID(>R4 5*\NV8>J2W<N��T <AB(5*B]01�(/

q = δ(q1,q2, (α, ε))

q q1 q2 ε
q0 − −

�
qa − −

0
q0 q0 q0

�
qa q0 q0

0
qf qa qa ∗
qa qa q0 0
qf qa q0 1
qa q0 qa 0
qf q0 qa 1
qf qf ∗ ∗
qf ∗ qf ∗

q = δ(q1,q2, (γ, ε))

q q1 q2 ε
q0 − −

�
qf − −

0
q0 q0 q0

�
qf q0 q0

0
qf qa qa ∗
qa qa q0 0
qf qa q0 1
qa q0 qa 0
qf q0 qa 1
qf qf ∗ ∗
qf ∗ qf ∗

��T <AB(5*BWXN0W����4
α } 7 γ } GI[�>=BRwH\WV�[J4 X(7 γ 6= α

78>J2HD
AP∗

α

7
FP

∗
α = {qa}

/

L�[�OQ@A2H�WGI[�>J2W<
S∗

1 (X,Y )
/ � 4 Bt5*\R�h[

Γ} PA:=<?>A@A2 T 7A>J2 Γ2 }
BWD(>AFHGIB(>J2

AS∗
1

BW<AB(3�<?OQ@RT �A[J4A>R4 X
(B1, B2) } [�SH[�5H>A\WV�[J4 X¡>=2HD T 7IFISH2HDE>JB B1 B2

[JT <ABI4(GI2W<A2HV��W<A2(xIB�B(SHF�5*FHG(wH2HDWX¡>J2HD
T
>A:�>J2*4 B

 QV8>A[�BW<
B1 = {b1}

5*BI4
B2 = {b2}

7�<AB![JT <ABI4
T |= S1(b1, b2)

� PAU(xIBWPA6;V8>=2
T
>=2
BW@R4 V8>A[=@AF

SHBI4 PRT�>=2HD
b1
[JT <ABI4�>J2

b2
��/�L�[�OQ@A2H�WGI[�F(>R4

AS∗
1

= (Q,∆, δ, F )
7
Q = {sa, sf , s0, s1}

7
F = {sa}

/���48BW<?>(T V8>J2*4 u8[=X�GI[�>JBRwH\WV�[J4 XEPRT <A2W<?>JBI4�BW<AB(xID(>R4 5H\;V8>=2I<N��T <AB(5*Bv.*/
� 4 B­>J2W<l>A�(SH2

Y ∗(X)
7t>J2 BWD(>AFHGIB(>=2

AY ∗
[JT <ABI4�:=<AB

Γ2 }
BWD(>AFHGIB(>=2�SH2HD�BW<AB(38<?OQ@RT �A[J4

(T ; (B1, B2))
[�SH[�5H>A\WV�[J4 X(7�FHSI2*D±>J2

T
[JT <ABI4

Γ } PA:=<?>A@A2"7 B1 = {n}
7
n ∈ T

5*BI4
B2 ⊆ T>A:�>J2*4 2l QV8>A[

n ∈ B2
/­st:�xI2HX(7#>J2

AEqual∗
[JT <ABI4#:=<AB

Γ2 } BWD(>AFHGIB(>J2�SH2HD�BW<AB(3�<?OQ@RT �A[J4#>R4 X
(T ; (B1, B2))

[�SH[�5H>A\WV"[J4 X(7pFISH2HD±>=2
T
[JT <ABI4

Γ} PA:=<?>A@A2�5*BI4 B1 = B2 = {n}
7
n ∈ T
/��

2H@R4 V�GIFHX�>=OQ<NBW<?>RT V8>=2*4 u*OQ<NGI[�>=BRwH\WV�[�OQ<�3"T <A[�>JBI4�[=�(5*2(xIB*/
��\R�h[�>A�(SH2HXN[JT <ABI4d[�5*©"@ABWV8>R4 5*\
4 V�2HPA�W<ABWGI2HXNGI[y:=<ABW<v<A:=2]>A�(SH2±V8>J2W<v2ISH2*T 2±[=GI©"BW<RT �A2W< }>JBI4tGIFW<A2 >=B

¬
7
∧
7
∃
/�9;U(xIBWPA687EPA[=PA2HGI:=<?OQ<­>=OQ<�BWD(>J2HGI\(>�OQ<¬3"4 Bb>=2HDWXlB(>J2HGH4 5*2H�WX
>A� }SH2HDWXvBW@?5*[JT�<AB�[ �A[�>A\WV�2HDWGI[!B(5*@R4 wI QX�BWD(>A:=X!>R4 XvSH[=@R4 SI>? QV�[J4 X(/±« �Q>AV"4 7p�h[�OQ@A2H�WGI[v>=2I<
>A�(SH2

ψ(X1, . . . , Xk)
5*BI4d�h[�OQ@A2H�WGI[;F(>R4&>J2�BW<?>RT V8>=2*4 u82

Γk
BWD(>AFHGIB(>J2±[JT <ABI4

Aψ = (Q,∆, δ, F )
/

<�� n�pb}`v s?qb�?qRv q?rXs?t�o�qd~]mXnGm�:?o�{bn5m
∗
�`v m xGm ��pXz ==}7q?�Xs?t�uXo5v#o�qdmXx�o5w }]o�qRv ~]q�u?n5v }7s?m sb�?q?nGt�w%xGm �1�XnGt�vqb�?qRv mX��{X�?q5oGt�o5v sb{ }]o�q �?tU�5w qdq?n5v }7s?q?r o�qb�]���+v#�GrXq �?n�=OoGtU|��7nGmXs?s?�U| :+�G�Zt��Rw xGm�:Rm mXx�o5v }]o�qRv ~]q?rXx }]o5v |s?tNo�mG�1�X}7t�v |Bo�pb|

∆
���+v�� �(:Rn5v �X�7nGmXs?s?�U|BmXx�o5v }]o�qRv ~]q?rXx+}]o5v |#s?tNo�mG�1�X}7t�v |B�?q?�+q?��pX�7q?rXx+}7t/m5�?qXoG�X~7w mWm5�?q?�GqX~R{b|

� ��pXzbmX��{�}]o5v |+sbp
~]n�{b}`v s?tU|Ws?tNo�mG�1�X}7t�v |Wo�q?�
mX�5o�q?s1�5o�q?�'�?q?�
q?n5w �GqXx�o�mbv`}]o�pbx � xGu5o�pXo�m
	R� �R� ��
N�
0?^
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q = δ(q1,q2, (γ, ε1, ε2))

q q1 q2 ε1 ε2
s0 − − 0 0
s1 − − 0 1
sf − − 1 ∗
s0 s0 s0 0 0
s1 s0 s0 0 1
sf s0 s0 1 ∗
sf s0 s1 ∗ ∗
sf s1 s0 0 ∗
sa s1 s0 1 0
sf s1 s0 1 1
sf s1 s1 ∗ ∗

q q1 q2 ε1 ε2
sa sa s0 0 0
sa s0 sa 0 0
sf sa s0 0 1
sf sa s0 1 ∗
sf s0 sa 0 1
sf s0 sa 1 ∗
sf sa sa ∗ ∗
sf sf ∗ ∗ ∗
sf ∗ sf ∗ ∗

��T <AB(5*BWX�.*�¡��4
γ } GI[�>=BRwH\WV�[J4 X(7 γ ∈ Γ

78>J2HD
AS∗

1

7
FS

∗
1 = {sa}

/

� 4 B�>=2I<]>A�(SH2
ϕ(X) = ¬ψ(X)

7#>J2­BW<?>RT V8>J2*4 u82¬BWD(>AFHGIB(>J2l[JT <ABI4
Aϕ = (Q,∆, δ,Q \ F )

/
� 4 Bl>J2

∧
7��h[�OQ@A2H�WGI[]>=2HDWX±>A�(SH2HDWX

φ1(Y1, . . . , Yl)
5*BI4

φ2(Z1, . . . , Zm)
/�L�[�OQ@A2H�WGI[]F(>R4

>JB
BW<?>RT V8>J2*4 u8B
BWD(>AFHGIB(>JB±[JT <ABI4
Aφ1

= (Q1,∆1, δ1, F1)
58BI4

Aφ2
= (Q2,∆2, δ2, F2)

/
CE<
ϕ(X1, . . . , Xk) = φ1(Y1, . . . , Yl) ∧ φ2(Z1, . . . , Zm)

7#5*B(>JBWV85*[=DW\(�A2HDWGI[;>J2
Γk } BWD(>AFHGIB(>=2

Aφ1∧φ2
= (Q,∆, δ, F )

OQXN[ �A6WX(�
Q = Q1 × Q2

7
F = F1 × F2

/���T <ABI4
∆((γ, ε1, . . . , εk))

= (∆1((γ, a1, . . . , al)),∆2((γ, e1, . . . , em)))
7;FISH2HD �h[�OQ@A2H�WGI[­F(>R4�BW<

{Y1, . . . , Yl} ∩
{Z1, . . . , Zm} = ∅

5*BI4&BW<
(X1, . . . , Xk) = (Y1, . . . , Yl, Z1, . . . , Zm)

[JT <ABI4
(ε1, . . . , εk) =

(a1, . . . , al, e1, . . . , em)
/±CE<

{Y1, . . . , Yl} ∩ {Z1, . . . , Zm} 6= ∅
�h[�OQ@A2H�WGI[vBW<?>RT V8>J2*4 u8[=X

V�DW<J�h6(5*[=X��R/¡CE<A\(xI2(3�B;3"4 B;>AU
δ
[JT <ABI4

δ((q11, q21), (q12, q22), (γ, ε)) = (δ1(q11, q12, (γ, a)),
δ2(q21, q22, (γ, e)))

/
st:�xI2HX¡�h[�OQ@A2H�WGI[�>=2W<¢>A�(SH2

ψ(X1, . . . , Xk+1)
58BI4R>J2NBW<?>RT V8>J2*4 u82

Γk+1
BWD(>AFHGIB(>J2

Aψ =
(Q,∆, δ, F )

/�L�[�OQ@A2H�WGI[N>J2W<
>A�(SH2
ϕ(X1, . . . , Xk) = ∃Xk+1ψ(X1, . . . , Xk+1)

5*BI4&�h[�O }@A2H�WGI[�F(>R48>J2
Γk
BWD(>AFHGIB(>J2

Aϕ = (Q′,∆′, δ′, F ′)
/Q��5*B(>=BWV85*[=DW6N>=2HD

Aϕ
B(SHFv>J2

Aψ
[JT <ABI4

BW<A\(xI2(3�U�>AUWX¢GI[�>JB(>A@A2ISH6WXt[=<AFHXEGIUN<?>A[�>A[=@AGH4 <R4 V8>R4 5*2H�yBWD(>=2HGI\(>J2HD�V�[¢:=<ABN4 V�2HPA�W<ABWGI2;<?>A[�>A[=@ }GH4 <R4 V8>R4 5*F
BWD(>AFHGIB(>=2"/y9;U(xIBWPA6
[JT <ABI4
Q′ = Pow(Q)

7
∆′((γ, e1, . . . , ek)) = {∆((γ, e1, . . . ,

ek+1)) | ek+1 ∈ {0, 1}}
7
δ′(Q1, Q2, (γ, e1, . . . , ek)) = {δ(q1, q2, (γ, e1, . . . , ek+1)) | q1 ∈

Q1, q2 ∈ Q2, ek+1 ∈ {0, 1}}
5*BI4

F ′ = {Q′′ ∈ Q′ |F ∩Q′′ 6= ∅}
� /

� ��� ��� ��� � � � ��� ��� � SHBW@AB(SH\W<?O�5*B(>JBWV85*[=DW6�B(SH2(>A[�xI[JTQB(SHFHPA[J4 �AU�>AUWX
GH4 BWX]5*B(>A[=�R�hDW<AV�UWX
>J2HDy�h[�OQ@A6WGIB(>=2*XE>=O#<

Doner, Thatcher & Wright
� L�[� Q@AUWGIB;K8/ 0���/Q9;U(xIBWPA6NB(SH2(>A[�xI[JT*GH4 B

B(SH[=DR�h[JT B(X�B(SHFHPA[J4 �AUN>J2HD!BW<?>RT V8>J2*4 u82HD;�E2H@RT V�GIB(>J2HX�K8/ 0W/
◊

� � �?q?nGq?rXs?t ~]�=n5w |��bz1�G�bpdo�pb| �7tUx5v :Ru5o�pXo�mX| xGm �ZtU�=n�{b}7q?�Xs?t u5o5v
|{Y1, . . . , Yl} ∩ {Z1, . . . , Zm}| =

n
:RmbvQu5o5v

(X1, . . . , Xn) = (Y1, . . . , Yn) = (Z1, . . . , Zn)
� ��x tN�Rv �bzb�UqXx

(Xn+1, . . . , Xk) =
(Yn+1, . . . , Yl, Zn+1, . . . , Zm) 9 �Zm �?nG�N�?t�v

(ε1, . . . , εn) = (a1, . . . , an) = (e1, . . . , en)
:Rmbv

(εn+1, . . . , εk) = (an+1, . . . , al, en+1, . . . , em)� l%mXnGm5o�pbnGq?rXs?t�u5o5v/mXx
ψ(X1, . . . , Xk)

:Rmbv
Aψ = (Q,∆, δ, F ) 9 o�q mX�5oGu?s?m5o�q �?q?� mXx�o5v }]o�qRv ~]t�w#}]o�qbxoGr5�?q

ϕ(X) = ∃Xψ(X)
t�w xGmbv

Aϕ = (Q′,∆′, δ′, F ′)
B
Q′ = Pow(Q) 9 ∆′(γ) = {∆(γ) | e ∈ {0, 1}k} 9

δ′(Q1, Q2, γ) = {δ(q1, q2, (γ, e)) | q1 ∈ Q1, q2 ∈ Q2, e ∈ {0, 1}k} 9 F ′ = {Q′′ ∈ Q′ |F ∩Q′′ 6= ∅}
�

0?�
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� +8g���ahgh+h$&e�kIihkI�¬kIid']$&��kI�"�p$&,��8�d'�
 L�[�OQ@A2H�WGI[�PA[=PA2HGI:=<AB!>=BvBWD(>AFHGIB(>JB;3"4 B;>J2HDWX�B(>J2 }GH4 5*2H�WX�>A�(SH2HDWX�5*BI4�[ �A[�>A\W�A2HDWGI[E>AUW<NB(SH2W>A[�xI[�V"GWB(>R4 5*F(>AU(>=BN>=OQ<;GI[�>JBWV�u8UWGIB(>R4 V�GW Q<y5*B(>A\;>AU
GI[�>A\W©"@ABWV�UWX�[=<AFHX

MSO} >A�(SH2HDvV8>=2±BW<?>RT V8>J2*4 u82
BWD(>AF*GWB(>J2"/t��4 2]V"D(3*5*[�58@R4 GW:=<AB878�h[�OQ@A2H�WGI[F(>R4#>=BlBWD(>AFHGIB(>JB
A1
5*BI4
A2
3"4 BlPA�W2l>A�(SH2HDWX

φ1
5*BI4

φ2
BW<?>RT V8>J2*4 u8B87Q:=u82HDW<]>J2¬SH2(xI�

n5*B(>JBWV8>A\WV�[J4 X(/�stF(>A[R7HV��WGI©�OQ<ABNGI[t>AUW<�SHBW@AB(SH\W<?O¬BW<A\(xIDWV�U87W>J2;BWD(>AFHGIB(>J2ySH2HDyBW<AB(3�<?OQ@RT �A[J4
>J2W<�>A�(SH2

φ1 ∧ φ2
�hB;:=u8[J4H>J2!SH2RxI�

n2 5*B(>=BWV�>A\WV�[J4 X � 5*B(>=BWV85*[=DW6�>J2HDy5*BW@?>A[=V"4 BW<A2H��3"4 <A2HGI: }<A2HD�>=OQ<�BW<?>RT V8>=2*4 u*OQ<�u* Q@?OQ<�5*B(>=BWV8>R\WV�[�OQ< ��/�CE<A\(xI2(3�B�>J2;BWD(>AFHGIB(>J2y3"4 B�>AUW<�\W@A<AUWV�U�>=OQ<
PA[=PA2HGI:=<?OQ<�>A�(SIOQ<E�hBN:=u8[J4H>=2;SH2(xI�

n
5*B(>JBWV8>A\WV�[J4 XR7H[=<? ­>J2!BW<?>RT V8>J2*4 u82;3"4 By>AUW<�D(SHBW@ �R4 B(5*6

SH2HV�2HPA[JT 5H>AUWV�Uy�hBv:=u8[J4�>=2�SH2(xI�
2n
5*B(>=BWV8>A\WV�[J4 X(/�« �Q>AV"4"V8>AU!3�[=<R4 5*6;SH[=@RT SI>=OQV�U87�BW<

c
[JT <ABI4

2±BW@R4 �hGIFHXy>�OQ<!xI2(3"4 5H Q<!V�DW<APA:=V�GWOQ<v[=<AFHXy>A�(SH2HD87�>RF(>A[y2±BW@R4 �hGIFHXy>=OQ<!5*B(>JBWV8>A\WV�[�OQ<N>J2HD
BW<?>RT V8>=2*4 u82HD;BWD(>J2HGI\(>J2HDN©"@A\WV�[�>JBI4�B(SHFv>AUW<

22
. . .

2n �
c/

� 5*�W@R4 2HX�SHBW@A\(3�2W<?>JBWXvSH2HD�V�DW<?>A[�xI[JT�V�[
BWD(>AFl>J2¬GI[�3�\(xI2¬GI:�3�[´�h2HX
[JT <ABI4#2¬BW@R4 �hGIFHX�>=OQ<
[=<AB(xWxIB(38 Q<�SH2HV�2HPA[J4 5H>? Q<�V8>J2W<�>A�(SH2 �*D(SH\W@Au8[J4*GI4 B;[�5I�h[�>R4 5*6N[�SHBW<A\(xIU �"U�3"4 BN5*\R�h[E[=<AB(xWxIB }3�6;SH2HV�2HPA[JT 5H>AU8/

-�
 � 
 � � �"c*�"q*,Wn ��j���kW�l�%��kI+dj ��kW��)
Aϕ

�EBW@A2HDWV"4 \W�A2HDWGI[!V8>AU�V�DW<A:=u8[J4 B
>R@RT B
SHBW@ABWPA[JT 3�GIB(>JB*7#PRT <A2W<?>JBWX�>JB�BWD(>AFHGIB(>JB±SH2HD�BW<AB(3�<?O }@RT �A2HDW<;>R4 XNBW<?>RT V8>J2*4 u8[=XN[�SH[�5H>A\WV�[J4 X(/E�Y5*B(>=BWV85*[=DW6!>=OQ<vBWD(>=2HGI\(>=OQ<N3"T <A[�>=BI4�� PR4 BI4 V*�hU(>R4 5*\ 	 �PAU(xIBWPA6NPA[=<yB(5*2RxI2HDR�h[JT >=BI4H2v3�[=<R4 5*FHXE>A@AFISH2HXE5*B(>=BWV85*[=DW6WXtSH2HDNSHBW@A2HDWV"4 \WV8>AU(5*[tV8>AUW<�SH@A2HU }3�2H�WGI[=<AU![=<AF(>AU(>=B8/
� CbMJe T 2X6 c7> C�� � � ��L�B 5*B(>JBWV85*[=DW\WV�2HD(GI[¬:=<AB

Γ1 } BWD(>AFHGIB(>J2 Aϕ
SH2HD BW<AB(3�<?OQ@RT �A[J4�>R4 X

ϕ}[�SH[�5H>A\WV�[J4 X�[=<AFHX�GIU®PR4 B(>A[�>JB(3�GI:=<A2HD
Γ } PA:=<?>A@A2HD87�FISH2HD ϕ(X) ∈ MSO[τΓ]

2 >A�(SH2HX�>=2HD
SHBW@ABWPA[JT 3�GIB(>J2HXyK8/ 0 � V�[�x�/p0A. ��/yL�DWGHT �A2HDWGI[�F(>R4

Γ = {w, b}
5*BI4dF(>R4d2]>A�(SH2HX

ϕ(X)
[�5*©"@A\ }�A[J4Q>AUW<��(SHBW@ �AUl[=<AFHX
GI2W<A2HV�DW<AF(xI2HD

X
GI[±V8>J2*4 u8[JT 2�GH4 Bl5*2H@ADW©"6

x
SH2HD¬:=u*[J4�PA�W2­SHBI4 PR4 \

u8@? QGIB(>=2HX
w
/;9;U(xIBWPA6�2*4&BW<ABR�h:=V�[J4 XySI2*D]4 5*BW<A2ISH2*4 2H�W<N>J2W<

ϕ(X)
[JT <ABI4dGI2W<A2HV��W<A2(xIB

{n}
7

FISH2HD±2
n ∈ T

[JT <ABI4p[=V8O#>A[=@R4 5*FHX!5*FHG(wH2HXvGI[;SHBI4 PR4 \±u8@? QGIB(>J2HX
w
/
« CE@AB�2*4

ϕ} [�SH[�5H>A\WV�[J4 X[=<AFHX
Γ } PA:=<?>A@A2HDN[JT <ABI4H>=B Γ1 } PA:=<?>R@AB87HV8>JBN2ISH2*T ByF(xI2*4H2*4H5*FHG(wH2*4*[�5H>AFHX¢B(SHF!:=<ABW<�[=V8O#>A[=@R4 5*F:=u82HDW<�[�S*4 SH@AFHV*�h[�>J2Nu8@? QGIB

0
/��QS*4 SIxI:=2W<�2;GI2I<ABWPR4 5*FHXt[=V8O#>A[=@R4 5*FHXt5*F*GRwH2*XtGI[t[�S*4 SH@AFHV*�h[�>J2

u8@? QGIB
1
:=u8[J4�PA�W2vSHBI4 PR4 \;GI[�u8@? QGIB

w
/

L�[�OQ@A2H�WGI[!F(>R4&>J2�BWD(>J2HGI\(>J2
Aϕ = (Q,∆, δ, F )

5*BI4d�h[�OQ@A2H�WGI[!F(>R4
Q = {qf , qw, qb,

qa}
/±� V�UWGIBWV"T B±>=OQ<
5*B(>JBWV8>A\WV�[�OQ<
[JT <ABI4pU
[ �A6WX(�y�h[�OQ@A2H�WGI[!F(>R4�2*4�58B(>=BWV8>A\WV�[J4 X

qa
7
qfB(SH2HPRT PA2W<?>JBI4HV�[¢:=<ABW<�5*FHG(wH2

n
7*B(SHF;>AUW<�BW<?>RT V8>J2*4 u8Uy[�5H>A:�xI[=V�U�>J2HD

Aϕ
7*FW>=BW<�>=2vD(SH2HPA:=<?>A@A2

Tn
B(SH2(>A[�xI[JT¡>AGI6WGIBbPA[�5H>A6WX�6bGIUbPA[�5H>A6WX�[�SH:�5H>JBWV�UWX
BW<?>RT V8>J2*4 u8B8/ ��4�5*B(>JBWV8>A\WV�[J4 X

qw
7

qb
PAU(xW Q<A2HDW<
B(SIxI\�F(>R4QU�5*2H@ADW©"6l:=u8[J4QBW@Au�4 5*F­u8@? QGIB

w
7
b
BW<?>RT V8>J2*4 u8B8/®L�[�OQ@A2H�WGI[
F(>R4

F = {qa}
/

L�DWGHT �A2HDWGI[QF(>R4(GI:=V8O�>AUWX�V�DW<A\W@?>AUWV�UWX¡[�5*58T <AUWV�UWX
∆
U�[�5H>A:�xI[=V�UE[=<AFHX�BWD(>J2HGI\(>J2HD¢B(SH2HPRT }PA[J485*B(>A\WV8>=BWV�U;V8>JB!©"�(xWxIB8/�« �ESIOQX�[�S*4 V�UWGI\W<ABWGI[¢SHBW@AB(SI\W<?Ot7H>JB!©"�(xWxIBy>=OQ<

ϕ} [�SH[�5H>A\WV�[�OQ<:=u82HDW<v[�S*4 SH@AFHV*�h[�>J2
u8@? QGIB
0
/;« CE@AB±U
>R4 GI6]>AUWX

∆
3"4 B]>=B±©"�(xWxIB]GI[;[�S*4 SH@AFHV*�h[�>=2
u8@? QGIB

1
7&�hB]SI@A:�SH[J4&<AB±[JT <ABI4

qf
7�PAU(xIBWPA6

∆(γ, 1) = qf
7
γ ∈ {w, b}

/
|¡>AUW<vBW<?>RT �h[�>AU
SH[=@RT SI>=OQV�U
� [�S*4 SH@AFHV*�h[�>J2vu8@? QGIB

0
��7�UN>R4 GI6;>AUWX

∆
�hB![JT <ABI4

qw
6
qb
BW<A\(xI2(3�BNGI[E>J2�BW<�>J2�u8@? QGIB;>J2HD

©"�(xWxI2HD�[JT <ABI4
w
6
b
BW<?>RT V8>=2*4 u8B8/#9;U(xIBWPA6�>A[�xH4 5*\

∆ = {(w, 0) 7→ qw, (w, 1) 7→ qf , (b, 0) 7→

.(�
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qb, (b, 1) 7→ qf}
/

L�DWGHT �A2HDWGI[�[�S*T V�UWXtF(>R4*Uy[�5H>A:�xI[=V�U�[=<AFHXEBWD(>=2HGI\(>J2HD�B(SH2HPRT PA[J4I5*B(>A\WV8>=BWV�U�V�[t5*\R�h[t[=V8O }>A[=@R4 5*F;5*FHG(wH2
n
GI:=V8O�>AUWXEV�DW<A\W@?>AUWV�UWXEGI[�>A\RwHBWV�UWX

δ
/p« �Q>AV"48UN>R4 GI6y>AUWXE[�5H>A:�xI[=V�UWXt>J2HD

AϕV�[�:=<ABW<¢[=V8O#>A[=@R4 5*Fy5*FHG(wH2
n
[ �ABW@?>A\(>JBI4(B(SHF�>R4 X�5*B(>JBWV8>A\WV�[J4 X

q, q′
SH2HD�:=u82HDW<t>JB�SHBI4 PR4 \E>J2HD

n
5*BI4(>=2Nu8@? QGIB

(c(n), ε)
>J2HD

n
7IFISH2HD

q, q′ ∈ Q
5*BI4

ε ∈ {0, 1}
/#9!4 B(5*@RT <A2HDWGI[#>R4 X�[ �A6WX�SH[=@R4 }SI>? QV�[J4 XR��F(>JBW<¢58\(SI284 2yB(SHFy>JB�SHBI4 PR4 \�[=<AFHX¢[=V8O#>A[=@R4 5*2H��5*FHG(wH2HD
n
wH@RT V85*[�>=BI4IV�[�5*B(>R\WV8>=BWV�U

qf
7HxIF(38O­>AUWXEV�UWGIBWV"T BWX¢>AUWX¢5*B(>A\WV8>JBWV�UWX

qf
7*:=u82HDWGI[¢GI[�>=BW©"2H@A\y>AUWX�V8>=2W<

n
/�« CE@ABy�hBN[JT <ABI4

δ({qf , q}, (γ, ε)) = qf
7�3"4 B
5*\R�d[

q ∈ Q
7
γ ∈ {w, b}

5*BI4
ε ∈ {0, 1}

/!« �E>JBW<v5*BW<A:=<AB]B(SHF
>JB�SHBI4 PR4 \v>J2HD

n
PA[=<v[JT <ABI4dV�[

qf
7dPR4 B(5*@RT <A2HDWGI[�SH[=@R4 SI>? QV�[J4 XyBW<A\(xI2(3�B�GI[y>=2
BW<;>J2±[�S*4 SH@AF }V*�h[�>J2�u8@? QGIB!>J2HD

n
[JT <ABI4

1
6

0
/Q�EBW@AB(>AUW@A6WV�BWGI[¢SHBW@AB(SH\W<?ObF(>(4�2�GI2W<ABWPR4 5*FHX�5*FHG(wH2HX�GH4 BWX

ϕ} [�SH:�5H>JBWV�UWX¡SH2HD�:=u8[J4I[�S*4 SH@AFHV*�h[�>J2yu8@? QGIB 1 [JT <ABI4W5*\(SH2*4 2HX�SH2HD�:=u8[J4IPA�W2ySHBI4 PR4 \�u8@? QGIB(>=2HX
w
/�« CE@ABt5*FHG(wH2*4AGW[Q[�S*4 SH@AFHV*�h[�>J2Eu8@? QGIB

1
SH2HD¢FHGWOQX¡PA[=<�:=u82HDW<�PA�W2ESHBI4 PR4 \

w
PA[=<�B(SH2(>A[�xI2H�W<

>AGI6WGIBN5*\(SH2*4 BWX
ϕ} [�SH:�5H>JBWV�UWX � PAU(xIBWPA6y5*\(SH2*4 BWX Aϕ } PA[�5H>A6WXE[�SH:�5H>JBWV�UWX
��/Q|�DWG(wH2(xHT �A2HDWGI[tGI[

q, q′
>R4 X�5*B(>JBWV8>A\WV�[J4 X¡>=OQ<ESHBI4 PR4  #<E[=<AFHX�5*FHG(wH2HD

n
/�stB�SHBW@AB(SH\W<?OlGI[�>=BW©"@A\W�A2W<?>JBI4(OQX¢[ �A6WX(�

F(>JBW<
>=2l[�S*4 SH@AFHV*�h[�>J2�u8@? QGIB�>=2HD
n
[JT <ABI4

1
7#U�GI2W<ABWPR4 5*6±SH[=@RT SI>=OQV�U±SH2HD
>=2HD�B(SH2HPRT PA[�>JBI4

5*B(>A\WV8>JBWV�U
qa
[JT <ABI4hF(>JBW<

{q, q′} = qw
7 � PAU(xIBWPA6

δ({qw}, (γ, 1)) = qa
7
γ ∈ {w, b}

��/�|¡>R4 X
D(SHF(xI2*4 SI[=X�SI[=@R4 SI>? QV�[J4 X(7�U!5*B(>A\WV8>JBWV�U;SH2HDvB(SI2*PRT PA[�>=BI4�V8>J2W<

n
[JT <ABI48SH@A2H©"BW<? QXyU

qf
/¡« CE@AB

δ({q, q′}, (γ, 1)) = qf
7¡F(>JBW<

{q, q′} ∈ ([Q \ {qf}]
≤2 \ {qw}) � 7 γ ∈ {w, b} /bC¢SH2HGI:=<A[J4<AB]PA2H�WGI[y>R4&V�DWG(wHBIT <A[J4dF(>JBW<!>J2
[�S*4 SH@AFHV*�h[�>J2±u8@? QGIB
>J2HD
5*FHG(wH2HD

n
[JT <ABI4

0
7�PAU(xIBWPA6vSHFW>A[

:=u82HDWGI[tGI[�>JBW©"2H@A\y>AUWX¢5*B(>A\WV8>JBWV�UWX
qa
5*BI4H>R4*V�DWG(wHBIT <A[J4HV8>R4 XED(SHF(xI2*4 SH[�XtSH[=@R4 SI>? QV�[J4 X(/#�

qaGI[�>JBRw*4 wH\(�A[�>JBW4IB(SHFy>JB�SHBI4 PR4 \�>J2HD
n
V8>=2I<

n
7*F(>=BW<�GIFW<A2;:=<ABNB(SIFN>JB�SHBI4 PR4 \�>J2HD

n
wH@RT V85*[�>JBI4

V8>AUW<
qa
/
9;U(xIBWPA6

δ({qa, q}, (γ, 0)) = qa
7pFW>=BW<

q ∈ {qw, qb}
7
γ ∈ {w, b}

/
CED(>AF�4 V�u8�W[J4
3"4 B(>RThUvSH@? #>AU�©"2H@A\vSH2HD�B(SH2HPRT PA[�>JBI485*B(>A\WV8>JBWV�U

qa
V�[�:=<ABW<N5*FHG(wH2][JT <ABI4hF(>JBW<!4 5*BW<A2ISH2*4 [JT

>J2W<�PA[=PA2HGI:=<A2;>A�(SH2
ϕ(X)
GI[¢[�S*4 SH@AFHV*�h[�>=2;u8@? QGIB

1
/¡��4HBW<ABR�h:=V�[J4 X¢FHGWO#X¢SH2HDN4 5*BW<A2ISH2*4 2H�(<

>J2W<
ϕ(X)
[JT <ABI4&GI2I<A2HV��W<A2RxIB]5*BI4�:�>AV"4&5*\R�h[

ϕ } [�SH:�5H>=BWV�U��hB]SH@A:�SH[J4�<AB]5HOQPR4 5*2ISH2*4 [JT�:=<ABW<GIFW<A2�5*FHG(wH2"/ � 4 B]>J2W<±T PR4 2�xIF(3�2�F(>JBW<�5*BI4&>JB
PA�W2�SHBI4 PR4 \]>=2HD
n
[JT <ABI4�V�[!5*B(>A\WV8>JBWV�U

qa
7

V8>J2W<
n
B(SH2HPRT PA[�>JBI4

qf
� PAU(xIBWPA6

δ({qa}, (γ, 0)) = qf
7
γ ∈ {w, b}

��/
|¡>R4 X;D(SHF(xI2*4 SH[�XNSH[=@R4 }SI>? QV�[J4 XR7QF(>JBW<]PAU(xIBWPA6
{q, q′} ∈ [{qw, qb}]

≤2 7Q[JT <ABI4 δ({q, q′}, (γ, 0)) = qγ
7
γ ∈ {w, b}

/
|�DW<A2��hT �A2W<?>JBWX�F(xI[=XE>R4 X�SH[=@R4 SI>? QV�[J4 X�U

δ
2H@RT �A[�>=BI48BW<AB(xID(>R4 5*\8�

δ = {({qf , q}, (γ, ε)) 7→ qf ,
({qw}, (γ, 1)) 7→ qa, ({qw, qb}, (γ, 1)) 7→ qf , ({qb}, (γ, 1)) 7→ qf , ({q′, qa}, (γ, 1)) 7→ qf ,
({qw, qa}, (γ, 0)) 7→ qa, ({qb, qa}, (γ, 0)) 7→ qa ({qa}, (γ, 0)) 7→ qf , ({qw}, (γ, 0)) 7→ qγ ,
({qw, qb}, (γ, 0)) 7→ qγ , ({qb}, (γ, 0)) 7→ qγ}

7�FISH2HD
q ∈ Q
7
q′ ∈ Q \ {qf}

7
γ ∈ {w, b}

5*BI4
ε ∈ {0, 1}

/
�

� CbMJe T 2X6 c7> C�� � � �¢��T PABWGI[�V8>=2 �EBW@A\WPA[J4 3�GIB�K8/ 0�>J2W<
MSO[τoΓ]} >A�(SH2 φ(X)

SH2HDb[�5*©"@A\W�A[J4
>AUW<�T PR4 B­4 PR4 F(>AU(>=BlGI[]>=2W<

MSO[τΓ]} >A�(SH2 ϕ(X)
� B(xWxI\�V8>J2�xI[ �R4 5*F

τoΓ
��/ st2�BW<?>RT V8>=2*4 u82

BWD(>AFHGIB(>J2
PR4 B(>A[�>JB(3�GI:=<A2HD
Γ1 } PA:=<?>A@A2HD Aφ = (Q′,∆′, δ′, F ′)

SH@A2I5*�(SI>A[J4�SH2(xI��©"DWV"4 5*\
B(SHF
>J2NBWD(>AFHGIB(>J2yGIU�PR4 B(>A[�>JB(3�GI:=<A2HD�PA:=<?>A@A2HD

Aϕ = (Q,∆, δ, F )
/#�E@A\(3�GIB(>R4 7

Q′ = Q
7
F ′ = F

7
∆′ = ∆

5*BI4
δ′(q, q′, (γ, ε)) = δ({q, q′}, (γ, ε))

/��EBW@AB(>RUW@A2H�WGI[�F(>R4dU
δ′
[JT <ABI4hV�DWGIGI[�>A@R4 5*68/

�

� CbMJe T 2X6 c7> C�� � � ��L�[�OQ@A2H�WGI[]>J2W<
MSO[τoΓ]

>A�(SH2
ψ(X)
SH2HD­[�5*©"@A\W�A[J4¡>AUW<l�(SHBW@ �AU¬[=<AFHX

GI2W<A2HV�DW<AF(xI2HD
X
GI[]V8>J2*4 u8[JT 2­GH4 Bl5*2H@ADW©"6

x
>AUWX±2ISH2*T BWX�>J2�BW@R4 V8>A[=@AF¬SHBI4 PRTQ:=u8[J4¡u8@? QGIB

w
/ 9;U(xIBWPA6l2*4¡BW<ABR�h:=V�[J4 X
SH2HD­4 5*BW<A2ISH2*4 2I�W<±>J2W<

ψ(X)
[JT <ABI4¡GI2W<A2HV��W<A2(xIB

{n}
7�FISH2HD¬2

� >��XsRw �Gq?�Xs?t�uXo5v]p'�5v mX�`q?n��'�GrXq.}7�XxGu5zb�=x�q?n5w �GtNo�mbv
A \B = {x ∈ A | x 6∈ B}

�

.*0
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n ∈ T
[JT <ABI4p[=V8O#>A[=@R4 5*FHX!5*FHG(wH2HX!GI[vBW@R4 V8>A[=@AF�SHBI4 PRTpu*@? QGIB(>J2HX

w
/�L�B]5*B(>JBWV85*[=DW\WV�2HD(GI[

:=<AB
Γ1 }
BWD(>AF*GWB(>J2

Aψ
SH2HD;BW<AB(3�<?OQ@RT �A[J4*>R4 X

ψ } [�SH[�5H>A\WV�[J4 XE[=<AFHX�PR4 B(>A[�>JB(3�GI:=<A2HD Γ } PA:=<?>A@A2HD8/L�[�OQ@A2H�WGI[�F(>R4¢>J2 BWD(>AFHGIB(>J2
Aψ = (Q,∆, δ, F )

GI[
Q = {qf , qw, qb, qa}

7
F =

{qa}
/!�¡�(5*2(xIB][�SHB(xIUR�h:=D([�>JBW4dFW>R4

∆ = {(w, 0) 7→ qw, (w, 1) 7→ qf , (b, 0) 7→ qb, (b, 1) 7→
qf}
/��QS*T V�UWXNGI[NBW<A\(xIDWV�U�BW<A\(xI2(3�Uv>=2HD
SI@A2*U(382*�WGW[=<A2*D!SHBW@ABWPA[JT 3�GIB(>J2HX(�

δ(qf , q, (γ, ε)) =
δ(q, qf , (γ, ε)) = qf

7y3"4 B 5*\R�d[
q ∈ Q

7
γ ∈ {w, b}

5*BI4
ε ∈ {0, 1}

/£C¢SH2HGI:=<A[J4�<AB
PA2H�WGI[l>=2W<®2H@R4 V"GWFz>AUWX

δ
V8>J2

Q′ × Q′ × Γ1
7yFISH2HD

Q′ = {qw, qb, qa}
/ �QSH[J4 PA6 V8>R4 X

ψ } [�SH[�5H>A\WV�[J4 X�2*4t5*FHG(wH2*4tGI[�[�S*4 SH@AFHV*�h[�>J2 u8@? QGIB 1
[JT <ABI4¢GIFW<A2 BWD(>J2*TtGI[�BW@R4 V8>A[=@AF SHBI4 }PRT�u8@? QGIB(>=2HX

w
�
δ(qw, qw, (γ, 1)) = δ(qw, qb, (γ, 1)) = qa

7
γ ∈ {w, b}

/ �¡<?O FW>=BW<
(q, q′) ∈ (Q′ × Q′) \ {(qw, qw), (qw, qb)}

�
δ(q, q′, (γ, 1)) = qf

7
γ ∈ {w, b}

/�CE<A\(xI2 }3�B87�F(>JBW<¬>J2 [�S*4 SH@AFHV*�h[�>=2 u8@? QGIB [JT <ABI4
0
7
δ(qa, q, (γ, 0)) = δ(q, qa, (γ, 0)) = qa

7�3"4 B
q ∈ {qw, qb}

5*BI4
δ(qa, qa, (γ, 0)) = qf

7
γ ∈ {w, b}

/tst:�xI2HX�F(>JBW<
(q, q′) ∈ {qw, qb}

2 7h[JT <ABI4
δ(q, q′, (γ, 0)) = qγ

7
γ ∈ {w, b}

/
�

�
��� � &W %&�� ���.� "��
) &W$�
 ���.� � -.& � �'$%�����+�
-.&�"/��� 
�"/� � 

������ %&W-.�
�'$%,���� �
-.&�&+)+"/�
- ��" �_ W�

L�DWGHT �A2HDWGI[�F(>R4HPA[=PA2HGI:=<A2HDy[=<AFHX
Γ} PA:=<?>A@A2*D T 5*BI4HPA[=PA2HGI:=<A2HDy[=<AFHX MSO} >A�(SH2HD ϕ(X1, . . . ,

Xk)
7*>J2
BW@Au�4 5*F�GIBWX�SH@AFWwIxIUWGIBN[JT <ABI482
D(SH2RxI2(3"4 V�GIFHXE>=2HD

sat assign(ϕ, T ) = {B | T |= ϕ(B)}.

|��WGI©�OQ<ABtGI[�>=2��EFH@R4 V�GIB¢K8/ 0 �
Doner, Thatcher & Wright

��7?3"4 B�5*\R�h[
MSO} >A�(SH2 ϕ(X1, . . . ,

Xk)
78[JT <ABI4*[=©h4 5H>A6;UN5*B(>JBWV85*[=DW6y[=<AFHX

Γk } BWD(>=2HGI\(>J2HD Aϕ >A:�>J2*4 2HDy QV8>A[E3"4 BN5*\R�h[ Γ } PA:=<?>A@A2
T
5*BI4

B = (B1, . . . , Bk) ∈ (Pow(T ))k
78<AB�4 V�u8�W[J4 �

T |= ϕ(B)
BW<A<;>J2

Aϕ
PA:=u8[�>=BI48>AUW<

(T ;B).

��<A2HGI\W�A2HDWGI[
Aϕ SUT 2b8 P?F5I CZY5CD[ F5; 2X6 I >R4 X�BW<ABR�h:=V�[J4 X¡SH2HDE5HOQPR4 5*2ISH2*4 2H�W<�2*4 Aϕ } PA[�5H>R:=X¡[�SH[ }5H>A\WV�[J4 X(7H5*BI48>R4 X�V�DWG(wH2(xHT �A2HDWGI[¢GI[

accept assign(Aϕ, T )
�

accept assign(Aϕ, T ) = {B |
>J2

Aϕ
PA:=u8[�>=BI48>AUW<

(T ;B)}.

¤�[EwH\WV�UN>JB;SHBW@AB(SH\W<?Ob[JT <ABI4*SH@A2H©"BW<A:=X�FW>R4 �

accept assign(Aϕ, T ) = sat assign(ϕ, T ).

|�DW<A2��hT �A2I<?>=BWX(7?>J2¢SH@AFWwIxIUWGIB¡>J2HDtD(SH2RxI2(3"4 V�GI2H�¡>J2HD�V�DW<AF(xI2HD
sat assign(ϕ, T )

>=OQ<�BW<AB }�h:=V�[�OQ<vSH2HD]4 5*BW<A2ISH2*4 2H�(<!:=<ABW<!>A�(SH2
ϕ(X1, . . . , Xk) ∈ MSO

V�[N:=<AB]PA[=PA2HGI:=<A2
Γ } PA:=<?>A@A2

T
� BW@Au�4 5*Fv>A@A2ISH2ISH2*4 UWGI:=<A2;SH@AFWwIxIUWGIB ��7*BW<A\(3�[�>JBI48V8>=2
[ �A6WX�SH@AFWwIxIUWGIB;BWD(>=2HGI\(>=OQ<I�

} ��T V�2HPA2HX(� Γ } PA:=<?>A@A2 T 7 Γk }
BWD(>AFHGIB(>J2

Aϕ
/

} �E@AFWwIxIUWGIB8�Q²ESH2(xI2(3"4 V�GIFHXE>J2HD accep assign(Aϕ, T ).

.W.
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9;U(xIBWPA6�V8>AU
V�DW<A:=u8[J4 B�PA[��hB]GH4 xI\WGI[�3"4 B�>R4 XNBW<ABR�h:=V�[J4 X�SH2HD]4 5*BW<A2ISH2*4 2H�W<y>J2W<
MSO} >A�(SH2

ϕ(X1, . . . , Xk)
B(xWxI\!3"4 Bv>R4 XyBW<ABR�h:=V�[J4 X�SH2HDv3"T <A2W<?>JBI4hPA[�5H>A:=XyB(SHF�>J2±PA[=PA2HGI:=<A2]BWD(>AFHGIB(>J2

Aϕ
/
� ��� ��� ��� � � � ��� � � CE<A\(xI2R3�B�GI[Q>R4 X

Aϕ }
PA[�5H>A:=X¡BW<ABR�h:=V�[J4 X(7(GWSH2H@A2H�WGI[Q<AB�2H@RT V�2HDWGI[Q>R4 X

Aϕ ST 2b8 P?F5I
;/\ YXCbM PRVJ; 2X6 I 2RKZ69KGMO: ; [Z2 PXA?\.E M�� > C P 6 ;O>%A]< �
accept add col(Aϕ, T ) = {c

B
|
>J2

Aϕ
PA:=u8[�>JBI48>AUW<

(T ;B)}.

|¡>AUW<�2HDWV"T B]2*4
Aϕ } PA[�5H>A:=X;V�DW<ABW@?>A6WV�[J4 X;[�S*4 SH@AFHV*�h[�>=2*D
u8@?OQGIB(>R4 V�GI2H� cB

B(SH2(>A[�xI2H�(<!>AUW<
5HOQPR4 5*2ISH2*4 UWGI:=<AU
BW<AB(SHBW@A\WV8>=BWV�U�>=OQ<

Aϕ }
PA[�5H>? Q<
BW<ABR�h:=V�[�OQ<

B
/�L�DWGHT �A2HDWGI[NF(>R4�U]5HOQPR4 }5*2ISH2*T UWV�U�wHBWV"T �A[�>JBI48V8>AUW<;4 V�2HPADW<ABWGHT B8�

n ∈ Bi
BW<A<

cBi
= 1
/

²ESH\W@Au8[J4WPAU(xIBWPA6�GH4 B � 0 } 0 	 BW<?>R4 V8>=2*4 u�T B�GI[�>JB��A��>=OQ<EPA[�5H>? Q<EBW<ABR�h:=V�[�OQ<t5*BI4(>�OQ<�PA[�5H>? Q<V�DW<ABW@?>A6WV�[�OQ<
[�S*4 SH@AFHV*�h[�>=2HD�u8@?OQGIB(>R4 V�GI2H�8/­��T <ABI4
B ∈ accep assign(Aϕ, T )

BW<A<
c
B
∈

accept add col(Aϕ, T )
/

◊

-�
 -�
 �¨�!�"�#� $&%('
%()*)*+&� ,('�ad+��l��op,Rk8n $*+")HkI�h��j�,!kI+ladc*e"fhg�idj����%��kW+dj ��kI��)
$&�h�&kIid)
,Ra&n g��"���­kW+��

9;[=PA2HGI:=<A2HDv>J2HD
Γ} PA:=<?>A@A2HD T 5*BI4hPA[=PA2HGI:=<A2HDv>J2HD Γk }

BWD(>=2HGI\(>J2HD
Aϕ
SH2HD�B(SH2(>A[�xI2H�W<y>AUW<

[JT V�2HPA2]>J2HD�SH@A2WwIxI6WGIB(>J2IXyBWD(>J2HGI\(>=OQ<I7d2H@RT �A2HDWGI[yBW<AB(xID(>R4 5H\!wHBWV"4 5*:=Xy:=<A<A2*4 [=XN>=2HD
SH@A2WwIxI6 }GIB(>J2HX(/;��4 2
V�D(385*[�5*@R4 GI:=<AB]PRT <A2HDWGI[N>=2I<�2H@R4 V�GIF
>AUWX![�5H>A:�xI[=V�U�>J2HD]PA[=PA2HGI:=<A2HD]BWD(>J2HGI\(>J2HD
V�[NGH4 B][�SH:�5H>=BWV"Uv5*BI4d2H@RT �A2HDWGI[y>R4 X;[�5H>A[�xI:=V�[J4 X�58BI4d[�S*4 >ADWu8UWGI:=<A[=XN[�5H>A[�xI:=V�[J4 Xy>J2HD

Aϕ
V8>R4 X

k } [�SH[�5H>A\WV�[J4 X�>J2HD T /���@RT �A2W<?>JBI4h[�S*T V�UWXy2*4dD(SH2I5*[JT GI[=<A[=X�V�DW<ABW@?>A6WV�[J4 Xy[�S*4 SH@AFHV*�h[�>J2HDvu8@?O }GIB(>R4 V�GI2H�;5*BI4"2*4"D(SH2I5*[JT GI[=<A[=X�BW<ABR�h:=V�[J4 X�GHT BWX�[�5H>A:�xI[=V�UWX�>J2HD
Aϕ
/�st:�xI2HX�SHBW@A2HDWV"4 \W�A2W<?>JBI4

PR4 BW©"2H@A[�>R4 5*:=X�GI2H@A©":=X�BW<AB(SHBW@A\WV8>JBWV�U(XE>J2HD!BWD(>=2*GW\(>J2HD8/

)
�E,R$dk*,Rgh%(��,W� '�kW+#�
Γk m �%��kW+dj ��kI+�� Aϕ

�pk8� 'b,Rad,R$dk��"��,W� '�kI+��
Γm q*%()Hk*c*+�� T 
 st2BWD(>AFHGIB(>J2

Aϕ = (Q,∆, δ, F )
[JT <ABI4":=<AB

bottom-up
<?>A[�>A[=@AGH4 <R4 V8>R4 5*F

Γk }
BWD(>AFHGIB(>=2"/�9;[=PA2 }GI:=<AUWXEGH4 BWX¢[�SH:�5H>JBWV�UWX

(T ;B) = ((T, s1, s2), c; cB)
7*FISH2HD

B ∈ (Pow(T ))k
7*V�DWG(wH2RxHT �A2HDWGI[

GI[
ρ
B

>AUW<l[�5H>A:�xI[=V�Ul>J2HD­BWD(>=2HGI\(>J2HD
Aϕ
V8>AUW<

(T ;B)
/�� [�5H>A:�xI[=V�U

ρ
B

D(SH2(xI2(3"T �A[�>=BI4
[�SHB(38O#3"4 5*\;B(SHFv>=Bv©"�(xWxIBNSH@AFHX�>AU!@RT �AB;OQX�[ �A6WX(�

} ρ
B

(n) = ∆((c(n), c
B

(n)))
7�[=\W<y2

n
[JT <ABI48©"�(xWxI2v5*BI4

} ρ
B

(n) = δ(ρ
B

(s1(n)), ρ
B

(s2(n)), (c(n), c
B

(n)))
7W[=\W<�2

n
[JT <ABI4A[=V�O�>R[=@R4 5*FHXQ5*FHG(wH2HX(/

��SIxI[J4 \WPAB
B
[JT <ABI4

Aϕ }
PA[�5H>R6;BW<A<NU![�5H>A:�xI[=V�U

ρ
B

[JT <ABI4�[�S*4 >ADWu8UWGI:=<AU8/
|�DWG(wH2(xHT �A2HDWGI[�GI[

pot runs(Aϕ, T )
>R4 XE[�5H>A[�xI:=V�[J4 X�>=2HD

Γk } BWD(>J2HGI\(>J2HD Aϕ V8>R4 X (T , k)}[�SH[�5H>A\WV�[J4 X(�
pot runs(Aϕ, T ) = {ρ

B
|B ∈ (Pow(T ))k}

58BI4�GI[
succ runs(Aϕ, T )

>R4 X
[�5H>A[�xI:=V�[J4 X¢>J2HD

Γk }
BWD(>J2HGI\(>=2HD

Aϕ
V8>(4 X

Aϕ }
PA[�5H>A:=X�[�SH[�5H>A\WV�[J4 X¢>J2HD

T
�

succ runs(Aϕ, T ) = {ρ
B
|
>J2

Aϕ
PA:=u8[�>JBI48>AUW<

(T ;B)}.

« �E>JBW<]>J2
T
[=<A<A2*[JT >JBI4�B(SHFl>JB�V�DWGI©"@ABW�AFHGI[=<AB87#�hB�BW<ABW©"[=@AFHGIBWV8>R[vV8>R4 X

pot runs(Aϕ, T )5*BI48V8>R4 X
succ runs(Aϕ, T )

OQX�[�5H>A[�xI:=V�[J4 X¢5*BI48[�S*4 >ADWu8UWGI:=<A[=XE[�5H>A[�xI:=V�[J4 X¢>=2*D
Aϕ
BW<?>RT V8>J2*4 }u8B
� BW<?>RT�3"4 B![�5H>A[�xI:=V�[J4 XE>J2HD

Aϕ
V8>R4 X�[�SH[�5H>A\WV�[J4 XE>=2HD

T
��/

.(K
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)
� ��ad+h$&,Wn j�,()*,('����")*�"cHkH�d��,W� '�,Ra&� adc*ed�#&¡,RkW+��®opc*��j���k8� ��j�+ �­$&�h�Q+&� ��ad+h$&,Wn j�,()*,('
�")*��&¡%(��,W� '�jp� �"'z,R$dk*%Rgh,(��id' kW+��

Aϕ
� + ��ad+�gh+8�#� ��j�ed' kW+��"'�
 ��T PABWGI[
SHBW@AB(SH\W<?O

SI QX�PA[=PA2HGI:=<AUWX�>AUWX�V�DW<A\W@?>AUWV�UWX�[�S*4 SH@AFHV*�d[�>=2HD!u8@?OQGIB(>R4 V"GW2*�
c
B

GH4 BWX�[�SH:�5H>JBWV�UWX
(T ;B)
7

D(SH2(xI2R3"T �A2HDWGI[t>AUW<N[�5H>A:�xI[=V�U
ρ
B

>=2HD
Aϕ
/

CE<A\(xI2(3�B87¢PA[=PA2HGI:=<A2HD�[=<AFHX�PA:=<?>A@A2HD
T = ((T, s1, s2), c)

5*BI4�PA[=PA2HGI:=<AUWX�GH4 BWX�[�5H>A: }xI[=V�UWX
%
>J2HD

Aϕ
V�[�GH4 B�[�SH:�5H>JBWV�U±>J2HD

T
7#GWSH2H@A2H�WGI[v<AB�D(SH2RxI2(3"T V�2HD(GI[;>R4 X \ K A 832 a > 2]Yb2 I

;/\ Y5CbM PRVJ; 2X6 I 2RKZ69KGMO: ; [Z2 P5AR\ E M�� > C P 6 ;O>%A]<�PRHJI % 7QPAU(xIBWPA6
>R4 X
V�DW<ABW@?>A6WV�[J4 X
[�S*4 SH@AFHV*�h[�>=2HDu8@?OQGIB(>R4 V�GI2H�
c
B

3"4 BbFRxI[=X
>R4 X�[�SH[�5H>A\WV�[J4 X
(T ;B)

V8>R4 X�2ISH2*T [=X�U
ρ
B

4 V�2H�(>JBI4�GI[
>AU
%
�

add col(%, T )= {c
B
| ρ
B

= %}
/Q|�DWG(wH2(xHT �A2HDWGI[�GI[

add col(%, Tn)
7I>R4 X¢D(SH2I5*[JT GI[=<A[=X�V�DW<ABW@ }>A6WV�[J4 X�[�S*4 SH@AFHV*�h[�>J2HD;u8@?OQGIB(>R4 V�GI2H�;3"4 B;>AUW<N[�5H>A:�xI[=V�U

%
V8>J2
D(SH2HPA:=<?>A@A2

Tn
/

� D(SH2(xI2R3"4 V�GIFHXN>�OQ<
D(SH2I5*[JT GI[=<?OQ<vV�DW<ABW@?>A6WV�[�OQ<�[�S*4 SH@AFHV*�h[�>J2HD
u8@?OQGIB(>R4 V�GI2H�]3"T <A[�>JBI4
[�SHB(38O#3"4 5*\;GI[�5*B(>A[=�R�hDW<AV�U;B(SHF!>JB!©"�(xWxIBNSH@A2HX�>AUv@RT �AB8�

} [=\W<N2 n [JT <ABI48©"�(xWxI2"� add col(%, Tn) = {{n 7→ ε} |∆((c(n), ε)) = %(n)}.

} [=\W<N2 n [JT <ABI48[=V8O#>A[=@R4 58FHX�5*FHG(wH2HX(�

add col(%, Tn) = {c1 ∪ c2 ∪ {n 7→ ε} | c1 ∈ add col(%, Ts1(n)),

c2 ∈ add col(%, Ts2(n)),

δ(%(s1(n)), %(s2(n)), (c(n), ε)) = %(n)}.

��4 \ K A 832 a > 2]Yb2 I CDY5CD[ F5; 2X6 I PRHJI 2b8 P?F 132 ;!HJI % � assign(%, T )= {B | ρ
B

= %}
D(SH2(xI2R3"T }�A2W<?>JBI4�BW<A\(xI2(3�B8/Q|�DWG(wH2RxHT �A2HDWGI[¢GI[

assign(n, ε)
>J2�PR4 \W<ADWV�GIB

([n]ε1 , . . . , [n]εk),

FISH2HD
[n]0 = ∅

5*BI4
[n]1 = {n}

5*BI4H>=2v2W<A2HGI\W�A2HDWGI[ \ K A 832 a > 2]Y H CDYReD[Z2 ;!H PXA?\ ε ;!P5A Y�83: >!@BA
n
/
�QSHB(38O#3"4 5*\!GI[�5*B(>A[=�R�hDW<AV�U;B(SHF!>JB!©"�(xWxIBNSH@A2HX�>AU!@RT �AB!:=u82HDWGI[R�

} [=\W<N2 n [JT <ABI48©"�(xWxI2"� assign(%, Tn) = {assign(n, ε) |∆((c(n), ε)) = %(n)}.

} [=\W<N2 n [JT <ABI48[=V8O#>A[=@R4 58FHX�5*FHG(wH2HX��R�

assign(%, Tn) = {A1 ∪A2 ∪ assign(n, ε) |A1 ∈ assign(%, Ts1(n)),

A2 ∈ assign(%, Ts2(n)),

δ(%(s1(n)), %(s2(n)), (c(n), ε)) = %(n)}.

� ��� ��� ��� � � � ��� ��� �E@A2H©"BW<? QX�2*4�D(SH2I5*[JT GI[=<A[=X�BW<ABR�h:=V�[J4 XE>=OQ<N[�S*4 >ADWu8UWGI:=<?O#<y[�5H>A[�xI:=V�[�OQ<
>J2HD!PA[=PA2HGI:=<A2HD!BWD(>=2HGI\(>J2HD

Aϕ
[JT <ABI48284

Aϕ }
PA[�5H>A:=X�BW<ABR�h:=V�[J4 X(/#9;U(xIBWPA6

accept assign(Aϕ, T ) = {assign(%, T ) | % ∈ succ runs(Aϕ, T )}.

CE<A\(xI2(3�B!4 V�u8�W2HDW<�5*BI4*3"4 B;>R4 X
accept add col(Aϕ, T )

/
◊

����x
A1 = (A1

1, . . . , A
k
1)
:Rmbv

A2 = (A1
2, . . . , A

k
2) 9 Aj

i
⊆ T 9 i = 1, 2, j = 1, . . . , k 9 oGu5oGt

A1 ∪A2 = (A1
1 ∪A1

2, . . . , A
k
1 ∪Ak2).

.R�
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� ��� ��� ��� � � � ��� ��� « �ESIOQX�[JT <ABI4W©"DWV"4 5*Fy5*BI4W©"BIT <A[�>JBI4W[�S*T V�UWX�B(SHF�>R4 X�SHBW@AB(SH\W<?Ol[�5*©"@A\WV�[J4 X(7
2ND(SH2(xI2(3"4 V�GIFHX�>=OQ<

assign(%, Tn)
5*BI4

add col(%, Tn)
[JT <ABI4I[=<?>A[�xW QXtBW<A\(xI2(3�2HX(/p�E@A2H©"BW<? QX

BWD(>AF;4 V�u8�W[J4IV�[�5*\R�h[�SH[=@RT SI>=OQV�U�SH2HD�PRT <A[�>=BI4HGH4 B�:�5*©"@ABWV�UyD(SH2RxI2(3"4 V�GI2H��3"4 B�>R4 X¢BW<ABR�h:=V�[J4 X(�
2*4�BW<?>RT V8>=2*4 u8[=X
[�5*©"@A\WV�[J4 X±D(SH2(xI2(3"4 V�GI2H��>=OQ<lV�DW<ABW@?>A6WV�[�OQ<�[�S*4 SH@AFHV*�h[�>J2HD¬u8@?OQGIB(>R4 V�GI2H�
SH@A2I5*�(SI>J2HD(<yB(SHF�>R4 X�SH@? #>A[=X�GI[�>J2]©"DWV"4 5*F�>A@AFISH2�� UvGIFW<AUvPR4 BW©"2H@A\v[JT <ABI4�F(>R4"BW<?>RT�3"4 B!>AUW<
assign(n, ε)

:=u82HDWGI[
{n 7→ ε}

��/
◊

� CbMJe T 2X6 c7> C�� ��� ��L�[�OQ@A2H�WGI[ Γ = {w, b}
5*BI4=�h[�OQ@A2H�WGI[#F(>R4?:=u82HDWGI[�PA[=PA2HGI:=<A2�:=<AB

Γ } PA:=<?>A@A2"7
T = ((T, s1, s2), c)

7"FISH2HD
T = {n1, n2, n3}

7
s1(n1) = n2

7
s2(n1) = n3

5*BI4
c = {n1 7→

b, n2 7→ w, n3 7→ b}
/
L�[�OQ@A2H�WGI[![�S*T V�UWX!FW>R4�:=u82HDWGI[!PA[=PA2HGI:=<A2�>J2

Γ1 } BWD(>AFHGIB(>J2 Aψ
>J2HD

�EBW@ABWPA[JT 3�GWB(>J2HX�K8/ �8/Q9;[=PA2HGI:=<AUWX�>AUWX�[�5H>A:�xI[=V�UWX
% = {n1 7→ qf , n2 7→ qw, n3 7→ qf}

�

qf

qw qf

�hB±D(SH2(xI2R3"T V�2HDWGI[�>R4 X!D(SH2I5*[JT GI[=<A[=XNV�DW<ABW@?>A6WV�[J4 X;[�S*4 SH@AFHV*�h[�>J2HD
u8@?OQGIB(>R4 V�GI2H�]>AUWX
r
B(xWxI\

5*BI48>R4 X�D(SH2I5*[JT GI[=<A[=XEBW<ABR�h:=V�[J4 X(/
C¢SHF
>=2]BWD(>AFHGIB(>J2

Aψ
:=u82HDWGI[

∆((w, 1)) = qw
5*BI4

∆((b, 0)) = qf
/ � 4 B!>JBv©"�(xWxIB

n2
7

n3
D(SH2(xI2R3"T �A2HDWGI[R�

add col(%, n2) = {{n2 7→ 1}}
7
add col(%, n3) = {{n3 7→ 0}}

/��QS*T V�UWX
δ(qw, qf , (b, 0)) = δ(qw, qf , (b, 1)) = qf

5*BI4�:�>AV"4
add col(%, T ) = {{n2 7→ 1, n3 7→

0, n1 7→ 0}, {{n2 7→ 1, n3 7→ 0, n1 7→ 1}}
/

CE<A\(xI2(3�B�D(SH2(xI2R3"T �A2W<?>JBI4(2*4WD(SH2I5*[JT GI[=<A[=X�BW<ABR�h:=V�[J4 X(/���T <ABI4
[n2]

1 = {n2}
5*BI4

[n3]
0 = ∅
/

« �Q>AV"4
assign(%, n2) = {{n2}}

5*BI4
assign(%, n3) = {∅}

/&« ��GI2*4 B�wH@RT V85*2HDWGI[#F(>R4
assign(%, T )

= {{n2}, {n2, n1}}
/

�

� � �%�Q+dc*,Rk8� $&%(';�")*��ad�"c*�"�pk��"��,I� 'NkI��)����")*�"cHkI�d��,(��)
∆, δ
kW+��
�%��k*edj���kW+��

Aϕ

 ¤�[

BW©"2H@AGI6¢>AUW<�SIxIUW@A2H©"2H@RT Bt>=OQ<tV�DW<ABW@?>A6WV�[�OQ<
∆, δ
SH2HDEu8@AUWV"4 GI2ISH2*4 6WV�BWGI[pSHBW@AB(SH\W<?O � PAU(xIBWPA6

>JB¢D(SH2I5*[JT GI[=<ABt[�S*4 SH@AFHV*�h[�>JB¢u8@? QGIB(>=B¢>=OQ<tGI[�>=BRwH\WV�[�OQ<¡>=OQ<
∆, δ

��7RSHBW@A2HDWV"4 \W�A2HD(GI[p5*\(SH2*4 [=X
PR4 BW©"2H@A[�>R4 5*:=X�BW<AB(SHBW@ABWV8>A\WV�[J4 X¢>J2HDWX(/
« �ESIOQXv:=u82HDWGI[v6WPAU
BW<ABW©":=@A[J4 7�2*4�V�DW<ABW@?>A6WV�[J4 Xv[�5H58T <AUWV�UWX!5*BI4pGI[�>A\RwHBWV�UWX!GWSH2H@A2H�W<]<AB
[J4 P?O��h2H�W<
OQX
V��W<A2RxIB¬GI[�>=BRwH\WV�[�OQ<I/z��4QGI[�>JBRwH\WV�[J4 X
GWSH2H@A2H�W<�<AB¬PR4 BWGI[=@R4 V8>=2H�W<�BW<A\(xI2(3�B
GI[±>J2®D(SH2I5*[JT GI[=<A2�BW@Au�4 5*Fb>J2HDWX
u8@? QGIBbV�[

γ } GI[�>=BRwH\WV�[J4 Xl7 γ ∈ Γ
/���4 2®V�D(385*[�5*@R4 GI:=<AB

2H@RT �A2HDWGI[R�
γ start transitions = {(q, ε) |∆((γ, ε)) = q}

5*BI4
γ transitions = {(q, q1, q2,

ε) | δ(q1, q2, (γ, ε)) = q}
/

�QS*4 SIxI:=2I<]2*4
γ } GI[�>JBRwH\WV�[J4 X!>AUWX δ 7QGWSH2H@A2H�W<±<AB�[J4 P?O��h2H�W<±OQX
V��W<A2(xIB�B(SHF γ } >A@RT 38OQ<AB5*B(>JBWV8>A\WV�[�OQ<I�
γ states triangles = {(q, q1, q2) | ∃ε

>I/#Ot/
δ(q1, q2, (γ, ε)) = q}

5*BI4�OQX
V��W<A2(xIB�GI[�V8>J2*4 u8[JT B�>=B�D(SH2I5*[JT GI[=<ABE[�S*4 SH@AFHV*�h[�>JB�u8@? QGIB(>=B�>�OQ<

γ } >A@R4 38 Q<?OQ<E5*B(>=BWV8>A\WV�[�OQ<I�
γ add colorsq,q1,q2 = {ε | δ(q1, q2, (γ, ε)) = q}

� ��T <AB(5*BWX�K ��/
CE<A\(xI2(3�B�2*4

γ } GI[�>JBRwH\WV�[J4 X!>AUWX ∆
7
γ ∈ Γ
7QGWSH2H@A2H�W<]<AB�[J4 P?O��h2H�W<
OQX

γ } 5*B(>=BWV8>A\WV�[J4 X[�5H58T <AUWV�UWX(�
γ start states = {q | ∃ε

>I/#Ot/
∆((γ, ε)) = q}

5*BI4#OQX±V��W<A2(xIBlGI[
>=B¬D(SH2 }5*[JT GI[=<AB [�S*4 SH@AFHV*�h[�>=B u8@? QGIB(>=B >=OQ<
γ } 5*B(>JBWV8>A\WV�[�OQ<®[�5H58T <AUWV�UWX(� γ add colorsq = {ε

|∆((γ, ε)) = q}
� ��T <AB(5*BWX�� ��/

.W�
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� �"jdfd+�gd� ��j�ed' )�c8� ��j�ed'

γ transitions {(q, q1, q2, ε) | δ(q1, q2, (γ, ε)) = q}
γ states triangles {(q, q1, q2) | ∃ε

>I/#Ot/
δ(q1, q2, (γ, ε)) = q}

γ add colorsq,q1,q2 {ε | δ(q1, q2, (γ, ε)) = q}

��T <AB(5*BWX�K8����4�BW<AB(SHBW@ABWV8>A\(V�[J4 X¢>AUWX�V�DW<A\W@?>AUWV�UWX
δ
>=2HD

Aϕ
/

� �"jdfd+8gd� ��j�ed' )�c8� ��j�ed'

γ start transitions {(q, ε) |∆((γ, ε)) = q}
γ start states {q | ∃ε

>I/#Ot/
∆((γ, ε)) = q}

γ add colorsq {ε |∆((γ, ε)) = q}

��T <AB(5*BWX����¡��4�BW<AB(SHBW@ABWV8>A\WV�[J4 XE>AUWX�V�DW<A\W@?>AUWV�UWX
∆
>J2HD

Aϕ
/

-�
 -�
 � )Y��a"ghe&'E$&�h�H+
��ahghed'
-‘
���")*+8gd� $&ed'

’
i
set-oriented j ��g"��edc8� &¡j�+d'�,Ra&n g��"��id'kW+��¬ahc*+hfhg��dj&��kI+d']�%��kI+dj ��kW��) ��ib%()*)*+&� �¬kIid'
fd,Rg"k8� �pkW+had+&n id��id'

�EBW@A2HDWV"4 \W�A2HDWGI[t>=2I<�B(SIxIF!B(xW3�FH@R4 �hGI2!>J2HDNSH@A2WwIxI6WGIBR>J2HXEBWD(>=2HGI\(>=OQ<�5*BI48V�u82RxH4 \W�A2HDWGI[t>AUW<
D(xI2ISH2*T UWV�6
>J2HD±V"[!:=<AB]wH6WGIB } SI:=@ABWV�GIB
>J2HD
PA[=PA2HGI:=<A2HD Γ} PA:=<?>A@A2HD8/
st:�xI2HX![�S*4 V�UWGIBIT <A2HD(GI[2H@R4 V�GI:=<AB
wHBWV"4 58\]V�UWGI[JT B]>AUWXv[�S*T xIDWV�UWXN>J2HD±SH@A2WwIxI6WGIBR>J2HXN5*BI4p[J4 V�\(3�2HDWGI[N>AUW<
:=<A<A2*4 B±>AUWX
wH[�xW>R4 V8>=2ISH2*T U(V�UWXE>=2HD!D(SH2(xI2(3"4 V�GI2H�8/

) ��ahghed'b��g"��edc8� &¡j&+&'��#� � kW+�adc*e"fhg�idj��z�%��kW+dj ��kW��)�
 �E[=@R4 3�@A\W©"2HDWGI[vBW@Au�4 5*\±>J2W<
B(SIxIF®B(xW3�FH@R4 �hGI2b3"4 B�>J2W<¬D(SH2(xI2(3�4 V�GIFb>=O#<

Aϕ } PA[�5H>? Q<¬BW<ABR�h:=V�[�OQ<I/ �EBW@AB(>AUW@A2H�WGI[
F(>R42*4&S*4 �hBW<A:=X;BW<ABR�h:=V�[J4 XN3"4 B]>J2W<�PA[=PA2HGI:=<A2�>A�(SH2
ϕ(X1, . . . , Xk)

V�[;:=<AB±PA:=<?>A@A2�GI[;V��W<A2(xI2
5*FHG(wIOQ<

T
[JT <ABI4WFRxIB�>JB�PR4 BW<A�WV�GIB(>=B

(B1, . . . , Bk) ∈ (Pow(T ))k
/Q� B(SIxIFHX�B(xW3�FH@R4 �hGI2HX¡SH[ }@R4 xIBWG(wH\W<A[J4H>AUW<��h[� Q@AUWV�UvFRxWOQ<y>�OQ<NSH4 �hBW<? Q<NBW<ABR�h:=V�[�OQ<

B
7*>AUW<y5HOQPR4 5*2ISH2*T UWV�UN>J2HDWX�V8>(4 X

[�SH[�5H>A\WV�[J4 X
(T ;B)

GI:=V8O�>J2HD;D(SH2RxI2(3"4 V�GI2H�yV�DW<ABW@?>A6WV�[�OQ<�[�S*4 SH@AFHV*�h[�>=2HDNu8@?OQGIB(>R4 V�GI2H�
c
B5*BI4�>J2W<;D(SH2(xI2(3"4 V�GIF�>=OQ<;BW<?>RT V8>J2*4 u*O#<![�5H>A[�xI:=V�[�OQ<

ρ
B

/¢CE<;GH4 B�[�5H>A:�xI[=V�U
ρ
B

[JT <ABI4"[�S*4 >AD }u8UWGI:=<AU87�>AF(>A[�U�D(SH2I5*[JT GI[=<AU!BW<A\R�h[=V�6v>AUWX
B
[JT <ABI4�SH@A2H©"BW<? QXyGH4 B

Aϕ }
PA[�5H>A6vBW<A\R�h[=V�U8/tCE<

|T | = m
7W2*4RS*4 �hBW<A:=X¡[�SH[�5H>A\WV"[J4 XQ[JT <ABI4

2m·k 5*BI4?�hBESH@A:�SH[J4R<ABESH@AB(3�GIB(>J2ISH2*4 6(V�2HDWGI[Q4 V�\W@R4 �hGIB
SH[=@A\WV�GIB(>JB;V8>=2
PA[=PA2HGI:=<A2
PA:=<?>A@A2�3"4 B;>=2W<ND(SH2(xI2R3"4 V�GIF!>=OQ<NBW<?>RT V8>J2*4 u*OQ<N[�5H>A[�xI:=V�[�OQ<I/
|�UWGI[J4  Q<A2HDWGI[
F(>R4tBW<?>RT�3"4 B�>AUW<¬BW@Au�4 5*6l�h[� Q@AUWV�U�>=OQ<¬S*4 �hBW<? Q<¬BW<ABR�h:=V�[�OQ<l5*BI4�>AUW<

GI[�>A:�SH[J4 >JBb5HOQPR4 5*2ISH2*T UWV�6�>J2HDWXlV�[lV�DW<ABW@?>A6WV�[J4 Xl[�S*4 SH@AFHV*�h[�>=2HD®u8@?OQGIB(>R4 V�GI2H�87�GWSH2H@A2H�WGI[
B(SH[=DR�h[JT B(X]<ABl�h[�OQ@A6WV�2HDWGI[
>R4 X]S*4 �hBW<A:=X]V"DW<ABW@?>A6WV�[J4 X±[�S*4 SH@AFHV*�h[�>J2HDlu8@?OQGIB(>R4 V�GI2H�8/zCED }>A:=X�BW<?>R4 V8>J2*4 u82H�W<yV8>R4 X�S*4 �hBW<A:=X�B(5*2RxI2HDR�dT [=XEB(SHF�PR4 BW<A�WV�GIB(>JB

ε ∈ {0, 1}k
7�GI6(5*2HDWX

m
/

� CbMJe T 2X6 c7> C�� � � �¢�¡©"BW@AGIFH�A2HDWGI[�>AUW<¡B(SIxI6¡SH@A2HV�:�383"4 V�U�3"4 B�>=2I<¡D(SH2(xI2R3"4 V�GIFt>=OQ<
Aψ } PA[�5H>? Q<BW<ABR�h:=V�[�OQ<vV8>=B]PA[=PA2HGI:=<AB
>J2HD�SH@A2HU(3�2H�WGI[=<A2HDvSHBW@ABWPA[JT 3�GIB(>=2HX(/N��4hS*4 �hBW<A:=XNBW<ABR�h:=V�[J4 XN[JT }<ABI4t>=B®V8>J2*4 u8[JT B�>J2HD

Pow(T )
7
T = {n1, n2, n3}

/ 9;U(xIBWPA6bBWD(>A:=X�[JT <ABI4t2*4 �
B1 = ∅

7
B2 = {n1}

7
B3 = {n2}

7
B4 = {n3}

7
B5 = {n1, n2}

7
B6 = {n1, n3}

7
B7 = {n2, n3}

7
B8 = {n1, n2, n3}

/Q��4(BW<?>RT V8>J2*4 u8[=X¡V�DW<ABW@?>A6WV�[J4 X¡[�S*4 SH@AFHV*�h[�>J2HDEu8@?OQGIB(>R4 V�GI2H��[JT <ABI4 �
cB1

=
{n1 7→ 0, n2 7→ 0, n3 7→ 0}

7
cB2

= {n1 7→ 1, n2 7→ 0, n3 7→ 0}
7
cB3

= {n1 7→

.(�
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0, n2 7→ 1, n3 7→ 0}
7
cB4

= {n1 7→ 0, n2 7→ 0, n3 7→ 1}
7
cB5

= {n1 7→ 1, n2 7→
1, n3 7→ 0}

7
cB6

= {n1 7→ 1, n2 7→ 0, n3 7→ 1}
7
cB7

= {n1 7→ 0, n2 7→ 1, n3 7→ 1}
7

cB8
= {n1 7→ 1, n2 7→ 1, n3 7→ 1}

/���4t[�5H>A[�xI:=V�[J4 X
>=2HD®BWD(>=2HGI\(>J2HD�D(SH2RxI2(3"T �A2W<?>JBI4 �
ρB1

= {n1 7→ qb, n2 7→ qw, n3 7→ qb}
7
ρB2

= {n1 7→ qa, n2 7→ qw, n3 7→ qb}
7
ρB3

=
ρB5

= {n1 7→ qf , n2 7→ qf , n3 7→ qb}
7
ρB4

= ρB6
= {n1 7→ qf , n2 7→ qw, n3 7→ qf}

7
ρB7

= ρB8
= {n1 7→ qf , n2 7→ qf , n3 7→ qf}

/t��GI2W<ABWPR4 5*6v[�S*4 >ADWu8UWGI:=<AU![�5H>A:�xI[=V�U![JT <ABI4"U
ρB2

5*BI4�:�>AV"4�U
B2
[JT <ABI48UvGI2W<ABWPR4 5*6

Aψ } PA[�5H>A6!BW<A\R�h[=V�U8/L�[�OQ@A2H�WGI[�>AU�PR4 \(>=B��AU
n1, n2, n3

3"4 B!>J2]V��W<A2(xI2�5*FHG(wIOQ<I/¢CE<AB(SHBW@R4 V8>J2H�WGI[�>R4 XyV�DW<ABW@ }>A6WV�[J4 X;[�S*4 SH@AFHV*�h[�>=2HD
u8@?OQGIB(>R4 V�GI2H�]OQX!B(5*2(xI2HDA�dT [=X	�"UW©hT OQ<��87Q0;SH2HD]BW<?>R4 V8>=2*4 u82H�W<vV8>AUW<
B(5*2(xI2HDA�dT B;[�S*4 SH@AFHV*�h[�>=OQ<Nu8@?OQGI\(>=OQ<;GI[EwH\WV�U;>AUW<ySHBW@AB(SH\W<?O®PR4 \(>JB��AU;5*FHG(wIOQ<I/�CE<A\(xI2(38B
3"4 B;>R4 X�[�5H>A[�xI:=V�[J4 X(/�stB;SHBW@AB(SH\W<?ObB(SH2(>A[�xI:=V�GIB(>JBNV�DW<A2��hT �A2W<?>JBI4�V8>J2W<yS*T <AB(5*B8�

assign add col runs
0

∅ 0, 0, 0 qb, qw, qb.
{n1} 1, 0, 0 qa, qw, qbK
{n2} 0, 1, 0 qf , qf , qb�
{n3} 0, 0, 1 qf , qw, qf�
{n1, n2} 1, 1, 0 qf , qf , qb�
{n1, n3} 1, 0, 1 qf , qw, qfZ
{n2, n3} 0, 1, 1 qf , qf , qf^
{n1, n2, n3} 1, 1, 1 qf , qf , qf

�

) ��ahghed'
-‘
���")*+8gd� $&ed'

’
i
set-oriented j ��g"��edc8� &¡j�+d'��#� �!kW+�adc*e"fhg�idj��v�%��kW+dj ��kW��)�
st2NwHBWV"4 5*FNV�UWGI[JT 2N>J2HDyB(SIxI2H�

-‘
V�D(<A2(xH4 5*2H�

’
�
set-oriented

�QB(xW3�FH@R4 �hGI2HDy[JT <ABI4HU�>JBWD(>AFWu8@A2W<AU
�h[� Q@AUWV�U!F(xWOQ<�>=OQ<y[�SH[�5H>R\WV�[�OQ<�5*BI482�D(SH2(xI2(3"4 V�GIFHX�F(xWOQ<�>=OQ<N[�5H>A[�xI:=V�[�OQ<�V�[�:=<AB!GI2W<AB }PR4 5*F
SH:=@ABWV�GIB!>J2HDvBW@Au�4 5*2H�vGIBWXyPA:=<?>A@A2HD8/���<A2HGI\W�A2HDWGI[

q } BW<ABR�h:=V�[J4 X�[=<AFHXyPA:=<?>A@A2HD T 7">R4 XBW<ABR�h:=V�[J4 X
B
3"4 B�>R4 Xt2ISH2*T [=X�U�>R4 GI6�>=OQ<EBW<?>RT V8>J2*4 u*OQ<E[�5H>A[�xI:=V�[�OQ<

ρ
B

V8>AU�@RT �AB�>J2HD
T
4 V�2H� }>JBI4hGI[

q
/�|¡>AUW<!2HDWV"T B�D(SH2(xI2R3"T �A2HDWGI[�>R4 X

q } BW<ABR�d:=V�[J4 X�>J2HD�PA[=PA2HGI:=<A2HD�PA:=<?>A@A2HD87dFISH2HD q 2*4S*4 �hBW<A:=XE5*B(>JBWV8>A\WV�[J4 XEV8>AU!@RT �AB8/#C¢SHF�BWD(>A:=X(7H2*4
q } BW<ABR�h:=V�[J4 X�GI[ q ∈ F [JT <ABI482*48�AU(>J2H�WGI[=<A[=X

Aϕ } PA[�5H>A:=X�BW<ABR�h:=V�[J4 X(/��4 2 V�D(385*[�5*@R4 GI:=<AB87EPA[=PA2HGI:=<A2HD­>J2HDbBW@Au�4 5*2H��PA:=<?>A@A2HD87EU�>=BWD(>AFWu8@A2W<AU¬�h[� Q@AUWV�Ub>�OQ<
S*4 �hBW<? Q<;[�SH[�5H>A\WV�[�OQ<y[�S*4 >AD(3�u8\W<A[�>=BI4H�h[�OQ@? Q<?>JBWXyPR4 BWPA2Wu�4 5*\;OQX�[�S*4 SH@AFHV*�h[�>J2�u8@? QGIBv5*\R�h[
5*FHG(wH2HD�FRxIB�>JB�S*4 �hBW<A\�[�S*4 SH@AFHV*�h[�>=B�u8@? QGIB(>JB

ε ∈ {0, 1}k
/¡��4

q } BW<ABR�h:=V�[J4 XtD(SH2RxI2(3"T �A2W<?>JBI4[�SHB(38O#3"4 5*\]B(SHF
>JB
©"�(xWxIB
SH@A2HX!>AU±@RT �AB8/]9;U(xIBWPA6
3"4 B±5*\R�h[N5*FHG(wH2
n
7pD(SH2(xI2(3"T �A2W<?>=BI4&2*4

q } BW<ABR�h:=V�[J4 X�>=2HD�D(SH2HPA:=<?>A@A2HD Tn
� �hB�>R4 Xy2W<A2HGI\W�A2HDWGI[�V8>AU�V�DW<A:=u8[J4 B

(n, q)} BW<ABR�h:=V�[J4 X�5*BI4�hB¬u8@AUWV"4 GI2ISH2*4 2H�WGI[v>J2�V�DWG(wH2RxH4 V�GIF
assign(n, q)

��7�3"4 B�5*\R�h[�S*4 �hBW<A6�5*B(>A\WV8>JBWV�U
q
V8>J2W<

5*FHG(wH2
n
/

�EBW@A2HDWV"4 \W�A2*DWGW[EGI[¢>AU!GI2H@A©"6
q } BW<ABR�h:=V�[�OQ<�V�[E5*\R�d[ED(SH2HPA:=<?>A@A2 � (n, q) } BW<ABR�h:=V�[J4 X
�Q>JBB(SH2(>A[�xI:=V�GIB(>JB�>J2HDySH@A2HU(3�2H�WGI[=<A2HDySHBW@ABWPA[JT 3�GIB(>J2HX(/p�EBW@AB(>AUW@A2*�WGW[¢F(>R482*4*5*B(>=BWV8>A\WV�[J4 XtSH2HD

2*4"[�5H>A[�xI:=V�[J4 X�>=2HDvBWD(>J2HGI\(>=2HD
Aψ
B(SH2HPRT PA2HDW<yV8>J2HDWX�58FHG(wH2HDWX

n1, n2, n3
[JT <ABI4

{qb, qa, qf}
7

{qw, qf}
5*BI4
{qb, qf}

BW<?>RT V8>J2*4 u8B8/��QS*T V�UWX(7�3"4 Bv>J2W<N5*FHG(wH2
n2
7"284

qw } 7 qf } BW<ABR�h:=V�[J4 X�[JT <ABI4>JB
GI2W<A2HV��W<A2(xIB
{∅}
5*BI4
{{n2}}

BW<?>(T V8>J2*4 u8B8/ � 4 B±>J2W<
n3
7�2*4

qb } 7 qf } BW<ABR�h:=V�[J4 X![JT <ABI4&>JBGI2W<A2HV��W<A2(xIB
{∅}
5*BI4
{{n3}}

BW<?>RT V8>J2*4 u8B8/¢st[�xH4 5*\vV8>AU�@RT �AB
n1
7h2*4

qb }
7
qa }
7
qf }
BW<ABR�h:=V�[J4 X

.IZ
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[JT <ABI4I>JBNV��W<A2(xIB
{∅}
7
{{n1}}

5*BI4
{{n2}, {n3}, {n1, n2}, {n1, n3}, {n2, n3}, {n1, n2, n3}}BW<?>RT V8>=2*4 u8B8/#�

qa }
BW<A\R�h[=V�U

{n1}
[JT <ABI4�U!GI2W<ABWPR4 5*6!PA[�5H>A6!BW<A\R�h[=V�U8/

�EBW@AB(>AUW@A2H�WGI[EF(>R4�V�[�:=<AB!©"�(xWxI2
n
78D(SH2(xI2(3"T �A2W<?>=BI48V8>AUW<y2HDWV"T B;2*4�D(SH2I5*[JT GI[=<A[=X�BW<ABR�h: }V�[J4 X�>=OQ<

c(n) start states
/��E@A\(3�GIB(>R4hV8>J2W<;5*FHG(wH2

n2
>JB�D(SH2I5*[JT GI[=<ABv[�S*4 SH@AFHV*�h[�>=B�u8@?  }GIB(>JB¢>=OQ<

w start states
5*B(>JBWV8>A\WV�[�OQ<

qw
7
qf
[JT <ABI4

0
7
1
BW<?>RT V8>=284 u8B¢58BI4

assign(n2, 0) = ∅
7

assign(n2, 1) = {n2}
/��¡<?  BW<N2

n
[JT <ABI4�[=V8O#>A[=@R4 5*F*X�5*FHG(wH2HX�GI[�SHBI4 PR4 \

n1
7
n2

� BW@R4 V8>R[=@AF
5*BI4¡PA[ �RT¡BW<?>RT V8>J2*4 u8B ��7�5*BI4Q2*4¡5*B(>=BWV8>A\WV�[J4 X

q
7
q1
7
q2
[JT <ABI4QS*4 �hBW<A:=X]5*B(>JBWV8>A\WV�[J4 X
>=OQ<

n
7

n1
7
n2
BW<?>RT V8>J2*4 u8B±>A:�>J2*4 [=X! QV8>A[

δ(q1, q2, ε) = q
7#2*4

(n, q)} BW<ABR�h:=V�[J4 Xv[JT <ABI4p[=<? QV�[J4 Xv>AUWXGI2H@A©"6WX
B1 ∪ B2 ∪ A

/v�
A
[JT <ABI4�U]D(SH2I5*[JT GI[=<AU
BW<A\R�h[=V�U]>=2HD

ε
V8>J2W<v5*FHG(wH2

n
5*BI4&U

Bi[JT <ABI4
qi }
BW<A\R�h[=V�U±>J2HD

ni
7
i = 1, 2

/­L�B
GH4 xI6WV�2HDWGI[vBW<AB(xID(>R4 5*\±3"4 B
>J2W<±D(SH2RxI2(3"4 V�GIF�>�OQ<
(n, q) } BW<ABR�h:=V�[�OQ<!V8>AUW<v[�SHFHGI[=<AU�[=<AF(>AU(>JB��R/N|�UWGI[J4  Q<A2HDWGI[�OQV8>AFHV�2
F(>R4dB(SHBI4 >A[JT >=BI4"V�UWGIBW< }>R4 5*FHX�BW@R4 �hGIFHX�V��W<J�h[�>�OQ<;D(SH2RxI2(3"4 V�GW Q<I/

�!,Rg"k8� �pkI+had+&n id��i®kI+��*��ad+8gh+��#� ��j�+ ����)
�Qa&� &¡�")*%('�,Ra&� k��"o&idj�%()*,('
$&�h�¡+&��,Ra&� k��"o&i mj�%()*,('�$&��kW�"�pk��"��,W� '�$#��&¡,­$&edjdfd+���
 ¤�[;wH\WV�U±>J2W<
SHBW@AB(SH\W<?O�B(SIxIF�B(xW3�FH@R4 �hGI2lD(SH2 }xI2(3"T V�2HDWGI[v>R4 X
S*4 �hBW<A:=X
BW<ABR�h:=V�[J4 X�5*BI4�>R4 X
>R4 GI:=X�>=OQ<
BW<?>RT V8>J2*4 uHOQ<
[�5H>A[�xI:=V�[�OQ<±V8>RU�@RT �AB
SH@AB(3�GIB(>=2ISH2*4  Q<?>JBWXt:=<ABNGI2W<ABWPR4 5*FNSH:=@ABWV�GIB�>J2HDyPA[=PA2HGI:=<A2HDyPA:=<?>A@A2HD8/#CED(>A:=Xt3"4 B�>R4 XE2ISH2*T [=X
U;>R4 GI6;>AUWX�[�5H>A:�xI[=V�UWX�V8>AUv@RT �AB![JT <ABI48>A[�xH4 5*6N5*B(>A\WV8>JBWV�U;[JT <ABI4�2*4

Aϕ } PA[�5H>A:=X�BW<ABR�h:=V�[J4 X(/9;U(xIBWPA687*5*B(>A\!>AUW<ySHBW@AB(SH\W<?ObSH@A2HV�:�383"4 V�U87�©8�h\W<A2W<?>=BWXyV8>AUv@RT �ABvB(3�<A2H2H�WGI[E>R4 X�GIUvPA[ }5H>A:=XyBW<ABR�h:=V�[J4 X�SHBW@AF(xI2�SH2HD!>R4 Xy:=u82HDWGI[�D(SH2RxI2(3"T V�[J4 /��¡<;3�:=<A[J4h2]BW@R4 �hGIFHX�>=OQ<;GIU�PA[�5H>? Q<
BW<ABR�h:=V�[�OQ<v[JT <ABI4&GI[�3�\(xI2HX � 2H@R4 V�GI:=<A[=X!©"2H@A:=X;F(xI[=XN2*4&[�SH[�5H>A\WV�[J4 Xy[JT <ABI4dGIU]PA[�5H>A:=X
��/�« �Q>AV"4
©8�h\W<A2W<?>JBWXEV8>AUN@RT �ABN:=u82HDWGI[�SH@AB(3�GIB(>J2ISH2*4 6(V�[J4I:=<ABNV�UWGIBW<?>R4 5*F;BW@R4 �hGIF!V��W<J�h[�>�OQ<�D(SH2(xI2R3"4 }V�GW Q<N\WV85*2ISHB8/�1�:�3�2W<?>JBWX¢wH[�xW>R4 V8>J2ISH2*T U(V�Uy>J2HD;D(SH2(xI2R3"4 V�GI2H�y>=O#<

Aϕ } PA[�5H>A #<yBW<ABR�h:=V�[�OQ<I7[=<A<A2H2H�WGI[�>RUW<![=�W@A[=V�U87"SH@R4 <v©8�h\WV�2HDWGI[yV8>AU
@RT �AB87h>A@AFISIOQ<!3"4 B�>J2W<;SH[=@R4 2H@R4 V�GIF]>=2HD
D(SH2(xI2 }3"4 V"GW2*�!BW<ABR�h:=V�[�OQ<�SH2HD!PA[=<N[JT <ABI4
Aϕ } PA[�5H>A:=X(/��4Q[�S*4 >RDWu*UWGI:=<A[=X�5*B(>=BWV8>A\WV"[J4 X�>=2HD

Aϕ
V�[
5*\R�h[v5*FHG(wH2¬B(SH2(>A[�xI2H�W<
>J2¬5HxI[J4 PRT�3"4 B�>AU

wH[�xW>R4 V8>=2ISH2*T U(V�U�>J2HD;D(SH2(xI2R3"4 V�GI2H�8/p� 5*�W@R4 B;4 PA:=B;V�DW<A2��hT �A[�>JBI4*V8>AUW< � 4 V�2HPADW<ABWGHT B 	 [�S*4 >ADWu8U }GI:=<?OQ<N[�5H>A[�xI:=V�[�OQ<�5*BI4�PA[�5H>? Q<NBW<ABR�h:=V�[�OQ<I�

succ runs(Aϕ, T ) ↔ accept add col(Aϕ, T ) ↔ accept assign(Aϕ, T ).

9;U(xIBWPA6yGWSH2H@A2H�WGI[t<AByB(SH2I5HxI[JT V�2HD(GI[�>J2W<�D(SH2(xI2(3"4 V�GIF;GIUyPA[�5H>? Q<�BW<ABR�h:=V�[�OQ<¢�h[�OQ@? Q< }>JBWX�GIFW<A2�>R4 X�[�S*4 >ADWu8UWGI:=<A[=X�[�5H>A[�xI:=V�[J4 XE>=2HD!PA[=PA2HGI:=<A2HD!BWD(>=2HGI\(>J2HD8/���4 2
V�D(385*[�5*@R4 GI:=<AB87*BWX
D(SH2W�h:=V�2HDWGI[�FW>R4W3�<?OQ@RT �A2HDWGI[t>R4 Xt5*B(>JBWV8>A\WV�[J4 X�SH2HD�wH@RT V85*[�>JBI4W:=<ABWXt5*FHG(wH2HXtV8>R4 X¢[�S*4 >ADWu8UWGI: }<A[=XN[�5H>A[�xI:=V�[J4 X�>J2HD�BWD(>J2HGI\(>=2*D
� [�S*4 >ADWu8UWGI:=<A[=X�5*B(>JBWV8>A\WV�[J4 X
��/ECE<!D(SH2(xI2(3"T �A2HD(GI[�V�[y5*\R�h[
5*FHG(wH2

n
>R4 X

(n, q)} BW<ABR�h:=V�[J4 X(7QFISH2HD q [�S*4 >ADWu8UWGI:=<AU
5*B(>A\WV8>JBWV�U�>=2HD n 7¡©8�h\W<A2I<?>=BWX]V8>AU@RT �ABv�hB
:=u82HDWGI[yD(SH2(xI2R3"T V�[J4hB(5*@R4 wI QX�>R4 X
Aϕ } PA[�5*>A:=XyBW<ABR�h:=V�[J4 X(/���4 Flum, Frick, Grohe

7
V8>J2W<NB(xW3�FH@R4 �hGI2vSH2HD;SHBW@A2HDWV"4 \W�A[�>JBW48V8>AUW<N[�SHFHGI[=<AU![=<AF(>AU(>JB878B(5*2RxI2HDR�h2H�W<�B(5*@R4 wI QX�BWD(>AFW<
>J2W<�>A@AFISH2
wH[�xW>R4 V8>J2ISH2*T UWV�U(X!D(SH2(xI2R3"T �A2W<?>JBWX;BW@Au�4 5*\±>R4 Xv[�S*4 >ADWu8UWGW:=<A[=X;5*B(>JBWV8>A\WV�[J4 XN5*\R�h[
5*FHG(wH2HD8/

� �+v=t :R�`n��X}7t�v | o�q?���b{bs?m5o�q?| 	�o�q?�Qm5zX�7q?n5w �Zs?qb�Qo��=x
Flum, Frick, Grohe

�`v m�o�qbx
�5�?q5zbqX�`v }7s?u o��=x
accept assign(n, q)

� l�w xGm�:RmX| � 9 }7tNz?w �Gm 	���
 9 �5w xGq?�Xx�tN�Rw }]pb|#o�qXx��5�?q5zbq5�`v }7s?u�o��=x assign(n, q) 9 u5o�mXx q t�w xGmbv�Rv �ZmXx�{�:Rm5o��X}]o�mX}]p.o�q?�
n
� p
q
t�w xGmbv`tN�Rv oG�X~Rpbs?�Ux�p�}]o5v |

accept assign(n, q)

N�

.(^



���
MSO � � � ����� 
���� � � ��� � ��
 ����� � 
 ��
��
	 ��
���� �

�
��� � & �W�
,
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Flum, Frick, Grohe

�E@R4 <�SH@A2WwH2H�WGI[
V�[±GH4 B�wHBR�h�(>A[=@AUlBW<A\(xIDWV�U�>=OQ<�PR4 BW©"FH@?OQ<�SH@A2HV�[�383"T V�[�OQ<�[�S*T xIDWV�UWX
>J2HD
SH@A2WwIxI6WGIB(>=2HX�GIBWX(7�SHBW@A2HDWV"4 \W�A2HDWGI[�BW@Au�4 5*\v>J2W<;B(xW3�FH@R4 �hGI2
>�OQ<

Flum, Frick, Grohe � 0?K�� 75*BR�" QX�>J2W<Nu8@AUWV"4 GI2ISH2*4 2H�WGI[¢V�DWu8<A\!OQX�V�UWGI[JT 2�BW<ABW©"2H@A\WX(/

_N��f"�dj���kW��kW+��]��g"��+dc8n &¡j�+���
 « �ESIOQX�BW<ABW©":=@ABWGI[¡V8>AUW<�SH@A2HU(3�2H�WGI[=<AUE[=<AFW>AU(>=B87(U¢wHBWV"4 5*6
4 PA:=B
[=<AFHXNB(SH2(>R[�xI[�V�GIB(>R4 5*2H�vD(SH2(xI2R3"4 V�GI2H�v>=O#<

accept assign(Aϕ, T )
[JT <ABI4dU±4 V�2HPADW<ABWGHT B

GI[�>JB��A�
>=OQ<
[�S*4 >ADWu8UWGI:=<?OQ<v[�5H>A[�xI:=V�[�OQ<v>J2HD]BWD(>J2HGI\(>J2HD
Aϕ
5*BI4&>�OQ<

Aϕ } PA[�5H>? Q<�[�SH[�5H>A\ }V�[�OQ<¢>J2HD
T
/Q� B(xW3�FH@R4 �hGI2HX¡>=OQ<

Flum, Frick, Grohe
D(SH2RxI2(3"T �A[J4RBW@Au�4 5*\�>R4 Xt[�S*4 >ADWu8UWGI:=<A[=X

5*B(>JBWV8>A\WV�[J4 XN5*\R�h[N5*FHG(wH2HD
5*BI4�V8>AU±V�DW<A:=u8[J4 B]>R4 Xvu8@AUWV"4 GI2ISH2*4 [JTd3"4 B]>J2W<�D(SH2(xI2(3"4 V�GIF±>=OQ<
PA[�5H>? Q<NBW<ABR�h:=V�[�OQ<I/
��4 2!V�D(385*[�5*@R4 GI:=<AB87H2!B(xW3�FH@R4 �hGI2HXtSH@AB(3�GIB(>J2ISH2*4 [=TI>A@RT B�SH[=@A\WV�GIB(>JByV8>J2!BW@Au�4 5*F!PA:=<?>A@A2"/
��B(>A\]>J2�SH@? #>J2�SH:=@ABWV�GIB87�SH2HD]3"T <A[�>=BI4pGI[;5*B(>A[=�R�hDW<AV�U±B(SHF
>JB
©"�(xWxIB]SH@A2HX!>AU
@RT �AB±>=2HD
PA:=<?>A@A2HD87�D(SH2(xI2R3"T �A2I<?>=BI482*4�S*4 �hBW<A:=X�5*B(>JBWV8>A\WV�[J4 X

pot states(Aϕ, n)
5*\R�h[E5*FHG(wH2HD

n ∈ T
7

PAU(xIBWPA6�2*4h5*B(>=BWV8>A\WV�[J4 X�SH2HD�GWSH2H@A[JTh<ABvwH@A[´�h[JTd:=<ABWXy5*FHG(wH2HX�5*B(>A\v>R4 XN[�5H>A[�xI:=V�[J4 X�>J2HD�BWD }>J2HGI\(>=2HD
Aϕ
V8>R4 X¢[�SH[�5H>A\WV�[J4 X�>J2HD

T
/#st2;PA[=�(>A[=@A2NSH:=@ABWV�GIB�3"T <A[�>=BI4HGI[�5*B(>A[=�R�hDW<AV�U�B(SHFy>AU

@RT �AB!SH@A2HX�>JBv©"�(xWxIB!5*BI4"D(SH2RxI2(3"T �A2W<?>JBI4�2*4"[�S*4 >ADWu8UWGI:=<A[=X�5*B(>JBWV8>A\WV�[J4 X
succ states(Aϕ, n)3"4 B
5*\R�h[y5*FHG(wH2

n ∈ T
/!|¡>J2±>A[�xI[=D(>JBIT 2
SH:=@ABWV�GIB87h>J2
2ISH2*T 2]3"T <A[�>=BI4&GI[y5*B(>A[=�R�hDW<AV�U
B(SHF

>JB]©"�(xWxIB
SH@A2HX;>AU±@RT �AB±D(SH2(xI2R3"T �A2W<?>JBI4d2*4&SH[=@R4 2H@R4 V�GI2*T ^�� accept assign(Aϕ, Tn)
>=OQ<

Aϕ }PA[�5H>? Q<NBW<ABR�h:=V�[�OQ<�>J2HD
T
V8>JB!D(SH2HPA:=<?>A@AB

Tn
/

|�DW<A2��hT �A2I<?>=BWX(7"5*B(>A\v>JB�>A@RT BvwH6WGIB(>=Bv>=2HD
B(xW3�2H@RT �hGI2HD!>=OQ<
Flum, Frick, Grohe

D(SH2 }xI2(3"T �A2W<?>=BI4�PR4 BWPA2(u�4 5*\;>=BvV��W<A2RxIB8�
0W/

pot states(Aϕ, n) = {%(n) | % ∈ pot runs(Aϕ, T )}.

.*/
succ states(Aϕ, n) = {%(n) | % ∈ succ runs(Aϕ, T )}.

K8/
accept assign(Aϕ, Tn) = {A | ∃B ∈ accept assign(Aϕ, T )

>I/ Ot/
B|Tn

= A}.

� 4 B�xIF(3�2HDWX�B(SIxI2ISH2*T UWV�UWX¡>J2HD�V�DWG(wH2RxH4 V�GI2H��PA[¡�hByBW<ABW©":=@A2HDWGI[¡>AUW<¢SHBW@A\WGI[�>A@A2
Aϕ
V8>AU

V�DW<A:=u8[J4 B8/E�QS*T V�UWXy3"4 B�>=2W<�T PR4 2]xIFR3�2±V�DWu8<A\v�hB�3�@A\W©"2HDWGI[
accept assign(n)

3"4 B
<AB
BW<AB }©"[=@J�h2H�WGI[�V8>J2HDWXvSH[=@R4 2H@R4 V�GI2H�WXv>�OQ<
Aϕ } PA[�5H>? Q<±BW<ABR�h:=V�[�OQ<±V8>J2¬D(SH2HPA:=<?>A@A2 Tn � PAU(xIBWPA6

BW<?>RT83"4 B
accept assign(Aϕ, Tn)

�=/
� ,(c8� ��c*�%��� kW��)*��ad+�gh+8�#� ��j
��)bkW+�� ��g"��+dc8n &¡j�+���
 L�B]PA2H�WGI[;V8>AU
V�DW<A:=u8[J4 B]BW<AB(xID }>R4 5*\±SI QX
D(SH2RxI2(3"T �A2W<?>JBI4&>=B
SHBW@AB(SH\W<?O�V��W<A2(xIB8/
�E@R4 <]SHBW@A2HDWV"4 \WV�2HD(GI[;>R4 XvxI[�SI>J2HGI:=@A[J4 [=X(7
SH[=@R4 3�@A\W©"2HDWGI[E>R4 XEwHBWV"4 5*:=X�4 PA:=[=X�>J2HD!D(SH2RxI2(3"4 V�GI2H�y>=OQ<NBW<?>RT V8>J2*4 u*OQ<NV�DW<AF(xWOQ<I/
|¡>J2�SH@? #>J2�wH6WGIB8782*4�S*4 �hBW<A:=X�5*B(>JBWV8>A\WV�[J4 X�[=<AF*X�5*FHG(wH2HD

n
D(SH2(xI2R3"T �A2W<?>JBI4H�h[�OQ@? Q<?>JBWX

OQX�[�S*4 SH@AFHV*�h[�>=BNu8@? QGIB(>JBN>J2HDN5*FHG(wH2HD
n
7*F(xIBy>JBNS*4 �hBW<A\N[�S*4 SH@AFHV*�h[�>JBNu8@? QGIB(>JB8/Q9;U(xIBWPA6

>JB
[�S*4 SH@AFHV*�h[�>JB
u8@? QGIB(>=B
>J2HD
n
V�[vF(xW[=Xv>R4 X�[�SH[�5H>A\WV�[J4 X;>J2HD

T
/
�E@A2H©"BW<? QX
BWD(>A\
[JT <ABI4

>JBvV8>J2*4 u8[JT B!>J2HDvV�DW<AF(xI2HD
{0, 1}k

/¡« �Q>AV"4 7hBW<N2
n
[JT <ABI4"©"�(xWxI2"78D(SH2(xI2(3"T �A2W<?>JBW4�2*4�>R4 GI:=X�>R4 X

k�� >�tU�=nGq?rXs?t.o�pbx �bzbt�v �X�Gm
B = (B1, . . . , Bk) ∈ (Pow(T ))k

:RmbvO�`tU�!nGqbrbsbt �UxGm�}7rXxGqXzbq
K ⊆ T

� ��?tUn5v q?n5v }7s?u?|+o�pb|
B
}]o�q

K ⊆ T
q?n5w �GtNo�mbvZ�=|+t$@�{b|�B

B|K = (B1 ∩K, . . . , Bk ∩K).
� �?tUn5v q?n5v }7s?u?|WsRv mX|+mXx��G�ZtU}]pb|

B
}]o�q.�5�?q?�G�Ux�oGnGq

Tn
t�w xGmbv`q'�?tUn5v q?n5v }7s?u?|

B|Tn

�

.(�
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V�DW<A\W@?>AUWV�UWXy[�5H58T <AUWV�UWX
∆
V8>JB

(c(n), ε)
7
ε ∈ {0, 1}k

/�CE<A\(xI2(3�B�BW<!2
n
[JT <ABI4h[=V8O#>A[=@R4 5*FHX

5*FHG(wH2HX(7(D(SH2(xI2(3"T �A2W<?>JBW4(2*4(>R4 GI:=X�>AUWX
δ
3"4 B�F(xI[=X¡>R4 X�SIxI[J4 \WPA[=X

(q1, q2, (c(n), ε))
7
ε ∈ {0, 1}k

7
SH2HD��hBNV�u8UWGIB(>R4 V8>=2H�W<�5*B(>A\�>R4 XE[�5H>A[�xI:=V�[J4 X�>J2HD

Aϕ
V8>J2W<�5*FHG(wH2

n
/#CED(>AF;V"UWGWBIT <A[J4HF(>R4H5*B }>JB(xI6(3�2W<?>=BWX¡V8>AU�@RT �AB

r
7WF(>JBW<tGI[�>=B��A�E>�OQ<¢SH4 �hBW<? Q<�5*B(>JBWV8>A\WV�[�OQ<�>AUWX

r
PA[=<tD(SH\W@Au8[J4A>A[�xH4 5*6

5*B(>A\WV8>JBWV�U87(PA[=<ED(SH\W@Au82HDW<
Aϕ }
PA[�5H>A:=X�[�SH[�5H>A\WV�[J4 X�5*BI4W\W@AB�2H�(>A[

Aϕ }
PA[�5H>A:=X�BW<ABR�h:=V�[J4 X(/#|�[

BWD(>A6N>AUW<ySI[=@RT SI>=OQV�U!2�B(xW3�FH@R4 �hGI2HX�>A[=@AGIB(>RT �A[J48V8>J2
V�UWGI[JT 2vBWD(>AF�GI[E58[=<A6;: �A2HPA2"/
|¡>J2yPA[=�(>A[=@A2�wH6WGIB87(D(SI2(xI2(3"T �A2W<?>JBI4R2*4([�S*4 >ADWu8UWGI:=<A[=XQ5*B(>JBWV8>A\WV�[J4 XQ>AUWX�@RT �ABWX

r
[�S*4 xI:�3�2I< }>JBWX¡B(SIxI\¢[�5*[JT <A[=X¡B(SHF�>R4 X¡S*4 �hBW<A:=XQ5*B(>=BWV8>A\WV�[J4 X#>AUWX�@RT �ABWX¡SH2HDE[JT <ABI4A>A[�xH4 5*:=X(/��E@A2Wu*OQ@? Q<?>=BWX

SH@A2HX;>JB±©"�(xWxIB87&2*4p[�S*4 >ADWu8UWGI:=<A[=XN5*B(>JBWV8>A\WV�[J4 XN[=<AF*X;5*FHG(wH2HD
n
[JT <ABI4&[�58[JT <A[=X � B(SHF
>R4 X;S*4 }�hBW<A:=X�5*B(>=BWV8>A\WV�[J4 Xv>=2HD

n
��SH2HD�2HPAU(3�2H�W<]V"[�[�S*4 >ADWu8UWGI:=<AU±5*B(>A\WV8>JBWV�U�V8>=2I<]SHB(>A:=@AB
>J2HD

n
/
|¡>J2­>A[�xI[=D(>JBIT 2�wH6WGIB87¡D(SH2(xI2(3"T �A2W<?>JBW4#BW@Au�4 5*\�3"4 Bl5*\R�h[
©"�(xWxI2

n
2*4QSH[=@R4 2H@R4 V�GI2*T#>=OQ<

Aϕ }
PA[�5H>? Q<!BW<ABR�h:=V"[�O#<!V8>J2

n
� PAU(xIBWPA6v>JB
V��W<A2(xIBvBW<ABR�h:=V"[�O#<

accept assign(n)
��/�CED(>AF

3"T <A[�>JBI4*B(SH2I5HOQPR4 5*2ISH2*4  Q<?>JBWXt>=BND(SH2I5*[JT GI[=<ABy[�S*4 SH@AFHV*�h[�>JByu8@? QGIB(>=BN>�OQ<�58B(>=BWV8>A\WV�[�OQ<
q ∈

succ states(n)
V8>R4 X¢BW<?>RT V8>J2*4 u8[=X

(n, q) } BW<ABR�h:=V�[J4 X(/#|�u8UWGIB(>RT �A2HDWGI[�:�>AV"4I[�SHB(38O#3"4 5*\�B(SHFy>JB©"�(xWxIB¢SH@A2HX¡>AU�@RT �AB�>R4 X
(n, q) } BW<ABR�h:=V�[J4 X A 7 q ∈ succ states(n)

7(5*\R�h[Q5*FHG(wH2HD
n
7W2*4W2ISH2*T [=X

BW<?>R4 V8>=2*4 u82H�W<�V8>J2HDWX�SH[=@R4 2H@R4 V�GI2H�WXE>�OQ<
Aϕ } PA[�5H>? Q<yBW<ABR�h:=V�[�OQ< B V8>J2�D(SH2HPA:=<?>A@A2 Tn 7*3"4 B>R4 X!2ISH2*T [=X

ρ
B

(n) = q
/]��4&BW<?>RT V8>J2*4 u8[=X

(n, q) } BW<ABR�h:=V�[J4 X A [=<AFHX![=V8O#>A[=@R4 5*2H�
5*FHG(wH2HD n 7D(SH2(xI2R3"T �A2W<?>JBI4hOQX![ �A6WX(��V�DW<J�h:�>=2HDWGI[N>=B
c(n) } >A@RT 38OQ<AB]5*B(>=BWV8>R\WV�[�OQ< (q, q1, q2)

7�GI[
qi ∈

succ states(si(n))
7
i = 1, 2

7
q ∈ succ states(n)

7�5*BI4�B(SH2I5HOQPR4 5*2ISH2*4 2I�WGI[y>=B
D(SH2I5*[JT GI[=<AB
[�S*4 SH@AFHV*�h[�>JB]u8@? QGIB(>JB

ε
BWD(>? Q<�>�OQ<
>A@R4 38 Q<?OQ<]V8>R4 XvBW<?>RT V�>=2*4 u8[=X!BW<ABR�h:=V�[J4 X

assign(n, ε)
/

��4
(n, q) } BW<ABR�h:=V�[J4 X A [JT <ABI4(FRxI[=X�2*4([=<? QV�[J4 X¡>AUWX�GI2H@A©"6WX A1∪A2∪assign(n, ε)

7WFISH2HDE5*\R�h[
Ai
[JT <ABI4HGH4 B

(si(n), qi) } BW<A\R�h[=V�U87W3"4 B i = 1, 2
/Q�E@A2H©"BW<? QXEUN:=<?OQV�Uy>=OQ<

(n, q)} BW<ABR�h:=V�[�OQ<[=<AFHX±5*FHG(wH2HD
n
7t3"4 B­F(xIBl>JB

q ∈ succ states(n)
7¢[JT <ABI4�2*4¡SH[=@R4 2H@R4 V�GI2*TQ>=OQ<

Aϕ }
PA[�5H>? Q<

BW<ABR�h:=V�[�OQ<EV8>J2;D(SH2HPA:=<?>A@A2
Tn
/Q|¡>AU�@RT �ABy2*4IBW<ABR�h:=V�[J4 X�BWD(>A:=X�[JT <ABI4WB(5*@R4 wI QXt2*4I�AU(>J2H�WGI[=<A[=X

Aϕ } PA[�5H>A:=X�BW<ABR�h:=V�[J4 X(/

-�
 ��
 � ) ��ad+8gh+��#� ��j�ed'
) ��ad+8gh+��#� ��j�ed'v�#� ��jdilq8� ��k*,RkW����j�%()*�
opc*��j���k8� ��j�%()*�
q*%()Hk*c*��
 �zB(xW3�FH@R4 �hGI2HXt>�OQ<
Flum, Frick, Grohe

FHSWOQX�PRT <A[�>JBI4�V8>J2 � 0?K���BW©"2H@A\bGIUbPR4 B(>A[�>=B(3�GI:=<AB�PA:=<?>A@AB ^G^ / L�[�O }@A2H�WGI[l:=<AB GIU PR4 B(>A[�>JB(3�GW:=<A2 u8@?OQGIB(>R4 V�GI:=<A2zPA:=<?>A@A2
T = ((T, s), c)

/ ��D(SH2RxI2(3"4 V�GIFHX
>=OQ<bV�DW<AF(xWOQ<­SH2HD 2H@RT V8>AU(5*BW<­SHBW@AB(SH\W<?O PRT <A[�>JBI4EBW<AB(xID(>R4 5*\bV8>J2W<b��T <AB(58B �®>AUWX¬V�[�xHT }PABWX�K80W/±�QS*4 V�UWGIBIT <A2HDWGI[;FW>R4�V8>AUW<]:�5*©"@ABWV�U�D(SH2RxI2(3"4 V�GI2H�]>=OQ<

accept assign(n, q)
7#F(>JBW<

n
[JT <ABI4Q[=V8O#>A[=@R4 5*FHX]5*FHG(wH2HX]>I/ Ot/

s(n) = {s, s′}
5*BI4

q ∈ succ states(n)
� wH6WGIB¬K ��7�284

V�DW<J�h6(5*[=X
A ∈ accept assign(s, q′)

5*BI4
A

′
∈ accept assign(s′, q′′)

SH@A2 D̈(SH2W�h:�>J2HDW<�F(>R4
q′ ∈ succ states(n)

5*BI4
q′′ ∈ succ states(n′)

/
� ��� ��� ��� � � � ��� ��� ²ESH\W@Au8[J4tGH4 BbSH@A2H©"BW<A6WXl2HGI2*4 F(>AU(>JBbBW<A\WGI[=V�BbV8>J2W<�D(SH2(xI2(3"4 V�GIF®>=OQ<
D(SH2I5*[JT GI[=<?OQ<
BW<ABR�h:=V�[�OQ<
GH4 BWX±[�5H>A:�xI[=V�UWX�� wIxI:�SH[v�¡<AF(>RU(>=B¬K8/ K8/ 0��y5*BI4QV8>=2I<�D(SH2(xI2R3"4 V�GIF
>=OQ<lBW<ABR�h:=V�[�OQ<�>=2*Dl>A@RT >J2HD�wH6WGIB(>J2HX]>J2HDlSHBW@AB(SH\W<?O B(xW3�2H@RT �hGI2HD8/zCED(>AFb[JT <ABI4�©"DWV"4 5*F"7
BW©"2H�
FISIOQX�:=u82HDWGI[!6WPAU
[�S*4 V�UWGI\W<A[J4�2lD(SH2(xI2R3"4 V�GIFHX;>=OQ<

accept assign(Aϕ, T )
B(SH2(>A[�xI[JT

k�kG��pbs?t�v ==xGq?�Xs?t�uXo5v7}]o�q�� � 	��J~]n�pb}`v s?qb�?qRv q?rXx�o�m?v`qRv`}7�XsX�?q5z?v }7s?qRw
Pn 9 Sn Satn,q

�`v m�o�m�}7rXxGq5zbm
�?q?�
tU��=qXxGq?s1�.�Gq?�Xs?t
pot states(n) 9 suc states(n) 9 accept assign(n, q)

mXx�o5w }]o�qRv ~]mR�

KW�
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) ��g"��edc8� &¡j�+d'±kW��)
Flum, Frick, Grohe




�N�dj��b��
 ¤�[E5*B(>A[=�R�hDW<AV�U;B(SHFv>JB!©"�(xWxIBNSH@AFHX�>AU!@RT �ABvD(SH2RxI2(3"T �A2W<?>JBI4 �

} BW<N2 n [JT <ABI4�©"�(xWxI2"� pot states(n) = {∆((c(n), ε)) | ε ∈ {0, 1}k}.

} BW<N2 n [JT <ABI4�[=V8O#>A[=@R4 5*FHX�5*FHG(wH2HX�>I/ Ot/ s(n) = {s, s′}
�

pot states(n) = {δ({q, q′}, (c(n), ε)) | q ∈ pot states(s),

q′ ∈ pot states(s′), ε ∈ {0, 1}k}.

�%��� ��� � � ��� ��� « �E>JBW<
pot states(rootT ) ∩ F = ∅

78>AF(>A[�2
B(xW38F*@R4 �hGI2HX�>A[=@AGIB(>RT �A[J4 �

accept assign(Aϕ, T ) = ∅.

�N�dj��­� 
 ¤�[E5*B(>A[=�R�hDW<AV�U;B(SHFv>AU!@RT �AB;SH@A2HX�>=Bv©"�(xWxIB;D(SH2RxI2(3"T �A2W<?>JBI4 �

} BW< r [JT <ABI48U!@RT �AB!>=2HD!PA:=<?>A@A2HD T � succ states(r) = pot states(r) ∩ F.

} BW<N2 n [JT <ABI4�[=V8O#>A[=@R4 5*FHX�5*FHG(wH2HX�GI[ESHB(>A:=@AB m 5*BI4 s(m) = {n, n′}
�

succ states(n) = {q ∈ pot states(n) | ∃q′ ∈ pot states(n′),∃ε ∈ {0, 1}k
>I/ Ot/

δ({q, q′}, (c(m), ε)) ∈ succ states(m)}.

�N�dj��¬-�
 ¤�[E5*B(>A[=�R�hDW<AV�U;B(SHFv>JB!©"�(xWxIBNSH@A2HX�>AU!@RT �ABv:=u82HDWGI[¢>J2HDWX�D(SH2(xI2R3"4 V�GI2H�WX(�

} BW<N2 n [JT <ABI4�©"�(xWxI2!5*BI4 q ∈ succ states(n)
�

accept assign(n, q) = {assign(n, ε) |∆(c(n), ε) = q}.

} BW<N2 n [JT <ABI4�[=V8O#>A[=@R4 5*FHX�5*FHG(wH2HX�>I/ Ot/ s(n) = {s, s′}
5*BI4

q ∈ succ states(n)
�

accept assign(n, q) = {A ∪A
′
∪ assign(n, ε) |A ∈ accept assign(s, q′),

A
′
∈ accept assign(s′, q′′),

δ({q′, q′′}, (c(n), ε)) = q}.

CE<
r
[JT <ABI48Uv@RT �AB;>J2HD!PA:=<?>A@A2HD

T
78>AF(>A[R�

accept assign(Aϕ, T ) = �
q∈succ states(r)

accept assign(r, q).

��T <AB(5*BWX��*�Q��B(xW3�FH@R4 �hGI2HX¢>=OQ<
Flum, Frick, Grohe

3"4 BN>J2W<�D(SH2(xI2(3"4 V�GIF;>=OQ<
Aϕ } PA[�5H>? Q<BW<ABR�h:=V�[�OQ<y[=<AFHX�u8@?O#GIB(>R4 V�GI:=<A2HDvPA:=<?>A@A2HD

T
/

K80
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>J2W<�>JBWD(>AFWu8@A2W<A2 �
set-oriented

��D(SH2RxI2(3"4 V�GIF
>�OQ<]D(SH2I5*[JT GI[=<?OQ<
BW<ABR�h:=V�[�OQ<�>=OQ<][�S*4 >ADWu8U }GI:=<?OQ<N[�5H>A[�xI:=V�[�OQ<I/
◊

) ��ad+8gh+��#� ��j�ed'��#� �bq8� ��k*,RkI����j�%()*��opc*��j���k8� ��j�%()*��q*%()Hk*c*��
 9;[=PA2HGI:=<A2HD�[=<AFHXNPR4 B }>A[�>JB(3�GI:=<A2HD!u8@?OQGIB(>R4 V�GI:=<A2HDvPA:=<?>A@A2HD
T = ((T, s1, s2), c)

7"2*4"D(SH2(xI2(3"4 V�GI2*T�[JT <ABI4�BW<A\(xI2(3�2*4
GI[�>=2HDWX�SHBW@AB(SH\W<?O GI[�>AUvPR4 BW©"2H@A\vF(>(4"D(SH\W@Au8[J4�PR4 \(5*@R4 V�UvGI[�>JB��A�!>=2HD�BW@R4 V8>A[=@A2H�

s1(n)
5*BI4

PA[ �R4 2H�
s2(n)
SHBI4 PR4 2H�y[=<AFHX¢5*FHG(wH2HD

n
5*BI4*:�>AV"4*U;V�DW<A\W@?>AUWV�UyGI[�>A\RwHBWV�UWX¢2H@RT �A[�>=BI4*V�[¢SIxI[J4 \ }PA[=X¢>AUyGI2H@A©"6WX

(q1, q2, (γ, ε))
5*BI4HFWu�4I>AUWXEGI2H@A©"6WX

({q1, q2}, (γ, ε))
/¡��4I>A@A2ISH2ISH2*4 6WV"[J4 X�>=OQ<

SHBW@AB(SH\W<?O
>A�(SIOQ<¢:�>AV"4( QV8>A[�<AB�>=BI4 @R4 \W�A2HDW<�5*BI4R3�4 B�BWD(>A6¢>AUW<tSH[=@RT SI>=OQV�U87([JT <ABI4R>A[�>A@R4 GIGI:=<A[=X(/

0 ��)*��ad�"c��"q*,W� ��j���
 �E@R4 <tB(SH2HPA[JT �A2HDWGI[#FW>R4A>JB�V��W<A2RxIB¢SH2HDED(SH2(xI2(3"T �A2W<?>JBI4AV8>=BE>A@RT B¢wH6WGIB(>=B
BW<?>R4 V8>=2*4 u82H�W<yV8>=2W<NBW@Au�4 5*Fv>J2HDWX�2H@R4 V�GIF"7*SHBW@ABR�h:�>J2HDWGI[E:=<AB;SHBW@A\WPA[J4 3�GIB8/
� CbMJe T 2X6 c7> C�� � ����L�[�OQ@A2H�WGI[�:=<AB�GIUvPR4 B(>A[�>JB(3�GI:=<A2

{b, w} } PA:=<?>A@A2 T = (T, s, c)
7hGI[�V��W<A2 }xI2¬5*FHG(wIOQ<

T = {n1, n2, n3, n4, n5}
7¡V�DW<A\W@?>AUWV�U�SHBI4 PR4  Q<

s = {n1 7→ {n2, n3}, n2 7→
{n4, n5}}

5*BI4hV�DW<A\W@?>AUWV�U
u8@?OQGIB(>R4 V�GI2H�
c = {n1 7→ b, n2 7→ w, n3 7→ w, n4 7→ w, n5 7→

w}
/Q¤�4 B!PR4 B(>A[�>JB(3�GI:=<AU;BW<AB(SHBW@A\WV8>=BWV�UN>=2HD!GIUvPR4 B(>A[�>=B(3�GI:=<A2HD

T
[JT <ABI4 �

n1

n2 n3

n4 n5

L�[�OQ@A2H�WGI[�>=2
Γ1 } BWD(>AFHGIB(>J2 Aϕ

>=2HDl�EBW@ABWPA[JT 3�GIB(>J2HX
K8/ � � V�[�x�/ .(� ��/ L�DWGHT �A2HDWGI[�F(>R4¡2*4
[�SH[�5H>A\WV�[J4 X!SH2HD�PA:=u*[�>JBI4p>J2

Aϕ
[JT <ABI4pBWD(>A:=XvSH2HD
5HOQPR4 5*2ISH2*4 2H�W<
GI2W<A2HV��W<A2(xIB±SH2HD�B(SH2(>R[ }xI2H�W<?>JBI4hB(SHF
:=<ABW<!5*FHG(wH2±SH2HD
:=u8[J4&PA�W2±SHBI4 PR4 \
u8@? QGIB(>J2HX

w
/vL�:�xI2HDWGI[y<AB]D(SH2(xI2R3"T V�2HDWGI[

>R4 X
accept assign(Aϕ, T )

/
²ESH2(xI2(3"T �A2HD(GI[]BW@Au�4 5*\l>R4 X±S*4 �hBW<A:=X]5*B(>JBWV8>A\WV�[J4 X
3"4 B¬>JB­©"�(xWxIB�>J2HD­PA[=PA2HGI:=<A2HD¬PA:=< }>A@A2HD8/ � 4 Bv>AU�V�DW<A\W@?>AUWV�Uv[�5H58T <AUWV�UWX�>=2HD�BWD(>J2HGI\(>J2HD

Aϕ
7d:=u*2*DWGW[�F(>R4

∆((w, 0)) = qw
5*BI4

∆((w, 1)) = qf
/�« CE@AB

pot states(ni) = {qw, qf}
7Q3"4 B

i = 3, 4, 5
/¬�QS*T V�UWX
:=u82HDWGI[�F(>R4

δ({qw}, (w, 1)) = qa
7
δ({qw}, (w, 0)) = qw

7
δ({qf}, (w, ε)) = δ({qf , qw}, (w, ε)) = qf

7
3"4 B

ε ∈ {0, 1}
/��QSH2HGI:=<?OQX

pot states(n2) = {qw, qf , qa}
/ ��BI4?[�SH[J4 PA6

δ({qw}, (b, 1)) = qa
7

δ({qw}, (b, 0)) = qb
7
δ({qf}, (b, ε)) = δ({qf , qa}, (b, ε)) = δ({qf , qw}, (b, ε)) = qf

7�3"4 B
ε ∈ {0, 1}

5*BI4
δ({qa, qw}, (b, 1)) = qf

7
δ({qa, qw}, (b, 0)) = qa

7p[JT <ABI4
pot states(n1) =

{qb, qf , qa}
/

|¡>J2�PA[=�(>A[=@A2±wH6WGIB87�B(SH2I5HxI[JT 2HD(GI[N[�5*[JT <A[=X!B(SHF±>R4 X;S*4 �hBW<A:=X;5*B(>=BWV8>A\WV�[J4 X;[=<AFHX;5*FHG(wH2HD
n ∈ T

SH2HD­PA[=<l[JT <ABI4�[�S*4 >ADWu8UWGI:=<A[=X �A[�584 <? Q<?>JBWX
B(SHF�>AU­@RT �AB
n1
/�¤�FW<A2bU­5*B(>A\WV8>=BWV�U

qa ∈ pot states(n1)
[JT <ABI4�5*B(>A\WV8>JBWV�U¬SH2HD�B(SH2HPA:=u8[�>=BI4 7t:�>AV"4

succ states(n1) = {qa}
/

« �ESIOQX�SHBW@AB(>AUW@A2H�WGI[±B(SHFb>R4 X
b } GI[�>=BRwH\WV�[J4 X±>AUWX δ 7�2HPAU(3�2H�WGIBWV8>A[±V�[�5*B(>A\WV8>JBWV�U qa

7EGI[
V��W<A2(xIB�5*B(>JBWV8>A\WV�[�OQ<�SHBI4 PR4  Q<

{qw}
5*BI4
{qa, qw}

/��QSH2HGI:=<?OQX
succ states(n2) = {qw, qa}5*BI4

succ states(n3) = {qw}
/#�QS*T V�UWX�2HPAU(3�2H�WGIBWV8>A[¢V�[E5*B(>A\WV8>JBWV�U

qw
5*BI4

qa
V8>J2W<�5*FHG(wH2

n2
GIFW<A2 F(>JBW<¬2*4�5*FHG(wH2*4

n4, n5
wH@RT V85*2W<?>JBI4�V�[�5*B(>A\WV8>JBWV�U

qw
�
δ({qw}, (w, 1)) = qa

7
δ({qw}, (w, 0)) = qw

��/�9;U(xIBWPA6
succ states(ni) = {qw}

7�FISH2HD
i = 4, 5

/

KI.
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|¡>J2±>A[�xI[=D(>JBIT 2�wH6WGIB87��A[�5�4 <A\WGI[yB(SHF]>JB
©"�(xWxIB�5*B(>=B(xI6(3�2W<?>JBWXyV8>AU
@RT �AB8/yCE@Au�4 5*\]D(SH2 }xI2(3"T �A2HDWGI[�>R4 X;D(SH2I5*[JT GI[=<A[=XNBW<ABR�h:=V�[J4 XN>�OQ<
[�S*4 >ADWu8UWGI:=<?OQ<!5*B(>JBWV8>A\WV�[�OQ<vV8>JB±©"�(xWxIB8/y��T }<ABI4
∆((w, 0)) = qw

5*BI4
assign(ni, 0) = [ni]

0 = ∅
7Q[�SH2HGI:=<?OQX

accept assign(ni, qw) =
{∅}
7#3"4 B

i = 3, 4, 5
/��QS*4 SIxI:=2W<I7#[�SH[J4 PA6

δ({qw}, (w, 1)) = qa
5*BI4

assign(n2, 0) = [n2]
1

= {n2}
7y[JT <ABI4

accept assign (n2, qa) = {{n2}}
/ �QS*T V�UWX

δ({qw}, (w, 0)) = qw
5*BI4

:�>AV"4
accept assign (n2, qw) = {∅}

/±��4�[�S*4 >ADWu8UWGI:=<A[=X;GI[�>=BRwH\WV�[J4 X;V8>AU
@RT �AB
n1
[JT <ABI4�BWD }>A:=X]SH2HD¬BW<?>R4 V8>J2*4 u82H�W<
V8>R4 X
4 V�F(>AU(>A[=X

δ({qw}, (b, 1)) = qa
5*BI4

δ({qa, qw}, (b, 0)) = qa
/

²ESH2(xI2R3"T �A2HDWGI[±>R4 X
accept assign (n1, qa) = {{n1}, {n2}}

/��E@A2H©"BW<? QX
accept assign

(Aϕ, T ) = {{n1}, {n2}} �

-�
 ��
 � )�c�&¡e8kIihkI�lkW��) ��ad+8gh+8�#� ��j
��)�

L�BvB(SH2HPA[JT �A2HDWGI[�F(>R4">=B�V��W<A2(xIB

pot states(n)
7
succ states (n)

5*BI4
accept assign( n, q)

7
3"4 B±5*\R�h[!5*FHG(wH2

n ∈ T
5*BI4

q ∈ succ states(n)
SH2HD
D(SH2(xI2R3"T �A2W<?>JBI4�GI[!>AU±wH2H6R�h[J4 B]>=OQ<

SHBW@AB(SH\W<?O [�5*©"@A\WV�[�OQ<!BW<?>R4 V8>J2*4 u82H�W<NV8>J2HDWXyBW@Au�4 5*2H�WX�2H@R4 V�GI2H�WX�>=OQ<!V�DW<AF(xWOQ<;BWD(>? Q<I/���4
B(SH2HPA[JT �A[J4 XEPRT <A2W<?>JBI483"4 B;>AUW<�SH[=@RT SI>=OQV�U;>�OQ<;PR4 B(>A[�>=B(3�GI:=<?OQ<yu8@?OQGIB(>R4 V�GI:=<?OQ<;PA:=<?>A@?OQ<I/

������� ��� ����� � ��� 2 �/M A]<?> 2 F Y5C T 6 C P 2 P C c7>+F Y A Γ SUT F Y P M A T = ((T, s1, s2), c)
8DCZ6 F YXC C \DP : S> C P5A Γk SUT F Y P M A?\ Aϕ=(Q,∆, δ, F )

���+6 C
8DeD[Z2
n ∈ T

8DCZ6
q ∈ Q � 6 ;7E
< 2X6 � q ∈ pot states(n)CZY7Y \ K]ebM E
A?\ Y ;=< Y A 1ZC B1, . . . , Bk ⊆ T

P?F?PXA 6 C � ;!P 2 c 6 C PRH Y
2b8 P?F 132 ;!H ρ(B1,...,Bk)
P5AR\

AϕY5C 2 a YXCZ6 ρ(B1,...,Bk)(n) = q
�

� � ������� � ��� � ¤�[�[�SHB(38O#3�6!V8>J2!wH\R�h2HX�>J2HD!PA:=<?>A@A2HD
T
/ �

�
⇒
�yL�[�OQ@A2H�WGI[N:=<AB]©"�(xWxI2

n ∈ T
/;�QS*T V�UWXy�h[�OQ@A2H�WGI[;GH4 B
5*B(>A\WV8>JBWV�U

q ∈ Q
>A:�>J2*4 B

 QV8>A[
q ∈ pot states(n)

/�C¢SHF�>AUW<±:�5*©"@ABWV�U�D(SH2RxI2(3"4 V�GI2H�]>J2HD�V�DW<AF(xI2HD
pot states(n)

7
:=u82HDWGI[�F(>R4hU!5*B(>A\WV8>JBWV�U

q
[JT <ABI4hT V�UvGI[

∆((c(n), ε))
7�3"4 Bv5*\(SH2*4 2

ε ∈ {0, 1}k
/EL�[�OQ@A2H�WGI[

F(>R4
ε = (ε1, . . . , εk)

/]²ESH2(xI2R3"T �A2HDWGI[NV��W<A2(xIB
B1, . . . , Bk ⊆ T

>A:�>J2*4 B] QV8>A[
n ∈ Bi

BW<A<
εi = 1
/v�E@A2*©"BW<? #X�V8>R4 Xv[�SH[�5H>A\WV�[J4 X

(T ;B)
>=2�u8@? QGIB±>=2HD]5*FHG(wH2HD

n
[JT <ABI4

(c(n), ε)
5*BI4

\W@AB
ρ
B

(n) = ∆((c(n), ε)) = q
/

L�[�OQ@A2H�WGI[]:=<ABW<�[=V8O#>A[=@R4 5*F­5*FHG(wH2
n ∈ T

GI[
s1(n) = n1

5*BI4
s2(n) = n2

/�L�[�O }@A2H�WGI[
q ∈ pot states(n)

7tPAU(xIBWPA6�3"4 B
qi ∈ pot states(ni)

7
i = 1, 2

7�5*BI4
ε ∈ {0, 1}k[JT <ABI4

q = δ(q1, q2, (c(t), ε))
/�C¢SHF�>AUW<N[�SHB(38O#3"4 5*6!D(SHFW�h[=V�U!:=u82HDWGI[�F(>R4"D(SH\W@Au82HDW<yV��W<A2RxIB

B′
1, . . . , B

′
k ⊆ T
5*BI4

B′′
1 , . . . , B

′′
k ⊆ T

>A:�>J2*4 B; QV8>A[�U!>R4 GI6;>AUWX�[�5H>A:�xI[=V�UWXE>J2HD!BWD(>J2HGI\(>J2HD
Aϕ
<AB�[JT <ABI4

ρ
B

′(n1) = q1
5*BI4

ρ
B

′′(n2) = q2
/Q²ESH2(xI2(3"T �A2HD(GI[QV��W<A2(xIB

B1, . . . , Bk ⊆ T
SH2HD

V�DWGI©�OQ<A2H�W<!GI[�>J2HDWX�5*FHG(wH2HDWX�>=OQ<
B′

1, . . . , B
′
k ⊆ T

5*BI4
B′′

1 , . . . , B
′′
k ⊆ T

V8>JB�D(SH2HPA:=<?>A@AB

Tn1

5*BI4
Tn2

^ � BW<?>RT V8>J2*4 u8B87HPAU(xIBWPA6 B|Tn1
= B

′
|Tn1

5*BI4
B|Tn2

= B
′′
|Tn2

/��QS*4 SIxI:=2W<�>=B
BiD(SH2(xI2R3"T �A2W<?>JBI4�:�>AV"4" QV8>A[

n ∈ Bi
BW<A<

εi = 1
7"3"4 B

i = 1, . . . , k
/E|¡>R4 Xy[�SH[�5H>A\WV�[J4 X

(T ;B)
7

[JT <ABI4
ρ
B

(n) = δ(ρ
B

(n1), ρB(n2), (c(n), ε)) = q
/

�
⇐
��L�[�OQ@A2H�WGI[�>ADWu8BIT B�V��W<A2(xIB

B1, . . . , Bk ⊆ T
/NL�B
PA[JT �A2HDWGI[yF(>R4d3"4 B�5*\R�h[

n ∈ T
7

ρ
B

(n) ∈ pot states(n)
/�CE<!2

n
[JT <ABI4h©"�(xWxI2"7"[JT <ABI4

ρ
B

(n) = ∆((c(n), c
B

(n))
/�CE<A\(xI2(3�B

BW<�2
n
[JT <ABI4�[=V8O#>A[=@R4 5*FHX±5*FHG(wH2HX(7tB(SHF�>=2W<l2H@R4 V�GIFb>AUWX
[�5H>A:�xI[=V�UWX]5*BI4¡>AUW<l[�SHB(38O#3"4 5*6

D(SHFW�h[=V�UNSH@A2I5*�(SI>A[J48[=�(5*2(xIBy>J2
�AU(>=2H�WGI[=<A2"/
♣k �.>��XsRw �Gq?�Xs?tWuXo5vD}7�XsX�?q5z?w �Gq?�Xs?t�s?t

Tn
o�q �5�?q?�G�Ux�oGnGq
o�q?�

T
�?q?�.�U~]t�v3n5w �Gm'o�qXx�:Ru?sX�?q

n
:RmbvDs?t

Tn
o�q}7rXxGq5zbq�:Ru?sX�?�=xWo�q?�

Tn
�

KWK
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������� ��� ����� � ��� 2 �/M A]<?> 2 F Y5C T 6 C P 2 P C c7>+F Y A Γ SUT F Y P M A T = ((T, s1, s2), c)
8DCZ6 F YXC C \DP : S> C P5A Γk SUT F Y P M AR\ Aϕ=(Q,∆, δ, F )

� �+6 C.8DeD[Z2
n ∈ T

8DCZ6
q ∈ Q � 6 ;7E
< 2X6 � q ∈ succ states(n)CZY7Y \ K]ebM E
A?\ Y ;=< Y A 1ZC B1, . . . , Bk ⊆ T P?F?P5A 6 C � ;!P 2 H 2b8 P?F 132 ;!H ρ

B
PXA?\

Aϕ
YXC 2 a YXCZ6�2RK`6 SP7\GE'HD>+F Y H 8DCZ6 ρ

B
(n) = q

�

� � ������� � ��� � ¤�[�[�SHB(38O#3�6!V8>J2!wH\R�h2HX�>J2HD!PA:=<?>A@A2HD
T
/ �

�
⇒
��« �¡V8>=O

r ∈ T
U
@RT �AB
>J2HD
PA[=PA2HGI:=<A2HD�PA:=<?>A@A2HD
5*BI4p:=V8>�O

q ∈ succ states(r)
/
�

q ∈ pot states(r)
7t\W@AB¬D(SH\W@Au82HDW<

B1, . . . , Bk ⊆ T
>A:�>=2*4 Bl QV8>A[

ρ
B

(r) = q
/ �QS*T V�UWX

q ∈ F
7�PAU(xIBWPA6;U

ρ
B

[JT <ABI4�[�S*4 >ADWu8UWGI:=<AU*/
L�[�OQ@A2H�WGI[
:=<ABW<
5*FHG(wH2

n1 ∈ T
7�2­2ISH2*T 2HX][JT <ABI4#>=2�BW@R4 V8>A[=@AF¬SHBI4 PRTQ[=<AFHX
5*FHG(wH2HD

n
7

PAU(xIBWPA6
s1(n) = n1

7Q5*BI4
s2(n) = n2

/l« �¡V8>=O
q1 ∈ succ states(n1)

7¡PAU(xIBWPA6�D(SH\W@Au82HDW<
q2 ∈ pot states(n2)

7
ε ∈ {0, 1}k

5*BI4
q ∈ succ states(n)

>I/ Ot/
δ(q1, q2, (c(n), ε)) = q

/
��T <ABI4

qi ∈ pot states(ni)
7�FISH2HD

i = 1, 2
7"PAU(xIBWPA6;D(SH\W@Au82HDW<

B
′ 7
B

′′
∈ (Pow(T ))k

>A:�>J2*4 B
 QV8>A[

ρ
B

′(n1) = q1
5*BI4

ρ
B

′′(n2) = q2
/��QS*T V�UWX

q ∈ succ states(n)
7"PAU(xIBWPA6!D(SH\W@Au8[J4

C ∈

(Pow(T ))k
>A:�>J2*4 Bv QV8>A[

ρ
C

(n) = q
5*BI4hU

ρ
C

[JT <ABI4h[�S*4 >ADWu8UWGI:=<AU*/�²ESH2(xI2(3"T �A2HD(GI[�V��W<A2(xIB

B1, . . . , Bk ⊆ T
>A:�>J2*4 B� QV8>A[

B|Tn1
= B

′
|Tn1

7
B|Tn2

= B
′′
|Tn2

7
B|

Tn
= C|

Tn
^ � 5*BI4 B|n

= assign(n, ε)
/Q��[�5H>A:�xI[=V�U

ρ
B

[JT <ABI48[�S*4 >ADWu8UWGI:=<AUN5*BI4
ρ
B

(n1) = q1
/

�
⇐
��L�[�OQ@A2H�WGI[yV��W<A2(xIB

B1, . . . , Bk ⊆ T
/ � 4 B
5*\R�h[

n ∈ T
7&BW<!U][�5H>A:�xI[=V�U

ρ
B

[JT <ABI4
[�S*4 >RDWu*UWGI:=<AU87d>AF(>A[

ρ
B

(n) ∈ succ states(n)
/v�E@A\(3�GIB(>R4&BW<

r
[JT <ABI4&U]@RT �AB]5*BI4&U

ρ
B

[JT <ABI4
[�S*4 >RDWu*UWGI:=<AU87*[JT <ABI4

ρ
B

(r) ∈ F
/QCE<A\(xI2R3�B;5*BI483"4 B;>=2HDWX�D(SHF(xI2*4 SH2IDWX¢58FHG(wH2HDWX(/

♣

������� ��� ����� � ��� 2 �/M A]<?> 2 F Y5C T 6 C P 2 P C c7>+F Y A Γ SUT F Y P M A T = ((T, s1, s2), c)
8DCZ6 F Y5C C \ SP : > C PXA Γk SUT F Y P M A?\ Aϕ=(Q,∆, δ, F )

� �+6 C*8DeD[Z2
n ∈ T � q ∈ Q � A1, . . . , Ak ⊆ Tn6 ;7E
< 2X6 � (A1, . . . , Ak) ∈ accept assign(n, q)

CDY]Y \ K]ebM E
AR\ Y ;=< Y A 1ZC B1, . . . , Bk ⊆ T P?F SPXA 6 C � ;!P 2 (B1, . . . , Bk)|Tn
=(A1, . . . , Ak) � H 2b8 P?F 132 ;!H ρB P5AR\

Aϕ
2 a Y5CZ632RKZ6 P7\GE'H3>+F Y H � 8DCZ6

ρ
B

(n) = q
�

� � ������� � ��� � ¤�[�[�SHB(38O#3�6!V8>J2!wH\R�h2HX�>J2HD!PA:=<?>A@A2HD
T
/ �

�
⇒
�vL�[�OQ@A2H�WGI[�:=<ABl©"�(xWxI2

n ∈ T
5*BI4�5*B(>A\WV8>JBWV�U

q ∈ succ states(n)
/®L�[�OQ@A2H�WGI[

[�S*T V"UWXy>AUW<
(A1, . . . , Ak) ∈ accept assign(n, q)

/;��T <ABI4
(A1, . . . , Ak) = assign(n, ε)

7&3"4 B
ε
>A:�>J2*4 2l QV8>A[

∆((c(n), ε)) = q
/l�QSH[J4 PA6

q ∈ succ states(n)
7QD(SH\W@Au82HDW<

C1, . . . , Ck ⊆
T
7�>A:�>=2*4 Bl QV8>A[]U

ρ
C

<AB­[JT <ABI4Q[�S*4 >ADWu8UWGI:=<AU�[�5H>A:�xI[=V�U�5*BI4
ρ
C

(n) = q
/z²ESH2(xI2(3"T �A2HD(GI[

V��W<A2(xIB
B1, . . . , Bk ⊆ T

>A:�>=2*4 BN QV8>A[
B|Tn

= A
5*BI4

B|
Tn

= C|
Tn

/Q��[�5H>A:�xI[=V�U
ρ
B

[JT <ABI4
[�S*4 >RDWu*UWGI:=<AUN5*BI4

ρ
B

(n) = qL�[�OQ@A2H�WGI[�:=<ABW<E[=V8O#>A[=@R4 5*F�5*FHG(wH2
n ∈ T
GI[
s1(n) = n1

5*BI4
s2(n) = n2

5*BI4R�h[�OQ@A2H�WGI[
q ∈ succ states(n)

/;« �¡V8>=O�F(>R4
(A1, . . . , Ak) ∈ accept assign(n, q)

/�9;U(xIBWPA6]D(SH\W@Au82HDW<
B′

1, . . . , B
′
k ⊆ T
>A:�>J2*4 By QV8>A[

(B′
1, . . . , B

′
k)|Tn1

= (C ′
1, . . . , C

′
k)
78U;[�5H>A:�xI[=V�U

ρ
B

′
<AB![JT <ABI4

[�S*4 >RDWu*UWGI:=<AUt5*BI4
ρ
B

′(n1) = q1
7(D(SH\W@Au82HDW<

B′′
1 , . . . , B

′′
k ⊆ T
>A:�>=2*4 Bt QV8>A[

(B′′
1 , . . . , B

′′
k )|Tn2

= (C ′′
1 , . . . , C

′′
k )
7�U¬[�5H>A:�xI[=V�U

ρ
B

′′
<AB¬[JT <ABI4Q[�S*4 >ADWu8UWGI:=<AU�5*BI4

ρ
B

′′(n2) = q2
7�5*BI4QD(SH\W@ }u8[J4

ε
>A:�>=2*4 2® QV8>A[

δ(q1, q2, (c(t), ε)) = q
7E3"4 Bb>=B®2ISH2*T B

(A1, . . . , Ak)=(C ′
1, . . . , C

′
k)∪

(C ′′
1 , . . . , C

′′
k ) ∪ assign(n, ε)

/t�QS*4 SIxI:=2W<N[�SH[J4 PA6
q ∈ succ states(n)

7hD(SH\W@Au8[J4"[�S*4 >ADWu8UWGI:=<AU
k � �/�XsX�?q5z?w �Gq?�Xs?tWs?t

Tn
o�q }]rbxGq5zbq

T \ Tn
� ��x

(B1, . . . , Bk)|Tn
= (C1, . . . , Ck)|Tn

9 t�w xGmbv Bi \ Tn =

Ci \ Tn 9 �`v m i = 1, . . . k
�

K(�
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[�5H>A:�xI[=V�U
ρ
C

7�FISH2HD
C ∈ (Pow(T ))k

7�>A:�>J2*4 Bl QV8>A[
ρ
C

(n) = q
/ ²ESH2(xI2R3"T �A2HDWGI[
V��W<A2 }xIB

B1, . . . , Bk ⊆ T
>A:�>J2*4 B
 QV8>A[

B|Tn
= A
5*BI4

B|
Tn

= C|
Tn

/­� [�5H>R:�xI[=V�U
ρ
B

[JT <ABI4
[�S*4 >RDWu*UWGI:=<AUN5*BI4

ρ
B

(n) = q
/

�
⇐
� � 4 B
5*\R�h[

n ∈ T
58BI4

q ∈ succ states(n)
7#�h[�OQ@A2H�WGI[�V��W<A2(xIB

B1, . . . , Bk ⊆ T>A:�>J2*4 B� QV8>A[¢U
ρ
B

<ABN[JT <ABI4H[�S*4 >ADWu8UWGI:=<AU�5*BI4
ρ
B

(n) = q
/¡L�[�OQ@A2H�WGI[¢V��W<A2RxIB

A1, . . . , Ak ⊆

Tn
7R3"4 B¢>JB�2ISH2*T B

(B1, . . . , Bk)|Tn
=(A1, . . . , Ak)

/QL�BEPA[JT �A2HDWGI[QF(>R4
A ∈ succ assign(n, q)

/
CE<
2

n
[JT <ABI4�©"�(xWxI2"7��h[�OQ@A2H�WGI[v>J2

ε
3"4 B
>J2l2ISH2*T 2

∆((c(n), ε)) = q
/��

A
3"4 B
>AUW<

2ISH2*T B
B|n = A

[JT <ABI4�T V�U!GI[
assign(n, ε)

/¡9;U(xIBWPA6
A ∈ succ assign(n, q)

/
²ESH2W�h:�>J2HDWGI[�F(>R4&2

n
[JT <ABI4d[=V8O#>A[=@R4 5*FHXy5*FHG(wH2HXNGI[

s1(n) = n1
7
s2(n) = n2

5*BI4"�h[�O }@A2H�WGI[�FW>R4"3"4 B�>AUW<![�S*4 >ADWu8UWGI:=<AUv[�5H>A:�xI[=V�U
ρ
B

[JT <ABI4
ρ
B

(ni) = qi
7
i = 1, 2

/�1�F(3*Oz[�SHB(38O }3"4 5*6WXyD(SHFW�h[=V�UWX(7�>=B
B|Tn1

= A
′ 5*BI4

B|Tn2
= A

′′ 7hBW<A6(5*2HDW<NV8>JB
succ assign(n1, q1)

5*BI4

succ assign(n2, q2)
BW<?>RT V8>J2*4 u8B8/t�E@A2H©"BW<? QXNU

A
3"4 Bv>AUW<;2ISH2*T Bv[JT <ABI4

A = B|Tn

[JT <ABI4hT V�U
GI[

A
′
∪ A

′′
∪ assign(n, ε)

7�FISH2HD
ε
>A:�>J2*4 2± QV8>A[

δ(q1, q2, (c(n), ε)) = q = ρ
B

(n)
/N« CE@AB

A ∈ succ assign(n, q)
/

♣

-�
 ��
 - �
ah+�k*,Rgh%(��j���kI�lad+8g���ahgh+h$&e�kIihkI�"'
L�B­SHBW@A2HDWV"4 \WV"2HD(GI[±>AUW<¬BW<A\(xIDWV�U¬>J2HDbu8@AFW<A2HDb[�5H>A:�xI[=V�UWX
>J2HDbB(xW3�2H@RT �hGI2HD­>=OQ<

Flum,
Frick, Grohe

SH2HDEPRT <A[�>JBI4RV8>JB � 0?K�� 7 � 0J� � /Q|��WGI©�OQ<AB�GI[¡BWD(>A687(2*4(BW<ABR�h:=V�[J4 XQSH2HD�4 5*BW<A2ISH2*4 2H�(<:=<ABW<�PA[=PA2HGI:=<A2
MSO} >A�(SH2;V�[¢:=<AByu8@?OQGIB(>R4 V�GI:=<A2!PA:=<?>A@A2 T 7*D(SH2(xI2R3"T �A2I<?>=BI4IV�[¢u8@AFW<A2;SH2HD[JT <ABI4h3�@ABWGIGH4 5*6
V�DW<A\W@?>AUWV�U�>=2HD
GI[�3�:´�h2HDWX

|T |
>J2HD
PA[=PA2HGI:=<A2HD
PA:=<?>A@A2HD
5*BI4">J2HD
GI[�3�:´�h2HDWX

>AUWX�[ �AFHPA2HD8/
st2�BW@Au�4 5*FvGIBWXESH@AFWwIxIUWGIBy5*BI4*>=BNwH6WGIB(>=BN[�S*T xIDWV�6WX¢>J2HD;[JT <ABI48PRT <A2W<?>JBI48V�DW<A2ISI>R4 5*\;V8>=2W<

��T <AB(5*B!�8/#�EBW@A2HDWV"4 \W�A2*DWGW[EBW@Au�4 5*\!BW<AB(xID(>R4 5H\N5*\(SH2*4 B�wHBWV"4 5*\;V�UWGI[JT B;>J2HD!D(SH2RxI2(3"4 V�GI2H�*/

} ��T V�2HPA2HX(� Γ } PA:=<?>A@A2 T 7 MSO } >A�(SH2HX ϕ(X1, . . . , Xk)
/

} �E@AFWwIxIUWGIB8�Q²ESH2(xI2(3"4 V�GIFHXE>J2HD sat assign(ϕ, T ).

0W/E²ESH2RxI2(3"4 V�GIFHXE>=2HD
Γk }
BWD(>J2HGI\(>J2ID

Aϕ
/

.*/E²ESH2RxI2(3"4 V�GIFHXE>�OQ<
pot statesAϕ

(n)
7
n ∈ T
/

K8/E²ESH2RxI2(3"4 V�GIFHXE>�OQ<
succ statesAϕ

(n)
7
n ∈ T
/

��/E²ESH2RxI2(3"4 V�GIFHXE>�OQ<
accept assignAϕ

(n, q)
7
n ∈ T
7

q ∈ succ statesAϕ
(n)
/

�*/���T <ABI4
sat assign(ϕ, T ) =�

q∈succ statesAϕ (rT ) accept assignAϕ
(rT , q).

��T <AB(5*BWX��8����B(xW3�FH@R4 �hGI2HX�>J2HD � 0?K���3"4 B;>J2�SH@AFWwIxIUWGIBN>AUWX MSO} B(SH2W>RT GIUWV�U(X�V�[�u8@?OQGIB(>R4 }V�GI:=<AB!PA:=<?>A@AB8/

� �")*+8gh�­j�,±�pkW+&� op,In �
k m ahgh,W� �"q*,('±��ade ��ad+d� �")*+8gh�­kW+�� T �;�")*��ad�"c��"�pkW�"����kW+��"'��j�%R��, &¡+d'­kIid'­$&��q8� $&+had+&n id��id'��y+dc8� ��j�ed'­kIid'

merge

 9;[=PA2HGI:=<A2HD
[=<AFHX

MSO} >A�(SH2HD

KI�
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ϕ(X1, . . . , Xk)
7h>J2

sat assign(ϕ, T )
[JT <ABI4h:=<AB]V��W<A2RxI2±B(SHF

k } SIxI[J4 \WPA[=X A ∈ (Pow(T ))k
/

L�DWGHT �A2HDWGI[�F(>R4H>=2
sat assign(ϕ, T )

D(SH2(xI2(3"T �A[�>=BI4IGI:=V8O­>J2HD
bottom-up

D(SH2(xI2(3"4 V�GI2H��>=OQ<
V�DW<AF(xWOQ<

accept assign(n, q)
7
n ∈ T
7
q ∈ succ states(n)

/�stB
accept assign(n, q)

SH[=@R4 : }u82HDW<
k } SIxI[J4 \WPA[=XEB(SHF�D(SH2HV��W<A2(xIBy>J2HD Tn /9;U(xIBWPA6�2]D(SH2(xI2(3"4 V�GIFHX�>J2HD

sat assign(ϕ, T )
7�wHBWV"T �A[�>JBI4"V8>AU�PR4 BWu8[JT @R4 V�U�V�DW<AFRxWOQ<!GI[

V8>J2*4 u8[JT B
k } SIxI[J4 \WPA[=XyB(SHF
D(SH2HV��W<A2RxIBv>J2HD T /!|¡>=2 � 0?K�� 7&>JB
V��W<A2(xIB
BWD(>A\
BW<AB(SHBW@RT V8>=BW<?>JBI4OQX]V�DW<APA[=PA[=GI:=<A[=X
xHT V8>A[=X(/­��4 2­V�D(385*[�5*@R4 GI:=<AB87#5*\R�h[�D(SH2HV��W<A2(xI2�>=2*D

T
B(SH2W�hU(5*[=�(>=BI4�GI[

>AU�GI2H@A©"6�V�DW<APA[=PA[=GI:=<AUWX�xHT V8>JBWX(/��QS*T V�UWX�GH4 B
k } SIxI[J4 \WPAB A = (A1, . . . , Ak) ∈ (Pow(T ))k

7
BW<AB(SHBW@RT V�>=B(>JBI4hOQX!:=<AB

k } PR4 \WV8>JB(>J2
PR4 \W<ADWV�GIB8/!st2 i} 2HV8>AF�V8>J2*4 u8[JT 2
BWD(>J2H�
>=2HD±PR4 BW<A�WV�GIB }>J2HX
[JT <ABI4�:=<ABWX
PA[JT 5H>RUWX�V8>AU�xHT V8>=B
Ai
/¬« �¡<AB�V��W<A2(xI2

R
B(SHF

k } PR4 \WV8>JB(>JB�PR4 BW<A�WV�GIB(>JB A 7B(SH2W�hU(5*[=�W[´>JBI4HOQX�V�DW<APA[=PA[=GI:=<AU;xHT V8>=B8/���T <ABI4 �

‖R‖ = �
A∈R

k�
i=1

|Ai|.

� 4 B�SHBW@A\WPA[J4 3�GIB�BW<
>J2
R
[JT <ABI4QV��W<A2(xI2­B(SHF

p k } PR4 \WV8>JB(>JB�PR4 BW<A�WV�GIB(>JB A 3"4 Bl>=B¬2ISH2*T B
|Ai| = l

7
i = 1, . . . , k

78>AF(>A[
‖R‖ = p · k · l

/
L�[�OQ@A2H�WGI[!PA�W2 �A:=<AB
V��W<A2(xIB

T1
7
T2
5*BI4&�h[�OQ@A2H�WGI[!PA�W2lGIU±5*[=<A\
V��W<A2(xIB

R1
7
R2
GI[

k } SIxI[J4 \(PA[=XtB(SHFND(SH2HV��W<A2(xIB�>=OQ< T1
7
T2
BW<?>RT V8>J2*4 u8B8/p� SH@A\��AU

merge(R1, R2)
7H2H@RT �A[�>JBI4WOQX

[ �A6WX(�
merge(R1, R2) = {A1 ∪A2 |A1 ∈ R1, A2 ∈ R2}.

|¡>J2 � 0J� ��PRT <A[�>JBI4�BW<AB(xID(>R4 5*\
U±PR4 BWPR4 5*BWV"T B � C¢xW3�FH@R4 �hGI2HX!^87pV�[�xHT PAB±KI� �E3"4 B]>AU±D(xI2ISH2*T U(V�U>AUWXNSH@A\��AUWX
merge(R1, R2)

/!|�UWGI[J4  Q<A[�>=BI4dF(>R4d>JB]2H@RT V�GIB(>=B
R1, R2

[=<AV8OQGIB(>? Q<A2W<?>=BI4�V8>=2
B(SH2(>A:�xI[=V�GIBv5*BI4dPA[=<v[JT <ABI4hSIxI:=2W<!PR4 BR�h:=V"4 GIB
GI[�>A\�>J2W<vD(SH2(xI2(3"4 V�GIF]>AUWXN[ �AFHPA2HD�� PAU(xIBWPA6
U
BW<?>RT V8>=2*4 u8U�PR4 BWPR4 5*BWV"T B�[JT <ABI4WBWD(>AF�SH2HD�2W<A2HGI\W�A[�>JBI4

destructive procedure
��/Q� B(xW3�FH@R4 �hGI2HX

�h[�OQ@A[JT�3"4 B­5*\R�h[±SIxI[J4 \WPAB
A1 ∈ R1

>R4 X
SIxI[J4 \WPA[=X
A2 ∈ R2

� GI:=V8O [=<AFHX�PR4 SIxI2H�
loop

�
5*BI4dSH@AB(3�GIB(>=2ISH2*4 [JTh>AUW<v:=<?OQV�6]>=2HDWX

A1 ∪ A2
/ ��\R�h[y>A:�>=2*4 B]:=<?OQV�U]SH@AB(3�GIB(>=2ISH2*4 [JT >=BI4hV�[

V8>JBR�h[=@AF
u8@AFW<A2"/t1�FR38O >AUWX�[=<AV8OQGI\(>=OQV�UWX�>=OQ<;2H@R4 V�GI\(>�OQ<;V8>J2]B(SH2(>A:�xI[=V�GIB87*SH@A:�SH[J4�5*\R�h[
©"2H@A\l<AB�5*B(>JBWV85*[=DW\(�A2HDWGI[v:=<ABW<±5*B(>A\(xWxIURxW2¬BW@R4 �hGIF­B(SHF¬BW<?>RT 3�@ABW©"B�>=OQ<�V8>J2*4 u8[JT OQ<
>�OQ<
V�DW<AF(xWOQ<

R1, R2
/v��4 2�V�D(385*[�5*@R4 GI:=<AB
5*\R�h[;V8>J2*4 u*[JT 2
>J2HD

R1
SH2HD]PA[=<
[JT <ABI4&>=2�>A[�xI[=D(>=BIT 2

>AUWX
BW<?>RT V8>J2*4 u8UWX�xHT V8>JBWX
[=<? Q<A[�>JBI4#GI[�>JBlBW<?>RT 3�@ABW©"B�>=OQ<
V8>J2*4 u8[JT OQ<±>J2HD
R2

� 3"4 B(>RT#BWD(>A\
SH@A:�SH[J4"<AB�[JT <ABI4hPR4 BR�h:=V"4 GIB! QV8>A[y<ABv3"T <A2HDW<;2*4h[=<? QV�[J4 XNGI[�>JBvD(SHF(xI2*4 SHB!V8>=2*4 u8[JT B!>J2HD

R1
��/

�¡<? �>J2�>A[�xI[=D(>=BIT 2�[=<? Q<A[�>=BI4�GI[!>=B�T PR4 B±>JB�V8>=2*4 u8[JT B±>J2HD
R2
5*BI4pFWu�4�GI[vBW<?>RT 3�@ABW©"\
>=2HDWX

� 5*BR�" QXE>JBNV8>J2*4 u8[JT By>=2HD
R2
PA[t�hB �ABW<ABWu8@AUWV"4 GI2ISH2*4 UR�h2H�W< ��/�CE<A\(xI2(38BySH@AB(3�GIB(>J2ISH2*4 2H�(<?>JBI4

2*4�[=<? QV�[J4 X;>=OQ<
V8>J2*4 u8[JT OQ<�>J2HD
R2
GI[;>=B±V8>J2*4 u8[JT B
>J2HD

R1
/�¤�[N>J2W<v>A@AFHSI2�BWD(>AF
F(xIB
>JB

V8>J2*4 u8[JT B�>=OQ<
R1, R2

[=<AV8OQGIB(>? Q<A2I<?>=BI4IV8>J2NB(SH2(>A:�xI[=V�GIBE5*BI4(:�>RV"4WGI[J4  Q<A[�>JBI4(>J2�5*FHV8>J2HX�>=OQ<
BW<?>RT V8>=2*4 u*OQ<vBW<?>R4 3�@ABW©� Q<I/�« �ESIOQX��hB
PA2H�WGI[yV8>AU
V�DW<A:=u8[J4 B87dBWD(>AF]V�DW<?>A[�xI[JThV8>RUW<![�S*T >A[=D��AU
>AUWX�[�S*4 �hDWGIU(>A6WX¢SH2(xID(SIxW2I5*F(>AU(>=BWX(/
�EBW@A2HDWV"4 \W�A2*DWGW[y>J2W<�B(xW3�FH@R4 �hGI2�D(SH2RxI2(3"4 V�GI2H��>AUWX

merge
GI:=V8O�[=<AFHX;SHBW@ABWPA[JT 3�GIB(>=2HX(/

L�[�OQ@A2H�WGI[NF(>R4
R1 = {A1, B1}

5*BI4
R2 = {A2, B2}

7pFISH2HD
Ai = (A1

i , A
2
i , A

3
i )
5*BI4

Bi =

(B1
i , B

2
i , B

3
i )
7
i = 1, 2

� PAU(xIBWPA6
k = 3

��/NL�[�OQ@A2H�WGI[�[�S*T V�UWXyF(>R4
|Aj1| = |B

j
1| = n
7
|Aj2| =

|Bj2| = m
7
j = 1, 2, 3

/Q9;U(xIBWPA6
‖R1‖ = 2 ·3 ·n = 6 ·n

5*BI4
‖R2‖ = 2 ·3 ·m = 6 ·m

/�« �ESIOQX
[JT <ABI4ISH@A2H©"BW<A:=X

merge(R1, R2) = {A1∪A2, A1∪B2, B1∪A2, B1∪B2}
/Q9;[=PA2HGI:=<A2HDyF(>R4

Ai, Bi ⊂ Ti
7
i = 1, 2

7?5*BI4
T1∩T2 = ∅

7R[JT <ABI4
‖merge(R1, R2)‖ = 4·3·(n+m) = 12·(n+m)

/

KW�
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��B(xW3�FH@R4 �hGI2HX�PA2HD(xI[=�W[J4*OQX�[ �A6WX(�p�h[�OQ@A[JT"BW@Au�4 5*\;>R4 X�SIxI[J4 \WPA[=X
A1
7
A2
/ �yB(>=BWV85*[=DW\W�A[J4H>JB

BW<?>RT 3�@ABW©"\!>J2HDWX
A

′

1

7
A

′

2

7"D(SH2(xI2(3"T �A[J48>AUW<;:=<?OQV�U
A

′

1 ∪ A
′

2 = (A1
1
′
∪ A1

2
′
, A2

1
′
∪ A2

2
′
, A3

1
′
∪

A3
2
′
)
5*BI4">AUW<NSH@A2HV*�h:�>A[J4"V8>J2±B(SH2(>A:�xI[=V�GIB8/t|¡>AU�V�DW<A:=u8[J4 B87"B(5*2(xI2HDA�" Q<?>JBWX�>AUW<;PR4 BWPR4 5*BWV"T B

SH2HDvSH[=@R4 38@A\ �"BWGI[�SHBW@AB(SH\W<?O D(SH2(xI2R3"T �A2I<?>=BI4�5*BI4"SH@A2HV8>RT �h[=<?>=BI4dV8>=2]>A[�xH4 5*F]B(SH2(>A:�xI[=V�GIBv2*4
[=<? QV�[J4 X

A1 ∪B
′

2

7
B

′

1 ∪A2
7
B1 ∪B2

/
� 5*B(>JBWV85*[=DW6]BW<?>R4 3�@A\W©"2HD±3"4 B
:=<AB
BW<?>R4 5*[JT GI[=<A2

X
3"T <A[�>JBI4pV�[!u8@AFW<A2

‖X‖
/�|¡>R4 X!SH[ }@R4 SI>? QV�[J4 X�SH2HDv[ �A[�>A\W�A2HDWGI[R7�2]u8@AFW<A2HX�3"4 B!>J2W<;D(SH2(xI2(3"4 V�GIF�>AUWX

merge(R1, R2)
GWSH2H@A[JT"<AB

�h[�OQ@AUR�h[JT"T V�2HX�GI[R�

O(k(1 + ‖merge(R1, R2)‖ − ‖R1‖ − ‖R2‖)).
|�UWGI[J4  Q<A2HDWGI[E[�S*T V�UWX�FW>R4"4 V�u8�W[J4

‖merge(R1, R2)‖ ≥ ‖R1‖+ ‖R2‖)
/

� cI�d�#� j�+&�¡+dc8� ��j�+&nQ$&�h�¡ad�"c*��kIidcI�d��,W� '
�#� ��kW+") ��ad+8gh+8�#� ��j�e�
 ��@RT �A2HDWGI[�>R4 X \ K A 832 a S> 2]Yb2 I CZY5CD[ F5; 2X6 I 2]Y]: I 83: >!@BA?\ n � E M�� > C PXA]I c(n) � CDY5C�
 A M=6�8De > 2 F Y5C P M a c ��Y A 8DC P C ;!P e ; 2 S��Y
(q, q1, q2)

OQX�[ �A6WX(�

Assignsq,q1,q2(n) = {assign(n, ε) | ε ∈ c(n) add colorsq,q1,q2}.

CE<A\(xI2(3�B
2H@RT �A2W<?>=BI4 P C \ K A 832 a > 2]Y5Cd2RK`69KGMO: ; [Z2 P C E M�� > C P C 2]Y]: I 83: >!@BA?\ n CDY5C�
 A M=6�8De
> 2 F YXC P M a c ��Y A 8DC P C ;!P e ; 2 ��Y (q, q1, q2)

��BWD(>A\N>JBWD(>RT �A2W<?>=BI48GI[�>JB
c(n) add colorsq,q1,q2

�

Add Colorsq,q1,q2(n) = c(n) add colorsq,q1,q2 . ^ �
�E@A2H©"BW<? QX�3"4 B!>=B

(q, q1, q2) 6∈ c(n) states triangles
[JT <ABI4

Add Colorsq,q1,q2(n) = ∅
5*BI4

Assignsq,q1,q2(n) = ∅
/

L�[�OQ@A2H�WGI[!:=<AB
[=V8O#>A[=@R4 5*F�5*FHG(wH2
n
GI[;SHBI4 PR4 \

si(n) = ni
7
i = 1, 2

/
L�[�OQ@A2H�WGI[![�S*T }V�UWX
>=BlV��W<A2(xIB
succ states(n)

5*BI4
succ states(ni) i = 1, 2

/ ��4�SIxI[J4 \WPA[=X
(q, q1, q2) ∈

c(n) states triangles
3"4 B!>R4 Xy2ISH2*T [=X

q ∈ succ states(n)
7
qi ∈ succ states(ni)

B(SH2(>A[�xI2H�W<
>JB

succ states triangles(n)
/

L�DWGHT �A2HDWGI[�FW>R4h2*4
accept assign(n, q)

[JT <ABI4h2*4"SH[=@R4 2H@R4 V�GI2*T
C
V8>J2
Tn
>=OQ<

Aϕ } PA[�5H>? Q<BW<ABR�h:=V�[�OQ<
B
7H3"4 By>R4 XE2ISH2*T [=XE4 V�u8�W[J4

ρ
B

(n) = q
/#CE<A\(xI2(3�By2H@RT �A2HDWGI[t>R4 X

accept assign(n,

(q, q1, q2))
OQX�>J2HDWX�SH[=@R4 2H@R4 V�GI2H�WX

C
V8>J2
Tn
>�OQ<

Aϕ } PA[�5H>? Q<�BW<ABR�h:=V�[�OQ< B 7W3"4 B�>R4 Xt2ISH2*T [=X4 V�u8�W[J4
ρ
B

(n) = q
5*BI4

ρ
B

(ni) = qi
7
i = 1, 2

/Q�E@A2H©"BW<? QX�[JT <ABI4

accept assign(n, q) = �
(q,q1,q2)∈succ states triangles(n)

accept assign(n, (q, q1, q2)).

�EBW@AB(>AUW@A2H�WGI[NF(>R4�F(>JBW<
(q, q1, q2) 6∈ succ states triangles(n)

7p[JT <ABI4
accept assign(n,

(q, q1, q2)) = ∅
/ � 4 B]5*\R�h[

(q, q1, q2) ∈ succ states triangles(n)
7p[JT <ABI4

accept assign(n,
(q, q1, q2)) 6= ∅

�

accept assign(n, (q, q1, q2)) = {A ∪A1 ∪A2 |A ∈ Assignsq,q1,q2(n),

A1 ∈ accept assign(n1, q1)

A2 ∈ accept assign(n2, q2)}.k <.� w xGmbv
Assignsq,q1,q2 (n) = {assign(n, ε) | ε ∈ Add Colorsq,q1,q2 (n)}

�

KHZ
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9;U(xIBWPA6;GI[E>AU;wH2H6R�h[J4 By>AUWX
merge
�

accept assign(n, (q, q1, q2)) = merge(merge(Assignsq,q1,q2(n),

accept assign(n1, q1)),

accept assign(n2, q2)).
� 4 B!>=2]�EBW@A\WPA[J4 3�GIBvK8/ �
� V�[�x�/�KI. �¡�hDWGHT �A2HDWGI[�F(>R4h[JT <ABI4

succ states(n1) = {qa}
7
succ sta}

tes(n2) = {qw, qa}
5*BI4

succ states(ni) = {qw}
7WFISH2HD

i = 3, 4, 5
/#stB�BW<?>RT V8>J2*4 u8B�[�S*4 >ADWu8U }GI:=<ABt>A@RT 38OQ<AB¢5*B(>JBWV8>A\WV�[�OQ<¡[JT <ABI4

succ states triangles(n1) = {(qa, qa, qw), (qa, qw, qw)}
7

succ states triangles(n2) = {(qa, qw, qw), (qw, qw, qw)}
�

n1

n2 n3

n4 n5

{qa}

{qa, qw} {qw}

{qw} {qw}

qa

qa qw

qa

qw qw

qw qwqw qw

�QS*T V�UWX#[JT <ABI4
b add colorsqa,qa,qw

= {0}
7
γ add colorsqa,qw,qw

= {1}
7
γ = b, w

7
w add col }

orsqw,qw,qw
= {0}
/�9;U(xIBWPA6

Assignsqa,qa,qw
(n1) = {∅}

7
Assignsqa,qw,qw

(n1) = {{n1}}
7

Assignsqa,qw,qw
(n2) = {{n2}}

7
Assignsqw,qw,qw

(n2) = {∅}
/ ��T u8BWGI[­D(SH2(xI2(3"T V�[J4�FW>R4

accept assign(ni, qw) = {∅}
7&3"4 B

i = 3, 4, 5
/N�QS*T V�UWX

accept assign (n2, qa) = {{n2}}
7

accept assign (n2, qw) = {∅}
/Q�EBW@AB(>AUW@A2H�WGI[EF(>R4

accept assign (n1, qa) = accept assign
(n1, (qa, qw, qw)) ∪ accept assign (n1, (qa, qa, qw))= {{n1}, {n2}}

/

� ��� ��� ��� � � � ��� ��� « �ESIOQX�:=u82HDWGI[�6WPAU;PA[J4 7�[JT <ABI4 �

accept assign(n) = �
q∗∈succ states(n)

accept assign(n, q∗),

FISH2HD

accept assign(n, q∗) = �
(q∗,q1,q2)∈succ states triangles(n)

accept assign(n, (q∗, q1, q2)).

��@RT �A2HDWGI[E>J2
V��W<A2RxI2
succ states triangles(n, q)

GI[�V8>=2*4 u8[JT B;>A@RT 38OQ<AB!5*B(>JBWV8>A\WV�[�OQ<
t
GI[

π1(t) = q
/�� 4 V�F(>AU(>JB

succ states triangles(n) = ∪q∈succ states(n)succ states triang }
les(n, q)

[JT <ABI4*SH@A2H©"BW<A6WX�5*BI4�2HPAU(3�[JT�V8>=2
[ �A6WX(�

accept assign(n) = �
(q,q1,q2)∈succ states triangles(n)

accept assign(n, (q, q1, q2)).

◊

� +8g���ahgh+h$&e�kIihkI�bkW+��®��g"��+&c8n &¡j�+��bkI��)
Flum, Frick, Grohe


 � SH2RxID(SIxI2I5*F(>AUR>JB
>J2HD�B(xW382*@RT �hGI2HD
>=OQ<

Flum, Frick, Grohe
PRT <A[�>JBI4#V8>=2¬SHB(>JB(5*\(>�O �h[� Q@AUWGIB8/­��B(SHFHPA[J4 }�AU
>J2HDv�h[�OQ@A6WGIB(>J2HXySH[=@R4 xIBWG(wH\W<A[J4">AUW<vBW<A\(xIDWV�Uv>AUWXNSH2RxID(SIxI2I5*F(>AUR>JB(XNV�[y5*\R�h[�wH6WGIB�>J2HD

B(xW3�2H@RT �dGW2*D � wIxI:�SH[E��T <AB(5*B!�!V�[�x�/#KI� ��/

KW^
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 � ��� � ��
 �
��������� K]ebM E 2X6 > 6 C ;/\ YRebM PRHJ;!H f : N → N
8DCZ6 F Y5C I C?1 c :�M!6 [ >%A]I K AR\2RK`6 1 < 2X6 PXA KGMO: @ 1 H3> C PRHJI CZK A?Pba >WHJ;!HJI
c 6 C MSO S P?< K A?\ZI+; 2 E M�� > C P 6 ;O>+F Y5C T F Y P MJC ; 2 E MO:]Y A

f(‖ϕ‖) · (|T |+ ‖sat assign(ϕ, T )‖).� � ������� � ��� « �ESIOQX�:=u82HDWGI[�6WPAU�SHBW@AB(>AUW@A6WV�[J4�Ub5*B(>=BWV85*[=DW6­>J2HDbBWD(>J2HGI\(>=2HD
Aϕ
3"T <A[�>=BI4

BW<ABWPA@A2HGH4 5*\�GI:=V8O­>AUWXtV��W<J�h[=V�UWXt>=OQ<�BWD(>J2HGI\(>�OQ<ESH2HD�BW<?>R4 V8>=2*4 u82H�W<EV8>J2HDWX¢D(SH2(>A�(SH2HDWX�>J2HD
ϕ
5*BI4A:=u8[J4?V�UWGIBW<?>R4 5*F�D(SH2RxI2(3"4 V8>R4 5*Ft5*FHV8>J2HX�SH2HD¢[ �ABW@?>A\(>=BI4?B(SHF¢>J2

‖ϕ‖
/�9;U(xIBWPA6�>J2¢wH6WGIB�0

� ��T <AB(5*BWX�� ��SH@AB(3�GIB(>=2ISH2*4 [JT >=BI4AV�[�u8@AFW<A2
f1(‖ϕ‖)

7(3"4 BE5*B(>A\(xWxIURxIU¢V�DW<A\W@?>AUWV�U
f1 : N→ N

/
L�[�OQ@A2H�WGI[EF(>R4

|Q| = cQ
5*BI4*FW>R4

cδ
[JT <ABI4*2vu8@AFW<A2HX�SI2*DNB(SHBI4 >A[JT >JBW4I3"4 By>J2W<yD(SI2(xI2(3"4 V�GIF

GH4 BWX¡>R4 GI6WX¡>AUWX
δ
/�CE<¢2

n ∈ T
[JT <ABI4([=V8O#>A[=@R4 5*FHX¡5*F*GRwH2*XR7(2yD(SH2(xI2R3"4 V�GIFHXQ>J2HD

pot states(n)B(SHBI4 >R[JT*u8@AFW<A2�>J2vSH2(xI�
c2Q · 2

k · cδ
�

1. pot states(n) = ∅

2. forall q1 ∈ pot states(n1), q2 ∈ pot states(n2) do

3. forall ε ∈ {0, 1}k do

4. pot states(n) = pot states(n) ∪ {δ(q1, q2, (c(n), ε))}

5. enddo

6. enddo

9;U(xIBWPA6y2!D(SH2(xI2(3"4 V�GIFHXt>=OQ<
pot states(n)

7
n ∈ T

� ��T <AB(5*BWXE�87IwH6WGIBN. �Q3"T <A[�>JBI4*V�[¢u8@AFW<A2
>J2�SH2(xI�

(c2Q ·2
k ·cδ)·|T |

/��EBW@AB(>AUW@A2H�WGI[#F(>R4RBW<A\(xI2(3�B�SH@AB(3�GIB(>J2ISH2*4 [JT >JBW4A2�D(SH2(xI2R3"4 V�GIFHX#>=OQ<
succ states(n)

7
n ∈ T

� ��T <AB(5*BWX��87IwH6WGIBNK �Q5*BI48B(SHBI4 >A[JT*u8@AFW<A2!>J2!SH2(xI�
(c3Q · 2

k · cδ) · |T |
/

« �Q>AV"4�>JBNwH6WGIB(>JB;.;5*BI48K!B(SHBI4 >J2H�(<�V�DW<A2(xH4 5*\;u8@AFW<A2
f2(‖ϕ‖) · |T |

/
C¢SH2HGI:=<A[J4¢<AB®D(SH2RxI2(3"T �A2HD(GI[
>=2W<­u8@AFI<A2 SH2HDbB(SHBI4 >A[JT >JBW4�3"4 Bb>=2®wH6WGIB��®>=2HD®��T <AB(5*B

�8/�|¡>J2l|�u86WGIB
.�SHBW@A2HDWV"4 \W�A[�>JBI4dU±PR4 BWPR4 5*BWV"T B�SH2HD]PRT <A[�>JBI4&V8>J2 � 0?K��¡3"4 B
>J2W<
D(SH2RxI2(3"4 V�GIF>=OQ<
accept assign(n, q)

7#FISH2HD
q ∈ succ states(n)

5*BI4
n
[=V8O#>A[=@R4 5*FHXv5*FHG(wH2HXvGI[!SHBI4 PR4 \

si(n) = ni
7
i = 1, 2

/®stB
accept assign(ni, qi)

7�FISH2HD
qi ∈ succ states(ni)

7
i = 1, 2

7
�h[�OQ@A2H�W<?>JBI4H3�<?OQV8>A\8/ L�[�OQ@A2H�WGI[t:=<AB;V�D(385*[�5*@R4 GI:=<A2;�A[=�(3�2HX

(q1, q2) ∈ succ states(n1)×
succ states(n2)

5*BI48BW<AB(xI�W2HDWGW[¢>=2W<ND(SH2RxI2(3"4 V�GIF"��D(SH2(xI2R3"T �A2W<?>JBI4*BW@Au�4 5*\;2*4
Assignsq,q1,q2

(n)
� D(SH2RxI2(3"4 V�GIFHX�>=2HD

A
7AwH6WGIB(>=BtK } ^ ��/�CE<�3"4 Bt>J2W<�D(SH2(xI2(3"4 V�GIF¢5*\R�h[ k } SIxI[J4 \WPAB(X assign(n,

ε)
B(SHBI4 >J2H�W<?>JBW4

k
wH6WGIB(>=B87W2;u8@AFW<A2HXtSH2HD�B(SHBI4 >A[JT >JBI4R3"4 B�>=2I<�D(SH2RxI2(3"4 V�GIF�>J2HD

Assignsq,q1,q2
(n)
[JT <ABI4�>J2
SI2(xI�

2k · (cδ + k)
/tCE<

A = Assignsq,q1,q2(n) 6= ∅
7"D(SH2(xI2(3"T �A[�>=BI48>=2]V��W<A2(xI2

merge(merge(A, accept assign(n1, q1)), accept assign(n2, q2))
/ L�DWGHT �A2HDWGI[
F(>R4Q>JB¬2H@RT }V�GIB(>JB;GH4 BWXESH@A\��AUWX

merge
[=<AV�O#GIB(>? Q<A2I<?>=BI4�V8>J2�B(SH2(>A:�xI[=V�GIBy>AUWXESH@A\��AUWX(/p« �Q>AV"48SH@R4 <�B(SHF

5*\R�h[p>A:�>=2*4 2ED(SH2RxI2(3"4 V�GIF��hB�SH@A:�SH[J4J<AB�5*B(>JBWV85*[=DW\(�A2HDWGI[�BW<?>RT 3�@ABW©"B�>=OQ<
accept assign(ni, qi)

7
i = 1, 2

/Q��5*B(>=BWV�5*[=DW6y>�OQ<;BW<?>R4 3�@A\W©�OQ<NB(SHBI4 >A[JT8u8@AFW<A2

‖accept assign(n1, q1)‖+ ‖accept assign(n2, q2)‖.

��D(SH2(xI2R3"4 V�GIFHXp>=2HD
accept assign(n, (q, q1, q2)) = merge(merge(A, accept assign(n1, q1))

7
accept assign(n2, q2))

3"T <A[�>JBI4�V�[�u8@AFW<A2

cm · (‖accept assign(n, (q, q1, q2))‖ − ‖A‖ −

‖accept assign(n1, q1)‖ − ‖accept assign(n2, q2)‖).

KW�
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1. accept assign(n, q) = ∅

2. forall q1 ∈ succ states(n1), q2 ∈ succ states(n2) do

3. A = ∅

4. forall ε ∈ {0, 1}k do

5. if δ(q1, q2, (c(n), ε)) = q then

6. A = A ∪ {assign(n, ε)}

7. endif

8. enddo

9. if A 6= ∅ then

10. accept assign(n, q) = accept assign(n, q) ∪

merge(merge(A,A1), A2)

11. endif

12. enddo

|�u86WGIB�.*��� D(SH2RxI2(3"4 V�GIFHX;>J2HD
accept assign(n, q)

/¬L�[�OQ@A6WV�BWGI[!F(>R4
Ai = accept assign(ni, qi)

7
i = 1, 2

/

« �Q>AV"4 78V�[¢:=<ABW<�[=V8O#>A[=@R4 5*F;58FHG(wH2
n
2vu8@AFW<A2HXESH2HDNB(SHBI4 >A[JT >JBW4I3"4 By>J2W<�>J2W<�D(SH2RxI2(3"4 V�GIFN>=OQ<

BW<?>RT V8>=2*4 u*OQ<¡V�DW<AF(xWOQ<
Assignsq,q1,q2(n)

7A>AUtPAUWGH4 2HDW@?3"T B�BW<?>R4 3�@A\W©�OQ<¡>=OQ<
accept assign(ni,

qi)
7
qi ∈ succ states(ni) i = 1, 2 ^ �E5*\R�h[t©"2H@A\ySH2HDN[�5H>A[�xI[JT >JBI4IGH4 B�SH@A\��AU merge ^ � 5*BI4I3"4 B>J2W<yD(SH2(xI2(3"4 V�GIFv>�OQ<NBW<?>RT V8>J2*4 u*OQ<�SH@A\��A[�OQ<

merge
[JT <ABI4 �

c3Q · 2
k · (cδ + k) � D(SH2RxI2(3"4 V�GIFHXE>=OQ<

Assignsq,q1,q2(n)
�

+ c3Q � :�xI[�38u82HX�BW<
Assignsq,q1,q2(n) 6= ∅

�
+ c1 ·

� �
(q1,q2),

(q,q1,q2)∈succ states triangles(n)

(‖accept assign(n1, q1)‖+

‖accept assign(n2, q2)‖)

− �
q1∈succ states(n1)

‖accept assign(n1, q1)‖

k �.>�tU�=nGt�w o�mbv!u5o5v=mX�5o���~]n�pb}`v s?qb�?qRv q?rXx�o�mbv�sRv m
�`q?n���ub�?�=|�t�w xGmbv 9 ��pXzbmX��{ ~]�=n5w |.xGm���pbsRv q?�Xn��]{b}7q?�bsbt�o�mmXx�o5w }]o�qRv ~]m'mXx�o5w �7nGmX�`mR�k � � w �GmXs?t+uXo5vZ�U~]q?�Xs?tWt :?oG�NzbtU}]p
sRv m��?n��.@�pb|
merge

:+�G�ZtW�`q?n��'�?q?�.�UxGm.}7rXxGq5zbq
Assignsq,q1,q2 (n)

t�w xGmbvsbp�:RtUxGu]� � �%�?�=|+mXxGm5zbrX}7mXs?t��?mXnGm5�1�XxG��mX�5oGu�v }7~]rXt�v`mXxGx
(q, q1, q2) ∈ succ states triangles(n)

�

�I�
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− �
q2∈succ states(n2)

‖accept assign(n2, q2)‖ �
� PAUWGH4 2HDW@?3"T B!BW<?>R4 3�@A\W©�OQ< �

+ c2 ·
� �

(q,q1,q2)∈succ states triangles(n)

(‖accept assign(n, (q, q1, q2))‖ −

‖Assignsq,q1,q2(n)‖)

− �
(q1,q2),

(q,q1,q2)∈succ states triangles(n)

(‖accept assign(n1, q1)‖+

‖accept assign(n2, q2)‖) � .� D(SH2RxI2(3"4 V�GIFHX
merge

�
L�[�OQ@A2H�WGI[QF(>R4

T (n)
[JT <ABI4A2�u8@AFW<A2HXQSH2HD¢u8@A[J4 \W�A[�>JBI4?3"4 B¢<ABED(SH2(xI2(3�4 V8>J2H�W<¡2*4

accept ass }
ign(n)
/QC¢SH2HPA[J4 5*<A�W[�>=BI48GI[�[�SHB(38O#3�6!F(>R4

T (n) ≤ g(‖A‖) · |Tn|+ c · ‖accept assign(n)‖,

FISH2HD
g(‖A‖) = c3Q · 2

k · (cδ + k) + c3Q
5*BI4

c = c1 + c2
/¡|¡>AU;V�DW<A:=u8[J4 BNPRT <A2W<?>JBI4H>JBywHBWV"4 5*\

V�UWGI[JT B;BWD(>A6WXE>RUWX�B(SHFHPA[J4 �AUWX(/
|�UWGI[J4  Q<A2HDWGI[�F(>R4¢u8@AUWV"4 GI2ISH2*4 2H�WGI[±>J2 3�[�3�2W<AFHXlF(>R4¢2*4t[=<? QV�[J4 X

accept assign(n) =
∪q∈succ states(n)accept assign(n, q)

7
n ∈ T
[JT <ABI4��A:=<A[=X�[=<? QV�[J4 X ^ �

5*BI4�:�>AV"4�[JT <ABI4

�
q∈succ states(n)

‖accept assign(n, q)‖ = ‖accept assign(n)‖.

�QS*T V�UWXvU
:=<?OQV�U
accept assign(n) = ∪(q,q1,q2)∈succ states triangles(n)accept assign(n, (q,

q1, q2))
7
n ∈ T
7�[JT <ABI4��A:=<AU!:=<?OQV�U!5*BI48:�>AV"4 �

�
(q,q1,q2)∈succ states triangles(n)

‖accept assign(n, (q, q1, q2))‖ = ‖accept assign(n)‖.

¤�[�wH\WV�U�>AUW<¢SHBW@AB(SH\W<?OlBW<A\(xIDWV�U�>J2HD�u8@AFW<A2HD�SH2HD�B(SHBI4 >A[JT >=BI4R3"4 B�>=2W<�D(SH2(xI2(3"4 V�GIF�>=OQ<
Assignsq,q1,q2(n)

7*>J2W<yD(SH2(xI2(3�4 V�GIF!BW<?>R4 3�@A\W©�OQ<�5*BI4*>J2W<yD(SH2(xI2(3"4 V�GIF!>�OQ<
merge
785*B(>=B(xI6 }3�2HDWGI[�F(>R483"4 B;>J2W<Nu8@AFW<A2

T (n)
4 V�u8�W[J4 �

k � l%n��5�7s?m5o5v3�`v m
q, q′ ∈ succ states(n)

s?t
q 6= q′ 9 t�w xGmbv accept assign(n, q) ∩ accept assign(n, q′) =

∅
� >��XsRw �Gq?�Xs?t�u5o5vOo�m

accept assign(n, q)
t�w xGmbv=}7rXxGq5zbmQm5�?uQ�bzbt�w �X�GtU|

C ∈ (Pow(Tn))k
���Ov m
o5v |

C ∈

accept assign(n, q) 9 C′
∈ accept assign(n, q′) 9 �GtUxBsb�?q?nGt�wXxGm�t�w xGmbv C = C

′ 9 �`v m5o5w5oGu5oGt!�`v mBo5v |�tN�?t :?o��X}`t�v |
(T ;C) = (T ;C′)

�Zm
t�w xGmbv
ρ
(T ;C)

6= ρ
(T ;C

′
)

� � �%o�qb�?q 9 o�q.mX�5oGu?s?m5o�q Aϕ

t�w xGmbv`x�oGtNoGtUnGsRv x5v }]o5v :Ru7�

��0
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T (n) ≤ g(‖A‖)

+ (c1 − c2) · �
(q1,q2),

(q,q1,q2)∈succ states triangles(n)

(‖accept assign(n1, q1)‖+

‖accept assign(n2, q2)‖)

− c1 · (‖accept assign(n1)‖+ ‖accept assign(n2)‖)

+ c2 · ‖accept assign(n)‖

+ T (n1) + T (n2).

C¢SHFv>AUW<N[�SHB(38O#3"4 5*6;D(SHFW�h[=V�U87H3"4 B
i = 1, 2

7�:=u82HDWGI[�F(>R4 �

T (ni) ≤ g(‖A‖) · |Tni
|+ (c1 + c2) · ‖accept assign(ni)‖.

�EBW@AB(>AUW@A2H�WGI[E[�S*T V�UWX�F(>R483"4 B;>J2W<NFH@A2

S = �
(q1,q2),

(q,q1,q2)∈succ states triangles(n)

(‖accept assign(n1, q1)‖+ ‖accept assign(n2, q2)‖,

4 V�u8�W2HDW<
S ≤ ‖accept assign(n)‖

5*BI4
S ≥ ‖accept assign(n1)‖+ ‖accept assign(n2)‖.

9;[=<±[JT <ABI4pPA�WV85*2(xI2�<AB�PA2H�WGI[vF(>R4�GI[!5*B(>A\(xWxWU(xWU±V��W<J�h[=V�U
>=OQ<]SHBW@AB(SH\W<?OzSH@A2I5*�(SI>A[J4
\WGI[=V�B!U![�S*4 �hDWGIU(>A6NSH2(xID(SIxW2I5*F(>AU(>=B8/

♣

�
��� � ���.$%��� �'&W$%& ����&������d"/��) & �W�
�
$A
 � -.��) " �_ 
Flum, Frick, Grohe

« �ESIOQX�[JT PABWGI[�BW<AB(xID(>R4 5*\;V8>AUW<ySH@A2HU(3�2H�WGI[=<AU;[=<AF(>AU(>JB87*UvV�DW<A\W@?>AUWV�U
f
V8>AUW<N:�5*©"@ABWV�U;>J2HD

L�[�OQ@A6WGIB(>J2HX�K8/ .y5*BR�h2H@RT �A[�>JBI48V8>AUW<y2HDWV"T B;B(SHFv>J2�GI:�3�[´�h2HX�>J2HD;BWD(>J2HGI\(>J2HD
Aϕ
V8>J2�2ISH2*T 2

GI[�>JBW©"@A\W�A[�>=BI482
BW@Au�4 5*FHXE>A�(SH2HX
ϕ
/���T PABWGI[�V�[ESH@A2HU(3�2H�WGI[=<AU;[=<AF(>AU(>=B878F(>R48>J2�GI:�3�[´�h2HX�>J2HD

BWD(>J2HGI\(>=2HD
Aϕ
[JT <ABI4*3�[=<R4 5*\;GH4 B!D(SH[=@A[�5I�h[�>R4 5*6NV�DW<A\W@?>AUWV�U;SH2HD;[ �ABW@?>A\(>JBI48B(SIFv>J2W<yBW@R4 �hGIF

>=OQ<N[=<AB(xWxIB(38 Q<�>=OQ<ySH2HV�2HPA[J4 5H>? Q<yV8>J2W<y>A�(SH2
ϕ
/

|¡>R4 X]GH4 5*@A:=X]SHBW@AB(xWxIBR3�:=X�>=2HDlB(xW3�2H@RT �hGI2HD�>=OQ<
Flum, Frick, Grohe

7¡SH2HDlV�DW�AU(>A\WGI[
V�[;BWD(>A6
>AUW<�[=<AF(>AU(>JB87dSH@A2HV8SHBR�h2H�WGI[NB(SHF±>AU±GHT B]<AB]SH@A2HPR4 2H@RT V�2*DWGW[;B(5*@R4 wI QXN>=B]>AGI6WGIB(>JB
[�5*[JT <AB
>J2HD�BWD(>J2HGI\(>J2HD

Aϕ
SH2HD�u8@A[J4 \W�A2W<?>JBI4�V8>J2HDWX�D(SH2(xI2(3"4 V�GI2H�WX!5*BI4�B(SHF�>AUW<±\(xWxIU
<AB

GI[J4  QV�2HDWGI[�>=2W<�BW@R4 �hGIFy>�OQ<�©"2H@? Q<�SH2HD�BW<AB(>A@A:=u82HDWGI[�V8>=2;BWD(>AFHGIB(>J2
Aϕ
3"4 B�>AUW<EBW<A\(5H>AUWV�U

GH4 BWX�>R4 GI6WX�>�OQ<;V�DW<ABW@?>A6WV�[�OQ<
∆
7
δ
>=2HD!BWD(>J2HGI\(>J2HD*/

|�UWGI[J4  Q<A2HDWGI[¡F(>R4(2*4(SHBW@AB(xWxIBR3�:=X¡BWD(>A:=X¡[JT <ABI4A3�[=<R4 5*:=XQwH[�xW>R4 V8>J2ISH2*4 6(V�[J4 XR/p9;U(xIBWPA6�[�5H>AFHX
B(SHF]>J2W<vB(xW3�FH@R4 �hGI2]>=OQ<

Flum, Frick, Grohe
7&GWSH2H@A2H�W<!<AB][=©"BW@AGI2HV8>J2H�W<!3"4 B�>J2
V��W<A2(xI2

>=OQ<NPR4 BW©"2H@A[�>R4 5H Q<�SH@A2HV�[�383"T V�[�OQ<N[�S*T xIDWV�UWX¢>J2HD;SH@A2WwIxI6WGIB(>=2HX�BWD(>=2HGI\(>=OQ<I/

�H.
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 � )
�popcI�d�#� j�,('±j�,RkW�8f��"��,W� '�kI+��¬q*,(q*+dj�%()*+��­�%��kW+dj ��kW+��
Aϕ

�yadc*+h$&��kW�"cH$dk8� m$&eb�pk��"q8� +¬fd,Rg"k8� �pkW+had+&n id��id'
��@RT �A2HDWGI[�>R4 X¢u8@A6WV"4 GI[=XEGI[�>JBRwH\WV�[J4 X�>=2HDNPA[=PA2HGI:=<A2HD

bottom-up
<?>A[�>A[=@AGH4 <R4 V8>R4 5*2H�

Γk
BWD(>=2 }GI\(>J2HD

Aϕ
/

)
�"opcI�d�#� j�,('Nj�,RkW�8f��"��,W� '�kI+��]q*,(q*+dj�%()*+��]�%��kI+dj ��kW+��
Aϕ


 L�[�OQ@A2H�WGI[Q>=2
bottom-up<?>A[�>A[=@AGH4 <R4 V8>R4 5*F

Γk
BWD(>AFHGIB(>J2

Aϕ = (Q,∆, δ, F )
/�L�DWGHT �A2HDWGI[yF(>R4&GI[�>JBRwH\WV�[J4 Xy>=2HD±BWD(>=2 }GI\(>J2HD
[JT <ABI4�>J2�V��W<A2(xI2

transitionsϕ = {(q, q1, q2, γ, ε) | δ(q1, q2, (γ, ε)) = q}
5*BI4pF(>R4�2*4

GI[�>JBRwH\WV�[J4 Xv[�5H58T <AUWV�UWXv[JT <ABI4p>J2¬V��W<A2RxI2
start transitionsϕ = {(q, γ, ε) |∆((γ, ε)) = q}

/
��4 E M VJ; 6 > 2 I > 2 P C @ e ; 2X6 I PXA?\ C \DP5AX> e P5AR\

Aϕ
2H@RT �A2W<?>JBI4�BW<ABWPA@A2HGH4 5*\8� 5*\R�h[�GW[�>R\RwHBWV�U

(q, q1, q2, γ, ε)
>J2HD
V�DW<AF(xI2HD

transitionsϕ
GI[

q ∈ F
[JT <ABI4pGH4 B
u8@A6WV"4 GIU
GI[�>A\RwHBWV�U8/
CE<]U

(q, q1, q2, γ, ε)
[JT <ABI4Hu8@A6WV"4 GIUNGI[�>A\RwHBWV�U87W>AF(>A[¢u8@A6WV"4 GI[=XEGI[�>=BRwH\WV�[J4 Xt[JT <ABI4H[�S*4 V�UWX¢2*4

(qi, qi1,
qi2, γi, εi)

5*BI4d2*4
(qi, γi, εi)

7
i = 1, 2

/y|�DWG(wH2(xHT �A2HDWGI[�>R4 XNu8@A6WV"4 GI[=XNGI[�>=BRwH\WV�[J4 X�>=2HD
BWD(>J2 }GI\(>J2HD
Aϕ
GI[

transitions∗Aϕ

5*BI4
start transitions∗Aϕ

/��E@A2H©"BW<? QX�U�:=<A<A2*4 B
[�SH[�5H>A[JT <A[�>JBW4
©"DWV"4 5*\;5*BI4*3"4 B;>JB;>A@RT 38OQ<AB!5*B(>JBWV8>A\WV�[�OQ<I/��'M VJ; 6 > C P M a c ��Y5C 8DC P C ;!P e ; 2 ��Y¢[JT <ABI4*>JB!D(SH2 }5*[JT GI[=<ABN>A@RT 38OQ<AB!5*B(>JBWV8>A\WV�[�OQ<�>=OQ<Nu8@A6WV"4 GWOQ<;GW[�>JBRwH\WV�[�OQ<I/

h ,Wn ����i kW+#� j�,R��% &¡+��"'­kW+��
Aϕ

�­jp� � adc*+h$&��kW��$dk8� $h� fd,Rg"k8� �pkW+had+&n id��i�
 �EBW@AB(>AU }@A2H�WGI[NF(>R4h�h[�OQ@? Q<?>=BWX!GIFW<A2
>R4 X;u8@A6WV"4 GI[=X;GI[�>JBRwH\WV�[J4 X�>J2HD
Aϕ
GI[J4  Q<A[�>JBI4d>=2
GI:�3�[´�h2HXN>J2HD

V�DW<AF(xI2HDv>=OQ<vPA[=PA2HGI:=<?OQ<�GI[�>JBRwH\WV�[�OQ<I/���wH[�xW>R4 V8>=2ISH2*T U(V�U�BWD(>A6
V�u82RxH4 \W�A[�>JBI4hBW<AB(xID(>R4 5*F }>A[=@AB!V8>AUvV�DW<A:=u8[J4 B;GI[E>RUNwH2H6R�h[J4 BySHBW@ABWPA[J4 3�GI\(>=OQ<I/

-�
 � 
 � _N�bk*c8n ����)*��$&��kI�"�pk��"��,(��)¬,()*ed'�$&edjdfd+����
i
states triangle-based

,R$ mq*+�o&��kW+��­��g"��+dc8n &¡j�+��¬kW��)
Flum, Frick, Grohe




L�DWGHT �A2HDWGI[�F(>R4hV8>AUW<NSH@A2HU(3�2H�WGI[=<AU![=<AF(>AU(>JB;SHBW@AB(>AUW@A6WV�BWGI[E>AUvV�UWGIBWV"T B!>J2HDvD(SH2(xI2R3"4 V�GI2H�
>=OQ<

succ states triangles(n)
5*B(>A\�>J2 >R@RT >J2®wH6WGIBb>=2HD B(xW3�2H@RT �hGI2HD�>=OQ<

Flum, Frick,
Grohe
�

accept assign(n) = �
(q,q1,q2)∈succ states triangles(n)

accept assign(n, (q, q1, q2)).

��@RT �A2HDWGI[¢V8>AUW<�D(SH2H[=<AF(>AU(>JB�BWD(>A6�>AD(S*4 5*\�>RUW<�:=<A<A2*4 B�>=OQ<
succ states triangles(n)

5*BI4
[J4 V�\(3�2HDWGI[¢>AUW<y[=<?>A[�xW QX�BW<A\(xI2(3�U;:=<A<A2*4 B;>�OQ<

pot states triangles(n)
/

� � &¡�")���$&�h�&,Ra&� k��"o&idj�%()*�±k*c8n ����)*�
$&��kW�"�pk��"��,(��)]��,�%()*�")]$&edjdfd+�
 stByS*4 �hBW<A\�5*BI4
[�S*4 >RDWu*UWGI:=<ABN>A@RT 38OQ<AB!5*B(>=BWV8>A\WV�[�OQ<y[=<AFHX�5*FHG(wH2HD8782H@RT �A2W<?>JBI4 �

pot states triangles(Aϕ, n) = {(%(n), %(n1), %(n2)) | % ∈ runs(Aϕ, T )},

succ states triangles(Aϕ, n) = {(%(n), %(n1), %(n2)) | % ∈ succ runs(Aϕ, T )},

FISH2HD;2
n
�h[�OQ@A[JT >JBI4�[=V8O#>A[=@R4 5*FHX�5*FHG(wH2HX�GI[

si(n) = ni
7
i = 1, 2

/
« �E>JBW<v2

n
[JT <ABI4�©"�(xWxI2"7�2*4�BW<?>RT V8>=2*4 u8[=X!:=<A<A2*4 [=X;>=BWD(>RT �A2W<?>JBI4&GI[;>R4 X

c(n) } 5*B(>=BWV8>A\WV�[J4 X[�5H58T <AUWV�UWXE5*BI48>R4 X�[�S*4 >ADWu8UWGI:=<A[=XE5*B(>=BWV8>A\WV�[J4 XE>J2HD
n
BW<?>RT V8>=2*4 u8B8/

�IK
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Triangle-based
,R$&q*+�o&�bkI+��­��g"��+dc8n &¡j�+��¬kI��)

Flum, Frick, Grohe

 ��<A2HGI\W�A2HD }GI[

triangle-based
[�5*PA2Wu86N>J2HD;B(xW3�2H@RT �hGI2HDy>=OQ<

Flum, Frick, Grohe
78>=2W<yB(xW3�FH@R4 �hGI2!SH2HD

BW<?>RT*3"4 B;5*B(>JBWV8>A\WV�[J4 X�D(SH2RxI2(3"T �A[J4H>A@RT 38OQ<AB;5*B(>JBWV8>A\WV�[�OQ<�V8>JB!PA�W2!SH@? #>JBNwH6WGIB(>JB87HPAU(xIBWPA6
D(SH2(xI2R3"T �A[J4*>=BvV��W<A2RxIB8�

pot states triangles(Aϕ, n)
7
succ states triangles(Aϕ, n)

/

) ��ad+8gh+��#� ��j�ed'�
 � D(SH2RxI2(3"4 V�GIFHX¡PRT <A[�>JBI4(BW<AB(xID(>R4 5*\¢V8>J2W<¢��T <AB(5*B�Z�� V�[�x�/p�H� ��/#L�[�OQ@A2H� }GI[¢FW>R4H>J2!BWD(>AFHGIB(>J2;PRT <A[�>JBI4HOQX�V��W<A2(xIB
γ start states

7
γ states triangles

7
γ add colorsq

7
γ add colorsq,q1,q2

/���@AUWV"4 GI2ISH2*4 2H�WGI[&>JB
γ start states

7
γ states triangles

V8>JBtPADWF¢SH@? #>JB
wH6WGIB(>JB87A[=<? �GI[#>JB

γ add colorsq
7
γ add colorsq,q1,q2

D(SH2(xI2R3"T �A2W<?>JBI4?\WGI[=V�Bt>JBEBW<?>RT V8>=2*4 u8B
V��W<A2(xIB

Add Colorsq,q1,q2(n)
7
n ∈ T
/

� ��� ��� ��� � � � ��� ����� CE<A\(xI2(3�BNGI[¢SHBW@AB(SH\W<?Ot7ISHBW@AB(>AUW@A2H�WGI[tF(>R482*48D(SH2(xI2R3"4 V�GI2*TI>=OQ<�S*4 �hB }<? Q<!5*BI4d[�S*4 >ADWu8UWGI:=<?OQ<;5*B(>=BWV8>A\WV�[�OQ<
� PA�W2]SH@? #>JBvwH6WGIB(>JB!>=OQ<
Flum, Frick, Grohe

�EPA[=<
[�SHUW@A[=\W�A2W<?>JBI4&B(SHF�>JB
D(SH2I5*[JT GI[=<AB±[�SH4 SH@AFHV8�h[�>=B
u8@? QGWB(>JB
>=OQ<]BW<?>RT V8>=2*4 u*OQ<]GI[�>=BRwH\WV�[�OQ<I/
9;U(xIBWPA6±>=B�BW<?>RT V8>J2*4 u8B�PA�W2�SH@? #>=B±wH6WGIB(>JB
GWSH2H@A2H�W<
<AB
SH@AB(3�GIB(>J2ISH2*4 UA�h2H�W<
:=u82W<?>=BWXvOQX
PA[=PA2HGI:=<AB!B(SIxI\N>JB;>A@RT 38OQ<AB!5*B(>JBWV8>A\WV�[�OQ<�>=2*D!BWD(>=2HGI\(>J2HD8/

◊

� CbMJe T 2X6 c7> C�� � ��� � � 4 B]>J2��EBW@A\WPA[J4 3�GIB±K8/ � � V�[�x�/�KI. ��PRT <A2W<?>JBI4&>JB±>A@RT 38OQ<AB
5*B(>JBWV8>A\WV�[�OQ<SH2HD D(SH2(xI2(3"T �A2W<?>JBI4¢5*B(>A\ >JB PA�W2zSH@? #>JB wH6WGIB(>JB8/��£SH@? #>AU 3�@ABWGIGI6zBW<?>R4 V8>J2*4 u8[JT�V8>JB
pot states triangles(n1)

� F(xIB �¢5*BI4
succ states triangles(n1)

� BWD(>A\
SH2HD]PA[=<�:=u82HDW<�PR4 B }3�@ABW©"[JT �"5*BI4?BW<A\(xI2R3�B�UtPA[=�(>A[=@AU�V8>JB
pot states triangles(n2)

5*BI4
succ states triangles(n2)

/

qa

qa qw

qa

qw qw

qb

qw qw

qf

qw qf

qf

qf qw

qf

qf qf

qa

qw qw

qw

qw qw

qf

qw qf

qf

qf qw

qf

qf qf

|�UWGI[J4  Q<A2HDWGI[!F(>R4p>=B
>A@RT B
>A[�xI[=D(>JBIT B]>A@RT 38OQ<AB
5*\R�h[!3�@ABWGIGI6WXvPA[=<±[JT <ABI4pu8@A6WV"4 GIB
>A@RT 38OQ<AB
>J2HD!BWD(>=2HGI\(>J2HD8/

�

-�
 � 
 - )
�&j�,RkW�8f��"��,W� '!,W)*ed'v$&edjdfd+�����i
transition-based

,R$&q*+"o&�lkW+�����g"��+dc8n & mj&+#�lkW��)
Flum, Frick, Grohe� � &¡�")*%('�$&�h��,Ra&� k��"o&idj�%()*,('�j&,(kW�8f��"��,W� '���,�%()*�")]$&edjdfd+�
 |�[¢SIxI6W@AU�BW<AB(xI2(3"T ByGI[t>JB

S*4 �hBW<A\E5*BI4([�S*4 >ADWu8UWGI:=<AB¢>A@RT 38OQ<ABE5*B(>JBWV8>A\WV�[�OQ<t[=<AFHX¡5*FHG(wH2HD87(2*4RS*4 �hBW<A:=XQ5*BI4([�S*4 >ADWu8UWGI:=<A[=X

�W�
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Triangle-based
,R$&q*+�o&�bkW+��­��g"��+dc8n &¡j�+��¬kW��)

Flum, Frick, Grohe



�N�dj��b��
 ¤�[E5*B(>A[=�R�hDW<AV�U;B(SHFv>JB!©"�(xWxIBNSH@AFHX�>AU!@RT �AB8�

} BW<N2 n [JT <ABI4�©"�(xWxI2"� pot states triangles(n) = c(n) start states.

} BW<N2 n [JT <ABI4�[=V8O#>A[=@R4 5*FHX�5*FHG(wH2HX�>I/ Ot/ si(n) = ni
7
i = 1, 2

�

pot states triangles(n) = {(q, q1, q2) ∈ c(n) states triangles |

q1 ∈ π1(pot states triangles(s1)),

q2 ∈ π1(pot states triangles(s2))}.

�%��� ��� � � � � ��� « �E>JBW<
π1(pot states triangles(rootT )) ∩ F = ∅

7"2]B(xW3�FH@R4 �hGI2HX�>A[=@ }GIB(>RT �A[J4 �
accept assign(Aϕ, T ) = ∅.

�N�dj��­� 
 ¤�[E5*B(>A[=�R�hDW<AV�U;B(SHFv>AU!@RT �AB;SH@A2HX�>=Bv©"�(xWxIB8�

} BW< r [JT <ABI48U!@RT �AB!>=2HD!PA:=<?>A@A2HD T �

succ states triangles(r) = {t ∈ pot states triangles(r) |π1(t) ∈ F.}

} BW<N2 ni [JT <ABI48[=V8O#>A[=@R4 5*FHX�5*FHG(wH2HX�GI[�SHB(>A:=@AB n 58BI4 si(n) = ni
7
i = 1, 2

�

succ states triangles(ni) = {t ∈ pot states triangles(ni) |

π1(t) ∈ πi+1(succ states triangles(n))}.

�N�dj��¬-�
 ¤�[E5*B(>A[=�R�hDW<AV�U;B(SHFv>JB!©"�(xWxIBNSH@A2HX�>AU!@RT �AB8�

} BW<N2 n [JT <ABI4�©"�(xWxI2!5*BI4 q ∈ succ states triangles(n)
�

accept assign(n, q) = {assign(n, ε) | ε ∈ c(n) add colorsq}.

} BW<]2 n [JT <ABI4p[=V8O#>A[=@R4 5*FHX!5*FHG(wH2HX!>I/ Ot/ si(n) = ni
7
i = 1, 2

5*BI4
(q, q1, q2) ∈

succ states triangles(n)
�

accept assign(n, (q, q1, q2)) = {A ∪A1 ∪A2 |A ∈ Assignsq,q1,q2(n),

A1 ∈ accept assign(n1, q1),

A2 ∈ accept assign(n2, q2)}.

��T <ABI4
Assignsq,q1,q2(n) = {assign(n, ε) | ε ∈ c(n) add colorsq,q1,q2(n)}

/

��T <AB(5*BWXyZH�#�
states triangle-based

[�5*PA2Wu86;>J2HD!B(xW3�2H@RT �hGI2HDN>=OQ<
Flum, Frick, Grohe

/

�H�
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GI[�>JBRwH\WV�[J4 X�V�[�5*\R�h[E5*FHG(wH2v2H@RT �A2I<?>=BI4 �

pot transitions(Aϕ, n) = {(q, q1, q2, ε) | ∃B ∈ (Pow(T ))k
>I/#Ot/

q = ρ
B

(n), q1 = ρ
B

(n1), q2 = ρ
B

(n2),

ε = c
B

(n)},

succ transitions(Aϕ, n) = {(q, q1, q2, ε) | ∃B ∈ (Pow(T ))k
>I/#Ot/

ρ
B
∈ succ runs(Aϕ, T ),

q = ρ
B

(n), q1 = ρ
B

(n1), q2 = ρ
B

(n2),

ε = c
B

(n)},
FISH2HDy2

n
�h[�OQ@A[JT >JBI4*[=V8O#>A[=@R4 5*FHX¢5*FHG(wH2HX¢GI[

si(n) = ni
7
i = 1, 2

/#CE<A\(xI2(3�ByF(>JBW<�2
n
[JT <ABI4

©"�(xWxI2"7�2*4
pot transitions(Aϕ, n)

5*BI4
succ transitions(Aϕ, n)

B(SH2(>A[�xI2H�W<?>=BI4�B(SHF
�A[=D(3�\ }@R4 B
(q, ε)
GI[E>AUW<ySH@A2H©"BW<A6!V�UWGIBWV"T B8/

Transition-based
,R$&q*+"o&� kI+�� ��g"��+dc8n &¡j�+��®kI��)

Flum, Frick, Grohe

 ��<A2HGI\ }�A2HDWGI[

transition-based
[�5*PA2(u86�>=2HD�B(xW3�2H@RT �hGI2HDE>�OQ<

Flum, Frick, Grohe
7(>J2W<¢B(xW3�FH@R4 �hGI2

SH2HDyBW<?>RTH3"4 B�5*B(>JBWV8>A\WV�[J4 XtD(SH2RxI2(3"T �A[J4IGI[�>JBRwH\WV�[J4 X¢V8>=BNPA�W2;SH@? #>JB�wH6WGIB(>JB87IPAU(xIBWPA6�D(SH2(xI2 }3"T �A[J4h>JB]V��W<A2RxIB8�
pot transitions(Aϕ, n)

7
succ transitions(Aϕ, n)

/;� D(SH2(xI2(3"4 V"GWF*X�>�OQ<
accept assign(Aϕ, Tn)

� wH6WGIBNK �#3"T <A[�>=BI4*GI[¢5*B(>A\(xWxWU(xWUyV��W<J�h[=V�Uy>=OQ<�[�S*4 >ADWu8UWGI:=<?OQ<�GI[�>JB }wH\WV�[�OQ<I/

) ��ad+8gh+��#� ��j�ed'�
 L�[�OQ@A2H�WGI[p>=2EPR4 B(>R[�>=B(3�GI:=<A2¢u8@?OQGIB(>R4 V�GI:=<A2�PA:=<?>A@A2
T = ((T, s1, s2), c)

/
��4R[�5*©"@A\WV�[J4 XQ3"4 B¢>J2W<tD(SH2(xI2R3"4 V�GIFE>=OQ<�SHBW@AB(SH\W<?O�V�DW<AF(xWO#<tPRT <A2W<?>=BI4(BW<AB(xID(>R4 5H\¢V8>J2W<t��T <AB }5*Bt^�� V�[�x�/��*Z ��/�L�[�OQ@A2H�WGI[#F(>R4?>=2�BWD(>AFHGIB(>J2EPRT <A[�>JBI4JOQXQV"�W<A2RxIBtGI[�>JBRwH\WV�[�OQ<

γ start trans}
itions
5*BI4

γ transitions
/

� ��� ��� ��� � � � ��� ��� � �YSIxIUW@A2H©"2H@RT Bv3"4 B�>JB
V��W<A2(xIB�GI[�>JBRwH\WV�[�OQ<;GWSH2H@A[JTd<AB]BW<AB(SHBW@ABWV8>JB }�h[JT 7QBW<?>RT�OQX
SIxI[J4 \WPA[=X
(q, q1, q2, ε1) . . . (q, q1, q2, εl)

7QGI:=V8OYBW<?>R4 V8>=284 u�T V�[�OQ<]>AUWX
GI2H@A©"6WX
(q, q1, q2) 7→ {ε1, . . . , εl}

� 5*BI4?BW<A\(xI2(3�B¡3"4 B�>R4 X
(q, ε)

��/#L�[�OQ@A2H�WGI[pFW>R4
pot add colors(n, (q,

q1, q2)) = {ε | (q, q1, q2, ε) ∈ pot transitions(n)}
/¡|�UWGI[J4  Q<A2HDWGI[¢F(>R48UNSH@A2WwH2(xI6yV8>R4 XE>A@A[JT X

SH@? #>A[=X�V�DW<?>A[�>=B(3�GI:=<A[=X±>=OQ<¬V�u8:=V�[�OQ<
pot transitions(n)

5*BI4
succ transitions(n)

[JT <ABI4
>JB

pot triangles(n)
5*BI4

succ triangles(n)
BW<?>RT V8>J2*4 u8B8/¡9;U(xIBWPA6N5*\R�h[

pot transitions(n)GWSH2H@A[JTH<ABy[J4 P?O��h[JTIOQX
(pot add colors(n, (q, q1, q2)))(q,q1,q2)∈pot triangles(n)

� 58BI4IBW<A\(xI2(3�B
3"4 B
>R4 X�[�S*4 >ADWu8UWGI:=<A[=X!GI[�>JBRwH\WV�[J4 X
��/�9!4 BI4 V*�hU(>R4 5*\87pGI[v>JB�V��W<A2RxIB�BWD(>A\±SH@AB(3�GIB(>J2ISH2*4 [JT >JBW4
:=<ABWX¢PR4 BWu*OQ@R4 V�GIFHX¢>J2HDNV�DW<AF(xI2HD�>=OQ<�[�S*4 SH@A2HV*�h[�>=OQ<�u8@?O#GI\(>=OQ<

{0, 1}k
V"[¢D(SH2HV��W<A2(xIB�SH2HD

u8BW@AB(5H>AUW@RT �A2W<?>JBI4dGI[N>AU
wH2H6R�h[J4 B�>A@R4 38 Q<?OQ<
5*B(>=BWV8>A\WV�[�OQ<I/ ��BI4d5*B(>A\]V�DW<A:�SH[J4 B]:=<ABWX!PR4 B }u*OQ@R4 V�GIFHX]>J2HD�V"DW<AFRxI2HD�>=OQ<
PR4 BW<ADWV�GI\(>=OQ<
BW<ABR�h:=V�[�OQ<±SH2HD�V�DW<A[J4 V�©":=@A[J4�5*\R�h[�5*FHG(wH2HX ^ �BW<A\(xI2(3�BNGI[�>JB;S*4 �hBW<A\;>A@RT 38OQ<AB;5*B(>JBWV8>A\WV�[�OQ<�>=OQ<N2ISH2*T OQ<y[JT <ABI48D(SH2I5*[JT GI[=<AB8/
CE<

succ assigns(n, (q, q1, q2)) = {assign(n, ε) | (q, q1, q2, ε) ∈ succ transitions(n)}
7

>AF(>A[]>=B
(succ assigns(n, (q, q1, q2)))(q,q1,q2)∈succ triangles(n)

B(SH2(>A[�xI2H�W<
PR4 BWu*OQ@R4 V�GIF�>=2HD
V�DW<AF(xI2HD�>=OQ<yPR4 BW<ADWV�GI\(>�OQ<�BW<ABR�h:=V�[�OQ<�SH2HDNV�DW<A[J4 V�©":=@A[J48:=<ABWX¢5*FHG(wH2HX

n
V8>R4 X�PA[�5H>A:=X�BW<AB }�h:=V�[J4 X�BW<A\(xI2R3�B87*GI[E>JB![�S*4 >ADWu8UWGI:=<ABy>A@RT 38OQ<AB!5*B(>=BWV8>A\WV�[�OQ<�>J2HD![=<�xIF(38Ob5*FHG(wH2HD8/#9;[=PA2 }GI:=<?OQ<�>=OQ<

succ assigns(n, (q, q1, q2))
7
n ∈ T

� >=B�2ISH2*T BEG(SH2H@A2*�W<�<ABED(SH2(xI2(3"4 V8>J2H�W<�V�[¡PA�W2
k ��CBm��5v mXxGrX}7s?m5o�m_mXxGmG�Z�U}7tU�=xd�?q?��}7�XxGt�v }7�`�UnGt�v��UxGm :Ru?sX�?q?|

n
t�w xGmbv�o�q }7rXxGq5zbq

{assign(n, ε) | ε ∈
{0, 1}k}

�

�I�
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Transition-based
,R$&q*+�o&�bkW+��­��g"��+dc8n &¡j�+��¬kW��)

Flum, Frick, Grohe



�N�dj��b��
 ¤�[E5*B(>A[=�R�hDW<AV�U;B(SHFv>JB!©"�(xWxIBNSH@AFHX�>AU!@RT �AB8�

} BW<N2 n [JT <ABI4�©"�(xWxI2"� pot transitions(n) = c(n) start transitions.

} BW<N2 n [JT <ABI4�[=V8O#>A[=@R4 5*FHX�5*FHG(wH2HX�>I/ Ot/ si(n) = ni
7
i = 1, 2

�

pot transitions(n) = {(q, q1, q2, ε) ∈ c(n) transitions |

q1 ∈ π1(pot transitions(s1)),

q2 ∈ π1(pot transitions(s2))}.

�%��� ��� � � � � ��� « �E>=BW<
π1(pot transitions(rootT ))∩F = ∅

7 2;B(xW38F*@R4 �hGI2HX�>A[=@AGIB(>RT �A[J4 �

accep assign(Aϕ, T ) = ∅.

�N�dj��­� 
 ¤�[E5*B(>A[=�R�hDW<AV�U;B(SHFv>AU!@RT �AB;SH@A2HX�>=Bv©"�(xWxIB8�

} BW< r [JT <ABI48U!@RT �AB!>=2HD!PA:=<?>A@A2HD T �

succ transitions(r) = {t ∈ pot transitions(r) |π1(t) ∈ F.}

} BW<N2 ni [JT <ABI48[=V8O#>A[=@R4 5*FHX�5*FHG(wH2HXE>I/ Ot/ si(n) = ni
7
i = 1, 2

�

succ transitions(ni) = {t ∈ pot transitions(ni) |

π1(t) ∈ πi+1(succ transitions(n))}.

�N�dj��¬-�
 ¤�[E5*B(>A[=�R�hDW<AV�U;B(SHFv>JB!©"�(xWxIBNSH@A2HX�>AU!@RT �AB8�

} BW<N2 n [JT <ABI4�©"�(xWxI2!5*BI4 (q, ε) ∈ succ transitions(n)
�

accept assign(n, q) = {assign(n, ε)}.

} BW<!2 n [JT <ABI4h[=V8O#>A[=@R4 5*FHXy5*FHG(wH2HXy>I/ Ot/ si(n) = ni
7
i = 1, 2

5*BI4
(q, q1, q2, ε) ∈

succ transitions(n)
�

accept assign(n, q) = {A ∪A
′
∪ assign(n, ε) |A ∈ accept assign(n1, q1),

A
′
∈ accept assign(n2, q2)}.

��T <AB(5*BWX�^8�#�
transition-based

[�5*PA2(u86;>J2HD!B(xW3�2H@RT �hGI2HD;>�OQ<
Flum, Frick, Grohe

/

�*Z
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SH[=@A\WV�GIB(>JB¢[=<?>A[�xW QX�BW<A\(xI2R3�B¢GI[Q>J2W<�>A@AFISH2�SH2HDED(SH2(xI2R3"T �A2W<?>JBI4A2*4
succ transitions(n)

7
n ∈

T
��782*48SH[=@R4 2H@R4 V�GI2*T8BW<ABR�h:=V�[�OQ<

accept assign(n, (q, q1, q2))
GWSH2H@A2H�W<�<AB;D(SH2(xI2(3"4 V8>J2H�W<�V�[

:=<AB;>A@RT >=2�SH:=@ABWV�GIB;GI[�>AUNwH2H6R�h[J4 BN>AUWX
merge
�

accept assign(n, (q, q1, q2)) = merge(merge(succ assigns(n, (q, q1, q2)),

accept assign(n1, q1)),

accept assign(n2, q2)).

|�UWGI[J4  Q<A2HDWGI[�F(>R4#5*\R�h[�PA[�5H>A6lBW<A\R�h[=V�U�SH@A2I5*�(SI>A[J4�V�>AUW<
2HDWV"T B�B(SHFl>AUW<
[=©"BW@AGI2(3�6�GH4 BWX
B(5*2(xI2HDA�dT BWXNSH@A\��A[�OQ<

merge
V�DW<AF(xWOQ<

succ assigns(n, (q, q1, q2))
7
n ∈ T ^ �(/±L�DWGHT �A2HDWGI[F(>R4*UNV�UWGIBWV"T By>J2HDNPR4 BWuHOQ@R4 V�GI2H�NBW<A\(xI2(3�ByGI[t>JBy>A@RT 38OQ<ABy58B(>=BWV8>A\WV�[�OQ<

(q, q1, q2)
[JT <ABI4H>=2

3�[�3�2W<AFHXNF(>R4dBWD(>A\vSHBW@A:=u82HDW<;>AUW<;SIxIUW@A2H©"2H@RT Bv3"4 B�>AU
V8OQV8>A6]V�DW<A:=<?OQV�U�>=OQ<vBW<?>RT V8>=2*4 u*OQ<
V�DW<AF(xWOQ<
� PAU(xIBWPA6�V�>AUW<!2HDWV"T B�>AUW<;SIxIUW@A2H©"2H@RT Bv3"4 B�>J2±V"u*UWGIB(>R4 V�GIF]>=OQ<v[�5H>A[�xI:=V�[�OQ<;>J2HD
BWD(>J2HGI\(>=2HD ��/

◊

� ��� ��� ��� � � � ��� ��� � ��D(SH2(xI2R3"4 V�GIFHX�>�OQ<N5*B(>JBWV8>A\WV�[�OQ<yV�[�BW<?>RT �h[=V�UvGI[�>J2W<ND(SH2(xI2R3"4 V�GIF
>=OQ<¢GI[�>=BRwH\WV�[�OQ<I7(B(SH2(>A[�xI[JTA>AUW<t[�xI\Wu�4 V�>AUtSIxIUW@A2H©"2*@RT Bt3"4 BE>AUW<¢PR4 \(5*@R4 V�U�GI[�>=B��A��PA[�5H>? Q<t5*BI4
GIU�PA[�5H>? Q<!BW<ABR�h:=V�[�OQ<I/¢¤�[�>J2W<;D(SH2(xI2(3"4 V�GIF�>=OQ<;S*4 �dBW<? #<!GI[�>=BRwH\WV"[�O#<;V8>J2
SH@? #>J2�wH6WGIB
5*@AB(>A\WGI[EV8>AUW<y2HDWV"T BN>AUW<�SIxIUW@A2H©"2H@RT BN3"4 B;F(xI[=XE>R4 XES*4 �hBW<A:=X�[�5H>A[�xI:=V�[J4 X(/ps¢4 X�SH[=@R4 V�V"F(>A[=@A[=X
B(SHFyBWD(>A:=XtPA[¡�hB�>R4 X¢u8@AUWV"4 GI2ISH2*4 6WV�2HDWGI[¡V8>AUyV�DW<A:=u8[J4 B8/�9!4 BI4 V*�hU(>R4 5*\�BWD(>AF�SH2HD�5*[=@APRT �A2HDWGI[
B(SHFl>=2W<
D(SH2(xI2(3"4 V�GIFl>�OQ<�[�S*4 >ADWu8UWGI:=<?OQ<±GI[�>JBRwH\WV�[�OQ<±[JT <ABI4#F(>R4#GI[�>A\�>=2¬SH@? #>J2lwH6WGWB�PA[
u8@A[J4 \W�A[�>JBI4�<AB�BW<AB(>A@A: �A2HDWGI[!V8>=2¬BWD(>AFHGIB(>=2 �ABW<A\ � 5*BI4�<AB�D(SH2RxI2(3"T V�2HD(GI[;[�5¬<A:=2HD±>R4 X�GI[ }>JBRwH\WV�[J4 X�SH2HD]:=u82HDWGI[y6WPAUv�h[�OQ@A6WV�[J4&V8>=B]PA�W2±SH@A2HU(3�2H�WGI[=<AB!wH6WGIB(>JB ��/���:´wHBI4 B�V�UWGIBW<?>R4 5*F
GI[J4 2I<A:�5H>AUWGIB±[JT <ABI4�>J2�GI[�3�\(xI2�GI:�3�[´�h2HX!>=OQ<±V�u8:=V�[�OQ<
SH2HD
D(SH2RxI2(3"T �A2HDWGI[y5*\R�d[!©"2H@A\8/±�
V��(385*@R4 V�Uy>=OQ<�PR4 \W©"2H@?OQ<�SHBW@AB(xWxIBR38 Q<E�hB;P?O��h[JT8BW<AB(xID(>R4 5*F(>A[�@AB�5*B(>A\y>AU;GI[�>A\W©"@ABWV�6y>J2HDWX
V8>AU!V�u8:=V"4 B(5*6!\(xW3�[´wH@AB;V8>AUW<��¡<AFW>AU(>=B!K8/ ^8/

◊

�
��� ( �',�"/� &W$�
 ���., &+)+"%,
-.&�"/�
Aϕ


�"/�W �
$�� 

-.,  %���_ &+)+"/�
- ��" �_ �

! ��� &����!$%��)	
�
�� �'&W$%&�" �
$/��
�
�� � �.&���-�� & ��� &����
$ 
O"������ ��� &�"�� ����
��
"/��) &W$�
 ���.� � �'$%�����+�
-.&�"/���

� [�584 <? Q<?>JBWX�B(SHF�>J2�PA[=PA2HGI:=<A2
bottom-up

<?>A[�>A[=@AGH4 <R4 V8>R4 5*F
Γk } BWD(>AFHGIB(>J2 Aϕ 7(2H@RT �A2HDWGI[¡PR4 B }©"2H@A[�>R4 5*\
BWD(>AFHGIB(>JBvSH2HD�SH[=@R4 :=u82HDW<![JT >A[NFRxIU�>AUW<!SIxIUW@A2H©"2H@RT B�>=2HD

Aϕ
[JT >A[�5*\(SH2*4 2
>AGI6WGIB

>AUWX(/¡|�u82(xH4 \W�A2HDWGI[t>RU!V�u8:=V�U;>=OQ<NBWD(>J2HGI\(>�OQ<yBWD(>? Q<�5*BI4�[ �A[�>A\W�A2HDWGI[EPR4 BW©"2H@A[�>R4 5*:=X�PR4 B(>AD }SI QV�[J4 X�>J2HD!BW@Au�4 5*2H�NSH@A2WwIxI6WGIB(>=2HXE5*BI4�B(xWxI\y5*BI48>=OQ<NB(xW3�2H@RT �dG(OQ<N[�S*T xIDWV�6WX¢>J2HD8/

-�
 ��
 � � �"+b� ��+dq��")*�"j��
bottom-up Γm �%��k*edj���kW�

_N+
bottom-up

)Hk*,Rk*,(c*jp� )8� �pk8� $&e
Γ
�%��k*edj���kW+

Bϕ

 L�[�OQ@A2H�WGI[�>J2!PA[=PA2HGI:=<A2

bottom-
up
<?>A[�>A[=@AGH4 <R4 V8>R4 5*F

Γk }
BWD(>AFHGIB(>J2

Aϕ = (QA,∆A, δA, FA)
/QL�DWGHT �A2HDWGI[�F(>R4W>J2

Aϕ
PA:=u8[�>JBI4

>JB
Γk } PA:=<?>A@AB�SH2HDb[JT <ABI4 ϕ} [�SH[�5H>A\WV�[J4 X
5*\(SH2*4 2HD Γ } PA:=<?>A@A2HD8/ ��@RT �A2HDWGI[
:=<AB bottom-upk ��� �%�?�=|O�Zm%�Gq?rXs?t!}]o�pbx � xGu5o�pXo�m 	R� �R� 	 9 mX�5o�{%p%m�:Rq5zbq?�G�Dw m%�?n��.@GtU�=x merge mXx�o5v }]o�qRv ~]t�wX}7t=sRv mBm�:Rq5zbq?�G�Dw m}7�XxGtUx�==}7tU�=x �

joins

/mXx�oXw }]o�qRv ~]�=x�}7~]�U}7tU�=x�s?tNo�mG�1�X}7tU�=xb�

�I^
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<?>A[�>A[=@AGH4 <R4 V8>R4 5*F
Γ
BWD(>AFHGIB(>=2

Bϕ = (QB,∆B, δB, FB)
OQX�[ �A6WX(�

QB = Pow(QA),

∆B(γ) = {∆A((γ, ε)) | ε ∈ {0, 1}k},

δB(Q1, Q2, γ) = {δA(q1, q2, (γ, ε)) | q1 ∈ Q1, q2 ∈ Q2, ε ∈ {0, 1}
k},

FB = {S ∈ QB |S ∩ FA 6= ∅}.

st2
Bϕ
PA:=u8[�>JBI48>=B

Γ} PA:=<?>A@AB!SH2HD;:=u82HDW<�>J2HD(xI\Wu�4 V8>=2W<yGH4 B ϕ} [�SH:�5H>JBWV�U8/
� ��� ��� ��� � � � ��� �
��� �EBW@AB(>AUW@A2H�WGI[yF(>R4&U
>R4 GI6
>AUWX;[�5H>A:�xI[=V�UWX�>J2HD

Bϕ
V�[N5*\R�h[y5*FHG(wH2

n[=<AFHX
Γ } PA:=<?>A@A2HDlBW<?>R4 V8>J2*4 u8[JTQV8>R4 X]S*4 �hBW<A:=X
5*B(>JBWV8>A\WV�[J4 X
>J2HD Aϕ

V8>=2I<
n
V�[]F(xI[=X
>R4 X

k }[�SH[�5H>A\WV�[J4 X�>J2HD
Γ} PA:=<?>A@A2HD8/�9;U(xIBWPA6�U
[�5H>A:�xI[=V�U!>J2HD Bϕ

7hSH@A2HV�2HGI2*4  Q<A[J4">J2]SH@? #>J2
wH6WGIB
>J2HD!B(xW3�2H@RT �hGI2HDN>=OQ<

Flum, Frick, Grohe
/

◊

� ��� ��� ��� � � � ��� ����� �E@AFI5*[J4 >=BI4t3"4 Bb>=2 BWD(>AFHGIB(>J2®SH2HDbBW<AB(3�<?OQ@RT �A[J4t>AUW<¬5HxI\WV�U�>=OQ<
Γ }PA:=<?>A@?OQ<ySH2HD![JT <ABI4�[JT <ABI4�2H@RT V"4 GIU!B(SHF!>AUW<ySH@AF(>JBWV�U

φ = ∃Xϕ(X)
/

◊

_N+
bottom-up

jdi�)Hk*,Rk*,(c*jp� )8� �pk8� $&e
Γ
�%��k*edj���kW+

Cϕ

 L�[�OQ@A2H�WGI[l>=2 PA[=PA2HGI:=<A2

bottom-up
<?>A[�>A[=@AGH4 <R4 V8>R4 5*F

Γk
BWD(>AFHGIB(>=2

Aϕ = (QA,∆A, δA, FA)
/
st2

bottom-up
GIU

<?>A[�>A[=@AGH4 <R4 V8>R4 5*F
Γ
BWD(>AFHGIB(>=2

Cϕ = (QC,∆C, δC, FC)
2*@RT �A[�>=BI48OQX�[ �A6WX(�

QC = QA,

∆C = {(γ, q) | ∃ε ∈ {0, 1}k
>I/ Ot/

∆A((γ, ε)) = q},

δC = {(q1, q2, γ, q) | ∃ε ∈ {0, 1}
k >I/ Ot/ δA(q1, q2, (γ, ε)) = q},

FC = FA.

st2
Cϕ
PA:=u8[�>=BI4*>JB

Γ } PA:=<?>A@ABNSH2HDN:=u82HDW<�>J2HD(xI\Wu�4 V8>J2W<�GH4 B ϕ} [�SH:�5H>JBWV�U8/ ��\R�h[E[�S*4 >ADWu8U }GI:=<AU![�5H>A:�xI[=V�6N>J2HD!BW<?>R4 V�>=2*4 u8[JT�V�[E5*\(SH2*4 B;[�S*4 >ADWu8UWGI:=<AU;[�5H>A:�xI[=V�UN>J2HD
Aϕ
/

� ��� ��� ��� � � � ��� � � � st2
Bϕ

[JT <ABI4Q>=2®4 V�2HPA�W<ABWGI2
bottom-up

<?>A[�>A[=@AGH4 <R4 V8>R4 5*F�BWD(>AFHGIB(>J2
>J2HD

bottom-up
GIU!<?>A[�>A[=@AGH4 <R4 V8>R4 5*2H�!BWD(>J2HGI\(>=2HD

Cϕ
/

◊

-�
 ��
 � 0 ��)*�
bottom-up

jdi )Hk*,(k*,(c*jp� )8� �pk8� $&e
Γ m �%��k*edj���kW+ ad+�� �����p$&,()Hk*c���)*,W�e8g�i�kIid)yahg�idc*+��Q+dc8n �!kW+��

Aϕ
��)*%(�vq8� ��k���ad����ivkW+��v�"c*o�� $&+ �vadc*+"fhg��dj���kW+d'

_N+
bottom-up

jdi�)Hk*,Rk*,(c*jp� )8� �pk8� $&e
Γ m �%��k*edj���kW+ Dϕ


 L�[�OQ@A2H�WGI[l>=2 PA[=PA2HGI:=<A2
bottom-up

<?>A[�>A[=@AGH4 <R4 V8>R4 5*F
Γk
BWD(>AFHGIB(>=2

Aϕ = (QA,∆A, δA, FA)
/
st2

bottom-up
GIU

<?>A[�>A[=@AGH4 <R4 V8>R4 5*F
Γ } BWD(>AFHGIB(>J2 Dϕ = (QD,∆D, δD, FD)

2H@RT �A[�>=BI48OQX�[ �A6WX(�

QD = QA × {0, 1}k,

∆D = {(γ, (q, ε)) |∆A((γ, ε)) = q},

δD = {((q1, ε1), (q2, ε2), γ, (q, ε)) | δ
A(q1, q2, γ, ε) = q, ε1, ε2 ∈ {0, 1}

k},

FD = FA × {0, 1}k.

�I�
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����k*edj���kW+ � %(op,RkW�h�

Aϕ

bottom-up<?>A[�>I/
Γk }
BWD(>AFHGIB(>=2

Γk }
PA:=<?>A@AB�SH2HDl[JT <ABI4

ϕ }[�SH[�5H>A\WV�[J4 Xb5*\(SH2*4 2HD
Γ }PA:=<?>A@A2HD

Bϕ

bottom-up<?>A[�>I/
Γ} BWD(>AFHGIB(>J2

Γ} PA:=<?>A@AB 3"4 B >JB 2ISH2*T BD(SH\W@Au8[J4
ϕ} [�SH:�5H>JBWV�U

Cϕ

bottom-upGIU!<?>A[�>I/
Γ} BWD(>AFHGIB(>J2

Γ} PA:=<?>A@AB 3"4 B >JB 2ISH2*T BD(SH\W@Au8[J4
ϕ} [�SH:�5H>JBWV�U

Dϕ

bottom-upGIU!<?>A[�>I/
Γ} BWD(>AFHGIB(>J2

Γ} PA:=<?>A@AB 3"4 B >JB 2ISH2*T BD(SH\W@Au8[J4
ϕ} [�SH:�5H>JBWV�U

��T <AB(5*BWX��8�#stB!BWD(>AFHGIB(>JB
Aϕ
7
Bϕ
7
Cϕ
7
Dϕ
/

� ��� ��� ��� � � � ��� �
��� 9;[=PA2HGI:=<A2HDy[=<AFHX
Γ} PA:=<?>A@A2HD T 7H5*\R�h[t[�S*4 >ADWu8UWGI:=<AU�[�5H>A:�xI[=V�U�>=2HDyBWD }>J2HGI\(>=2HD

Dϕ

V8>J2
T

� D(SH2RxI2(3"T �A[J4 	 GH4 B±BW<A\R�h[=V�U±SH2HD
4 5*BW<A2ISH2*4 [JTd>J2W<
>A�(SH2 ϕ V8>J2 T /±��4 2V�D(385*[�5*@R4 GI:=<AB87��h[�OQ@A2H�WGI[
F(>R4�U
%
[JT <ABI4�GH4 B­[�S*4 >ADWu8UWGI:=<AU¬[�5H>A:�xI[=V�U¬>J2HD

Dϕ
/ |�[±5*\R�h[

5*FHG(wH2
n ∈ T
7Q[JT <ABI4

%(n) = (%0(n), %1(n), . . . , %k(n))
/b��@RT �A2HDWGI[!>JB�V��W<A2(xIB

Bi ⊆ T
7

i = 1, . . . , k
7�OQX
[ �A6WX(�

Bi = {n ∈ T | %i(n) = 1}
/ ��BW<A\R�h[=V�U

B = (B1, . . . , Bk)
7

4 5*BW<A2ISH2*4 [JTH>J2W<
ϕ
V8>J2
T
/Q9;U(xIBWPA6

sat assign(ϕ, T ) = {(B1, . . . , Bk) | ∃
[�S*4 >ADWu8UWGI:=<AU;[�5H>A:�xI[=V�U

%
>I/#Ot/

Bi = {n ∈ T | %i(n) = 1}, i = 1, . . . , k}.

|�UWGI[J4  Q<A2HDWGI[
F(>R4Q3"4 Bl>AUW<
SH[=@RT SI>=OQV�U
MSO} >A�(SIOQ<�GI[]GIFI<A2�GHT B¬[�xI[=�R�h[=@AU�GI[�>JBRwIxIU(>A6�U2ISH2*T B]BW<?>R4 V8>=2*4 u8[JT�V�[;GI2W<A2HV��W<A2(xI2 � PAU(xIBWPA6]2�BW@Au�4 5*FHX!GIBWX;>A�(SH2HX;[JT u8[;GH4 B]SH@?O#>J2WwH\R�hGH4 B

GI[�>JBRwIxIUR>A6 �#�hB![JT <ABI4

sat assign(ϕ, T ) = {n | ∃
[�S*4 >ADWu8UWGI:=<AU;[�5H>A:�xI[=V�U

%
>I/#Ot/

%1(n) = 1}.

L�B�BWV�u82(xIUR�h2H�WGI[�[J4 PR4 58F(>A[=@AB�GI[�>AUW<ESH[=@RT SI>=OQV�U�B(SH2(>RT GIUWV�UWX
MSO} >A�(SIOQ< ϕ(x)

V8>AUW<E�¡<AF }>AU(>JBN�vFHSI2*D;2H@RT �A[�>JBI48U!:=<A<A2*4 B;>AUWX�GI2W<A2*GW[�xI2*�WX�[=@? #>AUWV�UWX(/
◊

�
��� � � 
�� �'$%��
�
O��� 
 
�
�� � � 
��W"�� 
�"/�	�'��
 ��
���� ��� & "/� �'$%,���� �
-.& "/��)
) �'� ������� 

-.� � " �_ 

Aϕ �
� 
O�
"��_ &W %& � ��
�
��_ 

L�DWGHT �A2HDWGI[�F(>R4d>=2±SH@AFWwIxIUWGI\�GIBWXN[JT <ABI4d2±SH@A2HV�PR4 2H@R4 V�GIFHXN>�OQ<
Aϕ }
PA[�5H>? Q<vBW<ABR�h:=V�[�OQ<!3"4 B

>J2­PA[=PA2HGI:=<A2�PA:=<?>A@A2
T
/ ��4

Aϕ } PA[�5H>A:=X
BW<ABR�h:=V�[J4 X][JT <ABI4Q2*4QD(SH2I5*[JT GI[=<A[=X
BW<ABR�h:=V�[J4 X
>=OQ<[�S*4 >RDWu*UWGI:=<?OQ<][�5H>A[�xI:=V�[�OQ<
>J2HD
Aϕ
V8>R4 X�[�SH[�5H>A\WV�[J4 X!>J2HD

T
/ ��2*4 <AFlV�UWGI[JT 2l[=<AFHX
B(SH2(>A[ }xI[=V�GIB(>R4 5*2H�!D(SH2(xI2(3"4 V�GI2H�v[JT <ABI4h2
SH[=@R4 2H@R4 V�GIFHX�>J2HD�D(SH2RxI2(3"4 V�GI2H�!BW<ABR�h:=V8OQ<;SH2HDvPA[=<![JT <ABI4

Aϕ } PA[�5H>A:=X(/�EBW@A2HDWV"4 \WV"BWGW[tBW<AB(xID(>R4 5*\�V�[tSH@A2HU(3�2H�WGI[=<AU�[=<AF(>AU(>JB�>J2W<�B(xW3�FH@R4 �dGW2;>�OQ<
Flum, Frick,

Grohe
3"4 B�>AUW<ED(xI2ISH2*T U(V�U�>AUWX�SHBW@AB(SH\W<?O¬4 PA:=BWX(/Q� B(xW3�FH@R4 �hGI2HXtBWD(>AFHX�SH@AB(3�GIB(>J2ISH2*4 [JTR>A@RT B

�(�
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SH[=@A\WV�GIB(>JB±V8>J2lPA[=PA2HGI:=<A2lPA:=<?>A@A2"�!:=<AB
top-down

5*BI4pPA�W2
bottom-up

/lL�B
[ �A[�>A\WV�2HDWGI[
V8>AUW<�[=<AF(>AU(>JB¢BWD(>A6t>AUW<�[=©"BW@AGI2(3�6t>AUWX�4 PA:=BWX#>J2HD¢SH[=@R4 2H@R4 V�GI2H�t>=OQ<tBW<ABR�h:=V�[�OQ<�SH2HD¢PA[=<�[JT <ABI4
PA[�5H>A:=X(7�SH@AB(3�GIB(>J2ISH2*4  Q<?>=BWXvPA�W2�SH[=@A\WV�GIB(>JB
>=2HD�PA[=PA2HGI:=<A2HD�PA:=<?>A@A2*D�V�[�BW<?>RT �h[=V�U�GI[v>JB
>A@RT B;>AUWX�SH@A2HV�:�383"4 V�UWX

Flum, Frick, Grohe
/t|�UWGW[J4  Q<A2HDWGI[�FW>R4�V8>AUW<y�¡<AFW>AU(>=BvK8/ ^!PRT <A[�>JBI4 7

GI:=V8O [�5*©"@A\WV�[�OQ<!>AUWX;V�u8[=V"4 B(5*6WXN\(xW3�[´wH@ABWX(7hGHT B][�S*4 SIxI:=2W<;SH@A2HV�:�383"4 V�U
SH2HDvwHBWV"T �A[�>JBI4dV�[
:=<AB

pre-order
SH:=@ABWV�GIB;>=2*D!PA[=PA2HGI:=<A2HD;PA:=<?>A@A2*D8/

-�
 � 
 � � ad+8gh+8�#� ��j�ed'¬kI��)b,Ra&� k��"o&idj�%()*��)­$&��kI�"�pk��"��,(��)�$#��&¡,�$&edjdfd+�� ��,¬q��"+
f"�dj&��kI����%()*�

top-down
ad%(c*�"��j��¬$&�h�#j&,(k��l%W)*�

bottom-up �
��T PABWGI[�V�[�SH@A2HU(3�2H�WGI[=<AU�[=<AF(>AU(>JB�SI QX�2*4¢[�S*4 >ADWu8UWGI:=<A[=X
5*B(>JBWV8>A\WV�[J4 X
>�OQ<­5*FHG(wIOQ<l>J2HD
PA[=PA2HGI:=<A2HD�PA:=<?>A@A2HD�D(SH2(xI2R3"T �A2W<?>JBI4�V�[yPA�W2�wH6WGIB(>JB8�¡:=<AB�BW@Au�4 5*F
SH:=@ABWV�GIB�GI[�5*B(>A[=�R�hDW<AV�U
B(SHFE>=B¢©"�(xWxIBtSH@A2HX#>AU¢@RT �AB��

bottom-up
�d5*BI4A:=<AB¢PA[=�(>A[=@A2�GI[#5*B(>A[=�R�hDW<AV�UtB(SHF¢>AUE@RT �ABtSH@A2HX

>JB�©"�(xWxIB �
top-down

��/QL�DWGHT �A2HDWGI[QFW>R4R5*B(>A\E>=2�SH@? #>J2
bottom-up

SH:=@ABWV�GIB�D(SH2(xI2R3"T �A2W<?>JBI4
2*4?S*4 �hBW<A:=X�5*B(>JBWV8>A\WV�[J4 Xp5*\R�h[�5*FHG(wH2HD�5*BI4?5*B(>A\�>J2�PA[=�(>A[=@A2

top-down
B(SH2I5HxI[JT 2W<?>JBI4J[�5*[JT <A[=X

B(SHF!>R4 X�SH4 �hBW<A:=X�SH2HD;PA[=<N[JT <ABI48[�S*4 >ADWu8UWGI:=<A[=X(/
« �ESIOQX¡�hB�PA2H�WGI[�V8>AU�V�DW<A:=u8[J4 B�2*4W[�S*4 >ADWu8UWGI:=<A[=X¡5*B(>JBWV8>A\WV�[J4 X¡>=OQ<¢5*FHG(wIOQ<¢PA[=<EGWSH2H@A2H�W<

<AByD(SH2(xI2(3"4 V8>J2H�W<EV�[tPA�W2NwH6WGWB(>JB�BW<E>J2!BW@Au�4 5*FySH:=@ABWV�GIB�3"T <A[J4*GI[�5*B(>A[=�R�hDW<AV�U�B(SHFN>AUy@RT �AB
SH@A2HX�>JB!©"�(xWxIB �

top-down
��/

0 ��)*�
top-down

ad%(c*�"��j����y+&�
‘reachable’

$&��kW�"�pk��"��,W� '
,()*ed'
$&edjdfd+���
 L�[�OQ@A2H�WGI[
:=<AB

Γk } BWD(>AFHGIB(>J2 Aϕ = (Q, δ,∆, F )
5*BI4R:=<AB

Γ} PA:=<?>A@A2 T = ((T, s1, s2), c)
/Q��4

‘reachable’8DC P C ;!P e ; 2X6 I [=<AFHXE5*FHG(wH2HD n ∈ T [JT <ABI4*2*4*SH@A2HV�[�383"T V"4 GI[=XEB(SHF;>A[�xH4 5*6y5*B(>A\WV8>JBWV�UyV8>AU;@RT �AB5*B(>JBWV8>A\WV�[J4 X�5*BI4IGIBWXtSIxIUW@A2H©"2H@A2H�W<¢3"4 B�>J2NSH2*4 :=XtB(SHFN>R4 Xt5*B(>JBWV8>A\WV�[J4 X�>J2HD
Q
PA[=<�GWSH2H@A2H�W<

<AB¢[JT <ABI4A[�S*4 >RDWu*UWGI:=<A[=X�5*B(>JBWV8>A\WV�[J4 X�>J2HD
n
/#9;U(xIBWPA6�BW<�Ut5*B(>A\WV8>=BWV�U

q
PA[=<�[JT <ABI4

‘reachable’5*B(>A\WV8>JBWV�UN>=2HD
n
78>AF(>A[�V"T 3�2HDW@AB!U

q
PA[=<y[JT <ABI48[�S*4 >ADWu8UWGI:=<AU8/

} CE< r [JT <ABI4�U!@RT �AB;>J2HD Γ } PA:=<?>A@A2HD T 78>AF(>A[R� reach states(r) = F
/

} CE< n1
[JT <ABI4*>J2�BW@R4 V8>A[=@AFvSHBI4 PRT�[=<AFHX�5*FHG(wH2HD

n
[JT <ABI4 �

reach states(n1) = {q1 ∈ Q | ∃q2 ∈ Q, ε ∈ {0, 1}
k >I/#Ot/

δ(q1, q2, (c(n), ε)) ∈ reach states(n)}.

��GI2*T OQX�3"4 B!:=<AB;5*FHG(wH2
n2
SH2HD![JT <ABI48>=2
PA[ �RT8SHBI4 PRT�[=<AFHX�5*FHG(wH2HD

n
/

� ��� ��� ��� � � � ��� � ��� CE<¡5*\R�h[
bottom-up

GI[�>A\RwHBWV�U¡SH2HDtBW<?>R4 V8>=2*4 u8[JTJV8>AUW<�4 V�FW>AU(>=B
δ(q1, q2,

(γ, ε)) = q
[J4 P?O��h[JT�OQX�PA�W2

top-down
GI[�>=BRwH\WV�[J4 X;SH2HD±BW<?>R4 V8>=2*4 u82H�W<�V�>R4 X

δ1(γ, q) = q15*BI4
δ2(γ, q) = q2

7d>AF(>A[
reach states(ni) = {δi(c(n), q) | q ∈ reach states(n)}

7
i = 1, 2

/
◊

0 ��)*�
top-down

ad%(c*�"��j�����+&�ya&� &¡�")*%(' ,Ra&� k��"o&idj�%()*,(' $&��kW�"�pk��"��,W� ' ,()*ed' $&edj mfd+���
 ��<A2HGI\W�A2HDWGI[N>R4 X!58B(>=BWV8>A\WV�[J4 X;SH2HD
D(SI2(xI2(3"T �A2W<?>JBI4&GI[!>=2W<
>A@AFISH2�SH2HD
PRT <A2HDWGI[!V8>AU
V�DW<A:=u8[J4 B87dS*4 �hBW<A:=X;[�S*4 >ADWu8UWGI:=<A[=X�5*B(>JBWV8>A\WV�[J4 XN[=<AFHXN5*FHG(wH2HD8/NCE<�2

n
[JT <ABI4&©"�(xWxI2"7d2*4&S*4 }�hBW<A:=X]5*B(>JBWV8>A\WV�[J4 X
>J2HD

n
[JT <ABI4¡2*4

c(n) start states
/zL�DWGHT �A2HDWGI[
F(>R4

γ start states =
{q | ∃ε
>I/#Ot/

∆((γ, ε)) = q}
/¡9;U(xIBWPA68�

pot succ states(n) = reach states(n) ∩ c(n) start states.

�*0
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CE<N2
n
[JT <ABI4�[=V8O#>A[=@R4 5*F*X�5*FHG(wH2HX�GI[

si(n) = ni
7
i = 1, 2

2*485*B(>JBWV8>A\WV�[J4 XE>J2HD
n
D(SH2(xI2R3"T }�A2W<?>JBI4 �

pot succ states(n) = {q ∈ reach states(n) | ∃q1 ∈ pot succ states(n1),

q2 ∈ pot succ states(n2), ε ∈ {0, 1}
k >I/#Ot/

δ(q1, q2, (c(n), ε)) = q}.

� CbMJe T 2X6 c7> C�� � ������L�[�OQ@A2H�WGI[¢>J2�SHBW@AB(5*\(>�O®PA:=<?>A@A2 T 5*BI48>J2�BWD(>AFHGIB(>J2 Aψ
/

n1

n2 n3

��T <ABI4
reach states(n1) = {qa}

5*BI4
reach states(n2) = reach states(n3) = {qw, qa, qb}

/
�QS*T V�UWX

pot succ states(n2) = {qb}
5*BI4

pot succ states(n3) = {qw}
/��EBW@AB(>AUW@A2H�WGI[�F(>R4

pot succ states(n1) = ∅
/

�

� ��� ��� ��� � � � ��� � ��� CE<�3"4 B®5*\(SH2*4 2 5*FHG(wH2
n ∈ T

[JT <ABI4E[JT >A[
reach states(n) = ∅

6
pot succ states(n) = ∅

7*>AFW>A[
sat assign(ϕ, T ) = ∅

/
CE<

r
[JT <ABI4�U!@RT �AB;>J2HD!PA:=<?>A@A2HD87*>AFW>A[R�

succ states(r) = pot succ states(r).

◊

�
��� � 
O"/&���$ � 
�
�� � 
�" � 
 
 
�
�� &���� � �W��
 �
$%&
9!T <A2HDWGI[]>R4 X
GI[�>JBW©"@A\WV�[J4 X±V8>AU­V�u8[=V"4 B(5*6¬\(xW3�[´wH@AB�>=OQ<�SH@A2HV"[�3*3"T V�[�OQ<�SH2HD¬V�DW�AU(>A6WV�BWGI[
V8>AUW<!SH@A2HU(3�2H�WGI[=<AU�[=<AF(>AU(>JB8/y|�UWGI[J4  Q<A2HDWGI[yF(>R4d2*4&[�5*©"@A\WV�[J4 XN>AUWXN\(xW3�[´wH@ABWX�SH2HD
PRT <A2W<?>JBI4
PA[=<�D(SH2RxI2(3"T �A2HDW<¡B(5*@R4 wI QX#>R4 X

Aϕ } PA[�5H>A:=XQBW<ABR�h:=V�[J4 X
�
�
B(xWxI\�V�u8:=V�[J4 XQSH2HDtBW<?>R4 V8>J2*4 u82H�W<¡V8>R4 X

Aϕ } PA[�5H>A:=X�V�DW<ABW@?>A6WV�[J4 X¡[�S*4 SH@AFHV*�h[�>J2HDEu8@?OQGIB(>R4 V�GI2H� � 2*4(2ISH2*T [=X�B(SH2(>A[�xI2H�(<�5HOQPR4 5*2ISH2*4 UWGI: }<AUvBW<AB(SHBW@A\WV8>JBWV�UN>=OQ<
Aϕ }
PA[�5H>? Q<;BW<ABR�h:=V�[�OQ< ��/tL�DWGHT �A2HDWGI[�F(>R4 �

accept add col(Aϕ, T )
= {c

B
|
>J2

Aϕ
PA:=u8[�>JBI48>AUW<

(T ;B)}
/¡9;U(xIBWPA6N>=2�SH@AFWwIxIUWGIBNGIBWX�[JT <ABI4 �

} ��T V�2HPA2HX(� Γ } PA:=<?>A@A2 T 7 Γk } BWD(>AFHGIB(>J2 Aϕ
/

} �E@AFWwIxIUWGIB8�Q²ESH2(xI2(3"4 V�GIFHXE>=OQ< accept add col(Aϕ, T ).

« �ESIOQXN�hB
PA2H�WGI[;BW<AB(xID(>R4 5*\]V8>AU±V�DW<A:=u8[J4 B±2*4
accept add col(Aϕ, T )

7�D(SH2(xI2R3"T �A2W<?>JBI4
V8>AU
V�u8:=V�U

Accept Colors
/ ��\R�h[�3�@ABWGI6v>J2HDvS*T <AB(5*Bv>AUWX

Accept Colors
7hBW<?>R4 V8>J2*4 u8[JThV�[

���b��pbs?t�v ==xGq?�Xs?t
tN�Rw }]pb|.u5o5vOqRvJm5zX�7u?n5v �Zs?q?vO�?q?�
t�w �GmXs?t :RmbvJqRvJmXx�o5w }]o�qRv ~]qRv=�5�?q5zbq5�`v }7s?qRwOmX�`q?nGq?rX}7mXx o5v |
Aϕ y �Gt :?oG�U|.mXxGmG�Z�U}7t�v |5� � �%�?�=|'�U~]q?�Xs?t
{b��p
�?mXnGm5o�pbn�{b}`t�v :RmbvOt�w xGmbvOt$@��5zXzbq?���`�X}`v :Ru 9 q��5�?q5zbq5�`v }7s?u?|'o��=xmXx�o5w }]o�qRv ~]�=x

Aϕ y �Gt :?o�==x�}7�XxGmXn�o�{b}7t��=x+tN�Rv �?nGu?}R�ZtNo�qR��~]nG�=s?m5o5v }7s?q?rWt�w xGmbv?tUx�oGtNz ==|%mXx��5zbq5�7q?|5�/��o�pbx�}7�XxG� y~]t�v m��Zm'mXxGmX�`�UnGq?s?mX}]o5tW}7tW�UxGmXx�m5zb�7ubn5v �Zs?q�o�pb|W�?nGqbpX�7q?rXs?tUx�pb|�tUxGuXo�pXo�mX|�tUxGxGq1==x�o�mX|�o�pbx��?mXnGm5zXzbm5�7{.o�q?��?q?�
�5�?q5zbq5�`w �Gt�vZ}7�XxGmXn�o�{b}7t�v |WtN�Rv �?nGu?}R�ZtNo�q?�'~]nG�!sbmXo5v }7s?q?rR�
�W.



���
MSO � � � ����� 
���� � � ��� � ��
 ����� � 
 ��
��
	 ��
���� �

GHT B
Aϕ } PA[�5H>A6!V�DW<A\W@?>AUWV�U![�S*4 SH@AFHV*�h[�>=2HD;u8@?OQGIB(>R4 V�GI2H�8/

�!�"�#� $&%('v%()*)*+&� ,('vkI+��
��op,(�#� ��$&+ ��j�+")Hk*%Rgh+��
$&�h�hkI��)
��op,(�#� ��$	��)
�pgh����� ��)�
 �EB }@A2HDWV"4 \W�A2HDWGI[�wHBWV"4 5*:=XE:=<A<A2*4 [=XE>=OQ<yV�u8[=V"4 B(5H Q<�wH\WV�[�OQ<yPA[=PA2HGI:=<?OQ<�5*BI4H>AUWX�V�u8[=V"4 B(5*6WX�\(x }3�[´wH@ABWX! QV8>A[v<AB�[JT <ABI4�5*B(>JBW<A2HU(>A:=X!2*4p:=<A<A2*4 [=XvSI2*D
�hB�u8@AUWV"4 GI2ISH2*4 6WV�2HDWGI[;V8>AU�V�DW<A:=u8[J4 B8/
� 4 B;SH[=@R4 V�V�FW>A[=@A[=XExI[�SI>J2HGI:=@A[J4 [=XESHBW@AB(SH:=GWSH2HD(GI[EV8>=2 � .�� /|¡>J2�V�u8[=V"4 B(5*F
GI2W<?>A:�xI2"7d>JB]PA[=PA2HGI:=<AB]2H@?3�BW<? Q<A2W<?>JBI4&GI[N>AU�wH2H6R�h[J4 B ;7E
F5; 2 ��YA/
L�[�O }@A2H�WGI[
V��W<A2(xIB

D1, . . . , Dn

7¡>JB¬2ISH2*T B�2I<A2HGI\W�A2W<?>=BI4 K72 T a C±5*BI4#�h[�OQ@A2H�WGI[�>J2­5*BW@?>A[=V"4 BW<AF>J2HDWX
3"4 <AFHGI[=<A2
D = D1 × . . . × Dn

/ ¤�4 B ;7E
F5;!H SH2HDl2H@RT �A[�>JBI4QV8>JB D1, . . . , Dn
[JT <ABI4

2ISH2*4 2HPA6(SH2(>A[
D(SH2HV��W<A2RxI2
R
>J2HD

D
/ st2

n
2W<A2HGI\W�A[�>=BI4 @ CD[ > : I f arity g >AUWX
V�u8:=V�UWX R /� [=<R4 5*\!�h[�OQ@A2H�WGI[NF(>R4h>JB�SH[=PRT B
[JT <ABI4hSH[�SH[=@ABWV�GI:=<AB�V��W<A2(xIB�PA[=PA2HGI:=<?OQ<I/�stB]V8>=2*4 u8[JT B�>�OQ<

V�u8:=V�[�OQ<N2W<A2HGI\W�A2W<?>JBI4BK51D2X6 e T 2 I f tuples g / � 4 B;>AUW<�SIxI[J4 \WPAB d =<d1, . . . , dn>
>AUWX

R
78[JT <ABI4

d1 ∈ D1 . . . dn ∈ Dn

/­|�UWGI[J4  Q<A[�>=BI4�F(>R4#GHT B�V�u8:=V�U�[JT <ABI4pV"�W<A2RxI2"7#PAU(xIBWPA6�2*4pSIxI[J4 \WPA[=X
>AUWXy[JT <ABI4"PR4 B(5*[�5*@R4 GI:=<A[=X�5*BI4hU�V�[J4 @A\!>J2HDWXyPA[=<;:=u8[J4hV�UWGIBWV"T B8/��QS*T V�UWXy2*4hV�u8:=V�[J4 XNGWSH2H@A2H�W<
<AB][J4 P?Op�d2H�W<;OQX K a Y5CD832 I f tables g 7&FISH2HD�5*\R�h[�SIxI[J4 \WPAB�[JT <ABI4dGH4 B
3�@ABWGWGI6
>J2HD�S*T <AB(5*B8/�stB2W<AFHGIB(>JBv>=OQ<!V8>AU(xW Q<!GH4 BWXNV�u8:=V�UWXN2W<A2HGI\W�A2W<?>JBI4 c Y �/M a ;O> C P C f attributesg /�� B(5*2RxI2HDR�dT BF(xWOQ<N>=OQ<;3�<?OQ@R4 V�GI\(>=OQ<vGH4 BWXyV�u8:=V�UWX

R
2W<A2HGI\W�A[�>=BI4 ;7E'V3> C f schemag >AUWX R /ECE<ABW©"[=@AF }GIBWV8>A[tV8>=B�3�<?OQ@RT V�GIB(>JB�>AUWX

R
[JT >A[tGI[�>=By2W<AFHGIB(>A\�>=2HDWX¢[JT >A[tGI[�>AU��h:=V�U � BW@R4 �hGIFHX¢V8>A6(xIUWX
�

>J2HDWXNV8>J2�V�u86WGIB]V�u8:=V�UWX(/NCE<
X
>J2
V�u86WGIB
>AUWX

R
7h�h[NxI:=GI[yFW>R4&U

R
[JT <ABI4&GH4 B

X } V�u8:=V�U8/¤�4 B
V�u8:=V�U]GWSH2H@A[JTd[�S*T V�UWXN<AB
[J4 P?O��h[JTdOQX;V��W<A2(xI2±B(SH[J4 5*2W<RT V�[�OQ<;GI[ySH[=PRT 2±2H@R4 V�GI2H��>J2
X
/

9;U(xIBWPA6;V�[�GH4 B;SIxI[J4 \WPAB
d
BW<?>R4 V8>=2*4 u8[JT�U!B(SH[J4 5*FW<R4 V�U

γ
d

= {X1 7→ d1, . . . , Xn 7→ dn}
/

|�u8[�>R4 5*\]GI[N>R4 XN38xW QV�V�[=X;3"4 B
>AUW<�PR4 BWu8[JT @AUWV�U�>=OQ<�V�u8:=V�[�OQ<�5*BI4d>AUW<vBW<A\(5H>AUWV�U
PA[=PA2 }GI:=<?OQ<]B(SHF�GH4 B
wH\WV�U±PA[=PA2HGI:=<?OQ<I7�D(SH\W@Au82HDW<�PA�W2
wHBWV"4 5*2*T&©"2H@AGIB(xH4 V�GI2*T&3"4 B±>AUW<
:�5*©"@ABWV�U
[=@?O#>A6WV�[�OQ<¢V8>R4 X�V�u8:=V�[J4 X(��U ;`E 2 ; 6 CD8 V e?1 c 2 @ MJC f relational alegbra g 5*BI4R2 ;7E 2 ; 6 CD83: I 1 A7c 6 S;O> : I f relational calculus g /���V�u8[=V"4 B(5*6v\(xW3�[´wH@AB;2H@RT �A[�>JBI4�GI:=V8O PR4 \W©"2H@?OQ<NSH@A\��A[�OQ<ySH2HD[=©"BW@AGIFH�A2W<?>JBI48V�[�V�u8:=V�[J4 X�5*BI4*SHBW@A\(3�2HDW<�<A:=[=X�V�u8:=V�[J4 X �

“set-oriented”
©"2H@AGIB(xH4 V�GIFHX
��/¡��4

SH:=<?>A[QwHBWV"4 5*:=X�SH@A\��A[J4 X�>AUWX�V�u8[=V"4 B(5*6WX�\(xW3�[´wH@ABWX�[JT <ABI4WU�[�S*4 xI2R3�687WU�SH@A2WwH2(xI687R>J2y5*BW@?>A[=V"4 B }<AF]3"4 <AFHGI[=<A2"7hU
:=<?OQV�U�5*BI4hU�PR4 BW©"2H@A\8/���4dD(SHFRxI2*4 SH[=X�SHBW@A\(3�2W<?>=BI4hB(SHF]BWD(>A:=X�>R4 X�wHBWV"4 58:=XR/
��@RT �A2HDWGI[EBWD(>A:=X�SH2HDy�hBvu8@AUWV"4 GI2ISH2*4 6WV�2HDWGI[¢V8>AUvV�DW<A:=u8[J4 B8/

} � KZ6 1 A]c=V f selectiong ��L�[�OQ@A2H�WGI[�GH4 B (X1, . . . , Xn) }
V�u8:=V�U

R
/¡¤�4 B!V�DW<J�h6(5*U![�S*4 xI2 }3�6WX

F
[JT <ABI4"GH4 B!:�5*©"@ABWV�U!>AUWX�GI2H@A©"6WX

Xi = Xj
7
Xi = a

� V�DWu8<A\!3�@A\W©"2W<?>JBI4�5*BI48OQX
i = j
7
i = a

��7HFISH2HD
a ∈ Di

7
i, j ∈ {1, . . . , n}

/#st2yB(SH2(>A:�xI[=V�GIBE>AUWXt[�S*4 xI2R3�6WX
σF (R)SH[=@R4 :=u8[J4h[�5*[JT <A[=X�>R4 X�SIxI[J4 \WPA[=X�>AUWX

R
3"4 Bv>AUWXy2ISH2*T [=XyB(xIUR�h[=�W[=4"U�V�DW<J�h6(5*U�[�S*4 xI2(3�6WX

F
/

} � M A�@#A 1 V f projection g ��L�[�OQ@A2H�WGI[¬GH4 B (X1, . . . , Xn)}
V�u8:=V�U

R
/�L�[�O#@A2*�WGW[¬>JB

j1, . . . , jm ∈ ∈ {1, . . . , n}
/#st2!B(SH2(>A:�xI[=V�GIB�>AUWX¢SH@A2WwH2RxI6WX

πXj1
,...,Xjm

(R)
� V�DWG(wH2 }xHT �A[�>JBI48[�S*T V�UWX

πj1,...,jm(R)
��7�[JT <ABI4�U

(Xj1 , . . . , Xjm)} V�u8:=V�U

πXj1
,...,Xjm

(R) = {(dj1 , . . . , djm) | d ∈ R}.

} � CbM P 2 ; 69Y]: �+69Y]: > 2]Y A f cartesian product g �±L�[�OQ@A2H�WGI[;GH4 B (X1, . . . , Xn)} V�u8:=V�U R5*BI4EGH4 B
(Y1, . . . , Ym) } V�u8:=V�U S / st2 5*BW@?>A[=Vh4 BW<AF >J2HDWXl3"4 <AFHGI[=<A2 R × S [JT <ABI4EU

(X1, . . . , Xn, Y1, . . . , Ym) } V"u*:=V"U8�

R× S = {(d1, . . . , dn, t1, . . . , tm) | d ∈ R, t ∈ S}.

�(K
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}�f�� \Z; 6�8 V g�� \ Y F Y � ;!H f natural join g � L�[�OQ@A2H�WGI[
GH4 B (X1, . . . , Xn) } V�u8:=V�U R 5*BI4GH4 B
(Y1, . . . , Ym)} V�u8:=V�U S U;©"DWV"4 5*6yV�DW<A:=<?OQV�U R ./ S

>�OQ<yV�u8:=V�[�OQ<�BWD(>? Q<�[JT <ABI4HU
(Z1, . . . , Zk) }

V�u8:=V�U
R ./ S = {l | l|X ∈ R, l|Y ∈ S}.

�
(Z1, . . . , Zk)

>=BWD(>RT �A[�>JBI4dV8>R4 X
n
SH@? #>A[=Xy�d:=V�[J4 X!GI[y>AUW<�B(5*2RxI2*DA�dT B�3�<?OQ@R4 V�GI\(>=OQ<

(X1, . . . , Xn)
:=<?O�B(5*2(xI2HDR�h2H�(<�GI[;>AU
V�[J4 @A\±SH2HD±[=GI©"BW<RT �A2W<?>JBI4�V8>AUW<

(Y1, . . . , Ym)[�5*[JT <AB;B(SHFv>JB;3�<?OQ@RT V�GIB(>A\!>AUWX�SH2HD!PA[=<N[JT <ABI4"T PR4 B!GW[�5*\(SH2*4 2vB(SHF!>JB
(X1, . . . , Xn)

/

} � 2 PXA Y A5> C ;Oa C f Renamingg ��¤�4 B�SH@A\��AU�GI[�>J2W<A2HGIBWV"T BWXyB(SIxI\�GI[�>J2W<A2HGI\W�A[J4">AUW<vB(5*2 }xI2HDR�dT BN3�<?OQ@R4 V�GI\(>=OQ<;GH4 BWX�V�u8:=V�UWX�5*BI4�V�DWG(wH2RxHT �A[�>JBI4*GI[
ρ
/

_N���"c*o�� $#��j��"' q*,(q*+dj�%()*����' ��op%(��,W� ' kW+�����op,(�#� ��$&+ �Yj�+")Hk*%Rgh+���
 stB¬BW@Au�4 5*\
PA[=PA2HGI:=<AB�>=2HD�SH@A2WwIxI6WGIB(>J2IX�BWD(>=2HGI\(>=OQ<E[JT <ABI4W:=<AB

Γk }
BWD(>AFHGIB(>J2

Aϕ = (Q, δ,∆, F )
5*BI4I:=<AB

Γ } PA:=<?>A@A2 T = ((T, s1, s2), c)
/QL�B�PA2H�WGI[QSI QX�BWD(>A\E2H@?3�BW<? Q<A2W<?>JBI4(GI[¡>AU¢wH2H6R�h[J4 BEV�u8:=V�[�OQ<

>J2HD!V�u8[=V"4 B(5*2H�;GI2W<?>A:�xI2HD8/
st2lBWD(>AFHGIB(>=2

Aϕ
GI2W<?>A[�xI2ISH2*4 [JT >JBW4&GI[!>AU]wH2H6R�h[J4 B]>�OQ<]V�u8:=V�[�OQ<

Start Transitionsγ
7

Transitionsγ
7
γ ∈ Γ

5*BI4
Final States

GI[±V�u86WGIB(>=B¬V�u8:=V�UWX
(q, e1, . . . , ek)

7
(q, q1, q2,

e1, . . . , ek)
5*BI4

(q)
BW<?>RT V8>J2*4 u8B8/&��T <ABI4

dom(q1) = dom(q2) = dom(q) = Q
5*BI4

dom(ei) =
{0, 1}
7
1 ≤ i ≤ k

/!� [=@AGIUW<A[JT B�>=OQ<vSHBW@AB(SH\W<?OzV�u8:=V�[�OQ<�[JT <ABI4dU]SH@A2H©"BW<A6WX(/N��4 2
V�D(385*[ }5*@R4 GI:=<AB87�5*\R�h[�V�u8:=V�U
Start Transitionsγ

7
γ ∈ Γ
7#SH[=@R4 :=u8[J4p>R4 X

γ } GI[�>JBRwH\WV�[J4 Xv[�5*58T <AUWV�UWX�
γ start transitions

��/bCE<A\(xI2(3�B�2*4
(Transitionsγ)γ∈Γ

BW<?>R4 V8>J2*4 u82H�W<
V8>R4 X
γ } GI[�>JBRwH\WV�[J4 X�

γ transitions
��>AUWX�V�DW<A\W@?>AUWV�UWX�GI[�>A\RwHBWV�UWX

δ : Q×Q× Γk → Q
/¡9;U(xIBWPA68�

<q, e1, . . . , ek>∈ Start Transitionsγ ⇔ ∆((γ, e1, . . . , ek)) = q,

<q, q1, q2, e1, . . . , ek>∈ Transitionsγ ⇔ δ(q1, q2, (γ, e1, . . . , ek)) = q,

<q>∈ Final States ⇔ q ∈ F.

|�UWGI[J4  Q<A2HDWGI[�FW>R4I5*\R�h[
Start Transitionsγ

7
γ ∈ Γ
7HGWSH2H@A[JTH<ABN[J4 P?O��h[JTIOQX�:=<ABWXtS*T <AB(5*BWXtGI[

2k
3�@ABWGIGI:=X(78FISH2HDN5*\R�h[¢3�@ABWGIGI6!BW<?>R4 V8>=2*4 u8[JT8V�[�GH4 B

γ } GI[�>A\RwHBWV�UN[�5H58T <AUWV"UWXR/��QS*T V�UWX�5*\R�h[
Transitionsγ

7
γ ∈ Γ
78:=u8[J4

s2 · 2k
7
s = |Q|

7*3�@ABWGIGI:=X�SH2HD;BW<?>R4 V8>J2*4 u82H�W<�V8>R4 X
γ } GI[�>A\RwHBWV�[J4 X>J2HD!PA[=PA2HGI:=<A2HD!BWD(>=2HGI\(>J2HD8/

�QS*4 SIxI:=2I<I7�>J2±PA[=PA2HGI:=<A2±PA:=<?>A@A2
T = ((T, s1, s2), c)

2H@RT �A[�>JBI4"SIxI6W@?OQXyB(SHF
>R4 XNV�u8:=V�[J4 X
Tree
5*BI4

Color
V"u*6WGIB(>J2HX�V�u8:=V�UWX(�

(n, n1, n2)
5*BI4

(n, c),

BW<?>RT V8>=2*4 u8BvFISH2HD
dom(n) = dom(n1) = dom(n2) = T

5*BI4
dom(c) = Γ

/¢�YV�UWGIBWV"T B!>AUWX
Tree
[JT <ABI4"U!SH@A2H©"BW<A6WX(/�9;U(xIBWPA6

<n, n1, n2>∈ Tree
BW<y5*BI4�GIFW<A2]BW<

n ∈ T
7
s1(n) = n1

7
s2(n) = n2

/QCE<A\(xI2(3�BN3"4 B;>AUW<
Color
/

« �Q>AVh4�>JB�BW@Au�4 5*\�GIBWX�PA[=PA2HGI:=<ABbGWSH2H@A2H�W<l<ABbGI2W<?>A[�xI2ISH2*4 UR�h2H�(<lGI[
>AU­wH2H6R�h[J4 B­[=<AFHX
V�u86WGIB(>J2HX�wH\WV�UWX(/b« �ESIOQX±[JT PABWGI[�SHBW@AB(SH\W<?OY2H@RT �A2W<?>JBI4#SIxI6W@?OQX]B(SHF�GH4 BlV�u8[=V"4 B(5*6�wH\WV�U
PA[=PA2HGI:=<?OQ<I�

RAϕ,T = {(Start Transitionsγ)γ∈Γ, (Transitionsγ)γ∈Γ,Final States,Tree,Color}.

��)*��g"gh��$dk8� $&%('±��op%(��,W� '�
 L�[�OQ@A2H�WGI[�[�SHT V�UWX�V�u8:=V�[J4 X
Start Statesγ

7
States Trianglesγ

7
γ ∈ Γ

GI[�V�u86WGIB(>=B�V�u8:=V�UWX
(q)
7
(q, q1, q2)

/l��[=@AGIUW<A[JT B±>=OQ<±SHBW@AB(SH\W<?O�V"u*:=V"[�O#<
[JT <ABI4

�R�
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U
SH@A2H©"BW<A6WX(/N|�UWGI[J4  Q<A2HDWGI[yF(>R4
Start Statesγ = πq(Start Transitionsγ)

5*BI4
States Tri}

anglesγ = πq,q1,q2(Transitionsγ)
/

� cI�d�#� j�,('vj�,RkI�8f��"��,W� ';kI+��
�%��kI+dj ��kW+���
 L�ByV�DWG(wH2RxHT �A2HDWGI[¡>R4 X¢V�u8:=V�[J4 XtSH2HD�[JT <ABI4ID(SH2 }S*T <AB(5*[=Xt>=OQ<
Start Transitionsγ

5*BI4
Transitionsγ

5*BI4ISH[=@R4 :=u82HDW<E>R4 XEu8@A6WV"4 GI[=XEGI[�>=BRwH\WV�[J4 X
>J2HDNPA[=PA2HGI:=<A2HD;BWD(>J2HGI\(>J2HDyGI[

Start Transitionsγ∗
5*BI4

Transitionsγ∗
BW<?>RT V8>=2*4 u8B8/#9;U(xIBWPA68�

<q, e> ∈ Start Transitionsγ∗ ⇔ (q, γ, e) ∈ start transitions∗,

<q, q1, q2, e> ∈ Transitionsγ∗ ⇔ (q, q1, q2, γ, e) ∈ transitions∗.

� CbMJe T 2X6 c7> C�� � � ���E¤�[�>JBW©"@A\W�A2HDWGI[�>J2!BWD(>AFHGIB(>J2y>J2HDN�EBW@ABWPA[JT 3�GIB(>=2HX¢K8/ �NV8>R4 XEBW<?>RT V8>J2*4 u8[=XV�u8:=V�[J4 X¡>J2HD�V�u8[=V"4 B(5*2H��GI2W<?>A:�xI2HD8/#L�DWGHT �A2HDWGI[QF(>R4
∆|{w}×{0,1} = {(w, 0) 7→ qw, (w, 1) 7→

qf}
5*BI4

∆|{b}×{0,1} = {(b, 0) 7→ qb, (b, 1) 7→ qf}
7IPAU(xIBWPA6

w start transitions = {(qw, 0),
(qf , 1)}

5*BI4
b start transitions = {(qb, 0), (qf , 1)}

/���4dV�u8:=V�[J4 X
Start Transitionsw

5*BI4
Start Transitionsb

PRT <A2W<?>=BI4"V8>J2
|�u86WGIB!K8/�CE<A\(xI2R3�B87*�h[�OQ@A2H�WGI[�>R4 X
w } 5*BI4 b} GI[�>JBRwH\WV�[J4 X>J2HD�PA[=PA2HGI:=<A2HD�BWD(>J2HGI\(>J2HD*/#��4HBW<?>RT V8>J2*4 u8[=XtV�u8:=V�[J4 X

Transitionsw
5*BI4

Transitionsb
PRT <A2W< }>JBI4�V8>=2±|�u86WGIB;��/
�

-�
 " 
 � )�c8� ��j�ed']kI��)���op%(��,(��) (Transitionsn)n∈T
�
Final Statesr

�
(Trianglesn)n∈T

��@RT �A2W<?>JBI4JwHBWV"4 5*:=XQV�u8:=V�[J4 XQSH2HDEu8@AUWV"4 GI2ISH2*4 2H�W<?>JBI4J5*DW@RT OQXQ3"4 B¢>AUW<tB(SIxI2ISH2*T U(V�Ut>�OQ<¢[�5*©"@A\ }V�[�OQ<;V8>R4 X�GI[�>JBW©"@A\WV�[�OQ<NSH2HD!SIBW@A2*DWV"4 \W�A2W<?>=BI4�V8>R4 Xy[�SHFHGI[=<A[=X�[=<AF(>AU(>A[=X(/���4 2
V�D(385*[=@R4 GI:=<AB
2*4*V�u8:=V�[J4 X

(Transitionsn)n∈T
2H@RT �A2I<?>=BI4HOQX�[ �A6WX(�p3"4 By5*\R�h[¢©"�(xWxI2

n ∈ T
U

Transitionsn[JT <ABI4�GH4 B
�
Qn
7
En1
7
. . .
7
Enk

� } V�u8:=V�U8�

Transitionsn = ρ(Qn,E
n
)Start Transitionsc(n)

5*BI4�3"4 Bv5*\R�h[�[=V8O#>A[=@R4 5*F
5*FHG(wH2
n
GI[�SHBI4 PR4 \

si(n) = ni
7
i = 1, 2

[JT <ABI4"U �
Qn
7
Qn1

7
Qn2

7
En1
7
. . .
7
Enk

� } V�u8:=V�U8�

Transitionsn = ρ(Qn,Qn1
,Qn2

,E
n
)Transitionsc(n).

��@RT �A2HDWGI[E[�S*T V�UWXE>AUW<
Qr } V�u8:=V�U

Final Statesr = ρ(Qr)(Final States).

�¡<?>A[�xW QX�BW<A\(xI2(3�ByGI[E>R4 X
(Transitionsn)n∈T

2H@RT �A2W<?>JBI4*2*48V�u8:=V�[J4 X
(Trianglesn)n∈T

�#3"4 B
5*\R�h[�©"�(xWxI2

n ∈ T
U

Trianglesn
[JT <ABI4�U

Qn } V�u8:=V�U8�

Trianglesn = ρ(Qn)Start Statesc(n)

5*BI4¡3"4 B¬5*\R�h[±[=V8O#>A[=@R4 5*Fb5*FHG(wH2
n
GI[±SHBI4 PR4 \

si(n) = ni
7
i = 1, 2

[JT <ABI4¡U �
Qn
7
Qn1

7
Qn2

� } V�u8:=V�U8�
Trianglesn = ρ(Qn,Qn1

,Qn2
)States Trianglesc(n).

�W�
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q e

s1 qw
�

s2 qf
0

q e

s3 qb
�

s4 qf
0

|�u86WGIB!K8�¡��48V�u8:=V�[J4 X
Start Transitionsw

5*BI4
Start Transitionsb

/

q q1 q2 e

t1 qf qa qa
�

t2 qf qa qa
0

t3 qa qa qw
�

t4 qf qa qw
0

t5 qa qa qb
�

t6 qf qa qb
0

t7 qf qa qf
�

t8 qf qa qf
0

t9 qa qw qa
�

t10 qf qw qa
0

t11 qw qw qw
�

t12 qa qw qw
0

t13 qw qw qb
�

t14 qa qw qb
0

t15 qf qw qf
�

t16 qf qw qf
0

t17 qa qb qa
�

t18 qf qb qa
0

t19 qw qb qw
�

t20 qf qb qw
0

t21 qw qb qb
�

t22 qf qb qb
0

t23 qf qb qf
�

t24 qf qb qf
0

t25 qf qf qa
�

t26 qf qf qa
0

t27 qf qf qw
�

t28 qf qf qw
0

t29 qf qf qb
�

t30 qf qf qb
0

t31 qf qf qf
�

t32 qf qf qf
0

q q1 q2 e

u1 qf qa qa
�

u2 qf qa qa
0

u3 qa qa qw
�

u4 qf qa qw
0

u5 qa qa qb
�

u6 qf qa qb
0

u7 qf qa qf
�

u8 qf qa qf
0

u9 qa qw qa
�

u10 qf qw qa
0

u11 qb qw qw
�

u12 qa qw qw
0

u13 qb qw qb
�

u14 qa qw qb
0

u15 qf qw qf
�

u16 qf qw qf
0

u17 qa qb qa
�

u18 qf qb qa
0

u19 qb qb qw
�

u20 qf qb qw
0

u21 qb qb qb
�

u22 qf qb qb
0

u23 qf qb qf
�

u24 qf qb qf
0

u25 qf qf qa
�

u26 qf qf qa
0

u27 qf qf qw
�

u28 qf qf qw
0

u29 qf qf qb
�

u30 qf qf qb
0

u31 qf qf qf
�

u32 qf qf qf
0

|�u86WGIB
���]��4#V�u8:=V�[J4 X
Transitionsw

5*BI4
Transitionsb

SH2HD�BW<?>R4 V8>J2*4 u82H�W<]V8>J2¬BWD(>AFHGIB(>J2
Aψ
/���4�\WV8SH@A[=XE3�@ABWGIGI:=X�[JT <ABI4�2*4�u8@A6WV"4 GI[=X�GI[�>JBRwH\WV�[J4 X¢>J2HD

Aψ
/

�(�
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 � ) ��g"��edc8� &¡j�+d'±kW��) Flum, Frick, Grohe

�EBW@A2HDWV"4 \W�A2HDWGI[p>AUW<�GI[�>A\W©"@ABWV�UEV8>AU¢V�u8[=V"4 B(5*6¢\(xW3�[´wH@AB�>J2HD¢B(xW3�2H@RT �hGI2HDt>=O#<
Flum, Frick,

Grohe
� �¡<AF(>AU(>JB!K8/ � ��/

�N�dj�� ��
 i
Bottom-Up j � ad+�gh+8�#� ��j�ed'�kW��)�a&� &¡�")���)�$&��kI�"�pk��"��,(��)�$#��&¡,±$&edj mfd+���
 ²ESH2RxI2(3"T �A2HDWGI[¡GI[�5*B(>A[=�R�hDW<AV"U�B(SHFy>=B�©"�(xWxIB�SH@A2HX�>AU�@RT �AB�>R4 X�S*4 �hBW<A:=X�5*B(>JBWV8>A\WV�[J4 X

>J2HD
Aϕ
V�[
58\R�h[
5*FHG(wH2

n ∈ T
/ ��4 2�V�D(385*[�5*@R4 GI:=<AB87¡3"4 Bl5*\R�h[

n ∈ T
7�D(SH2(xI2(3"T �A2HD(GI[

Qn } V�u8:=V�[J4 X P Statesn
OQX�[ �A6WX(�

} CE<;2 n [JT <ABI48©"�(xWxI2"7*>AF(>A[R� P Statesn = πQn
(Transitionsn).

} CE<;2 n [JT <ABI48[=V8O#>A[=@R4 58FHX�5*FHG(wH2HX�GI[ si(n) = ni
7
i = 1, 2

78[JT <ABI4 �

P Statesn = πQn
[Transitionsn ./ ( ./

i=1,2
P Statesni

)].

������� ��� ����� � � �+6 C 8DeD[Z2�83: >!@#A n ∈ T � 6 ;7E
< 2X6 P Statesn = pot states(n)
�

� ��� ��� ��� � � � ��� � ��� ��4�BW<?>RT V8>=284 u8[=X�[�5*©"@A\WV�[J4 X�GWSH2H@A2H�W<y<AB!D(SH2(xI2R3"4 V8>J2H�(<�GIFI<A2�GI[EwH\WV�U
>R4 X�V�u8:=V�[J4 X

Trianglesn
/lCE<A\(xI2(3�B�GI[v>=2¬BW<±2

n
[JT <ABI4�©"�(xWxI2l6�[=V8O#>A[=@R4 5*FHX�5*FHG(wH2HX�GI[

si(n) = ni
7
i = 1, 2

78[JT <ABI4 �

P Statesn = Trianglesn.

P Statesn = πQn
[Trianglesn ./ ( ./

i=1,2
P Statesni

)].

◊

�N�dj�� � 
 i
Top-Down j � ad+8gh+8�#� ��j�ed'­kI��)®,Ra&� k��"o&idj�%()*��)�$&��kI�"�pk��"��,(��)b$#��&¡,$&edjdfd+���
 ��4*[�S*4 >ADWu8UWGI:=<A[=X�5*BW@ABWV8>A\WV"[J4 X

succ states(Aϕ, n)
5*\R�h[t5*FHG(wH2HD

n ∈ T
78D(SH2RxI2 }3"T �A2W<?>JBI4�GI[E5*B(>A[=�R�hDW<AV�U;B(SHFv>AU!@RT �AB;SH@A2HX�>=Bv©"�(xWxIBNOQX

Qn }
V�u8:=V�[J4 X

S Statesn
�

} CE< r [JT <ABI4�U!@RT �AB;>J2HD!PA[=PA2HGI:=<A2HD!PA:=<?>A@A2HD87*>AFW>A[

S Statesr = P Statesr ./ Final Statesr.

} CE<;2 ni [JT <ABI4*>J2vSHBI4 PRT�[=<AFHX�5*FHG(wH2HD n 5*BI4�2 ni′ [JT <ABI48>=2
BWPA:=@A©h48>J2HD ni 7*>AF(>A[

S Statesni
= πQni

[Transitionsn ./

(S Statesn ./ ( ./
j=i,i′

P Statesnj
))].

������� ��� ����� � � �+6 C 8DeD[Z2�83: >!@#A n ∈ T 6 ;7E
< 2X6 S Statesn = succ states(Aϕ, n)
�

� ��� ��� ��� � � � ��� ����� « ��SWOQXt5*BI4I3"4 B�>=2NwH6WGIB!0E2*4HBW<?>RT V8>=2*4 u8[=X¢[�5*©"@A\WV�[J4 X¢GWSH2H@A2H�W<�<AByD(SH2 }xI2(3"4 V8>J2H�W<yGI[�PA[=PA2HGI:=<A[=X�GIFI<A2v>R4 X�V�u8:=V�[J4 X
Trianglesn

OQX�[ �A6WX(�

S Statesr = P Statesr ./ Final Statesr.

S Statesni
= πQni

[Trianglesn ./ (S Statesn ./ ( ./
j=i,i′

P Statesnj
))].

◊

�IZ
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�N�dj�� -�
 i
Bottom-Up j � ad+�gh+8�#� ��j&e&'¬kI��) Aϕ m q*,R$dk���)b���")*�"cHkI�d��,(��)b,Ra&� adc*e m�#&¡,RkW+���opc*��j���k8� ��j�+ ��
 ²ESH2(xI2(3"T �A2HD(GI[!>=2HDWX�SH[=@R4 2H@R4 V�GI2H�WXv>=OQ<

Aϕ }
PA[�5H>? Q<±V�DW<ABW@?>A6 }V�[�OQ<�[�S*4 SH@AFHV*�h[�>=2HDyu8@?OQGIB(>R4 V�GI2H�

accept add col(n)
/¡L�[�OQ@A2H�WGI[tFW>R4

Tn = {c1, . . . , cin}
/

��@RT �A2HDWGI[EV�u8:=V�[J4 X
Accept Colorsn

�

} CE<;2 n [JT <ABI48©"�(xWxI2"7*>AF(>A[�U
� Qn 7 En1 7 . . . 7 Enk � } V�u8:=V�U Accept Colorsn
[JT <ABI4 �

Accept Colorsn = S Statesn ./ Transitionsn.

} CE<t2 n [JT <ABI4R[=V8O#>A[=@R4 5*FHXQ5*FHG(wH2HXQGI[ s1(n) = n1
5*BI4

s2(n) = n2
7R>AFW>A[QU

Accept Col }
orsn
[JT <ABI4�U

(Qn
7
Ec11 , . . . , E

c1
k , . . . , E

cin

1 , . . . , E
cin

k )} V�u8:=V�U
� ^ �

Accept Colorsn = π∗\{Qn1
,Qn2

}([(S Statesn ./ Transitionsn) ./

Accept Colorsn1
] ./ Accept Colorsn2

).

������� ��� ����� � ��� 2 �/M A]<?> 2 : P 6 Accept Colorsn = An
� �+6 C 8DeD[Z2 83: >!@BA n ∈ T �

accept add col(n) = π
E

c1 ,...,E
cinAn.

� e?1=6 ;�P C accept add col(n, q) = π
E

c1 ,...,E
cin (σQn=qAn)

�

-�
 " 
 -
h ,(k��%�Qc*�"��i]�pkIi
��op,(�#� ��$h� ��g"��,Afdc*��kIid'

transition-based
,($&q*+�o&�d'NkW+��

��g"��+dc8n &¡j�+��
kI��)
Flum, Frick, Grohe

� )���g"��edc8� &¡j�+d'vkW+�� 
 � �")*)*��$#��$hi
L�DWGHT �A2HDWGI[¢F(>R48U

transition-based
[�5*PA2(u86N>J2HDNB(xW3�2H@RT �hGI2HDy>=OQ<

Flum, Frick, Grohe
2H@RT }V8>AU(5*[�BW<AB(xID(>R4 5*\NV8>AUW<y�¡<AF(>AU(>=BvK8/ �*/

�N�dj��]��
 i
Bottom-Up j � ad+8gh+��#� ��j�ed'ykW��)Na&� &¡�")���);j�,RkI�8f��"��,(��)y$#��&¡,�$�edjdfd+���
²ESH2(xI2R3"T �A2HDWGI[NGI[;5*B(>A[=�R�hDW<AV�U]B(SHF
>JB
©"�(xWxIB
SH@A2HX!>AU
@RT �AB]>(4 X!S*4 �hBW<A:=X!GI[�>=BRwH\WV�[J4 XN>J2HD

Aϕ
V�[!5*\R�h[!5*FHG(wH2

n ∈ T
/
��4 2lV�D(385*[�5*@R4 GI:=<AB±D(SH2(xI2(3"T �A2HD(GI[;V�u8:=V�[J4 X

P Transitionsn
7

n ∈ T
78OQX�[ �A6WX(�

} CE<;2 n [JT <ABI48©"�(xWxI2"7*>AF(>A[�U P Transitionsn
[JT <ABI4�U
�

Qn
7
En1
7
. . .
7
Enk

� } V�u8:=V�U8�

P Transitionsn = Transitionsn.

} CE<�2 n [JT <ABI4H[=V8O#>A[=@R4 5*FHX¢5*FHG(wH2HX¢GI[ s1(n) = n1
5*BI4

s2(n) = n2
7*D(SH2(xI2(3"T �A2HD(GI[�>AUW<

�
Qn
7
Qn1

7
Qn2

7
En1
7
. . .
7
Enk

� } V�u8:=V�U P Transitionsn
�

P Transitionsn = Transitionsn ./ ( ./
i=1,2

πQni
(P Transitionsni

)).

������� ��� ����� � � �+6 C 8DeD[Z2�83: >!@#A n ∈ T � 6 ;7E
< 2X6 P Transitionsn = pot transitions(n)
�

�Gk�� tU�Gq?s?�Ux�pb|BsRv mX|
X y }7~]�U}]pb| R 9 }7�XsX�?q5z?w �Gq?�Xs?t#s?t π∗\{Xi,Xj}

(R)
o�pbx#�?nGqX�?q5zX{�}7t�u5zbm�o�m%�7xG�=n5w }7s?m5o�mo�pb|

R
t :?oGu?|Wm5�?u'o�m

Xi, Xj
�

�(^
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Top-Down j � ad+8gh+��#� ��j�ed'zkI��)�,Ra&� k��"o&idj�%()*��) j�,RkI�8f��"��,(��)z$#��&¡,

$&edjdfd+���
 ��4�[�S*4 >ADWu8UWGI:=<A[=X±GI[�>JBRwH\WV�[J4 X
succ transitions(Aϕ, n)

5*\R�h[]5*FHG(wH2HD
n ∈ T

7
D(SH2(xI2R3"T �A2W<?>JBI4"GI[�5*B(>A[=�R�hDW<AV�UvB(SHF
>AU
@RT �ABvSH@A2HXy>JB�©"�(xWxIB�V8>R4 XyV"u*:=V"[J4 X

S TransitionsnSH2HD;[JT <ABI4�D(SI2HSHT <AB(5*[�XE>=OQ<
P Transitionsn

�

} CE< r [JT <ABI4�U!@RT �AB;>J2HD!PA[=PA2HGI:=<A2HD!PA:=<?>A@A2HD87*>AFW>A[R�

S Transitionsr = P Transitionsr ./ Final Statesr.

} CE< ni [JT <ABI4�:=<ABWX�5*FHG(wH2HX�GI[�SHB(>A:=@AB n 78>AF(>A[

S Transitionsni
= P Transitionsni

./ πQni
(S Transitionsn).

������� ��� ����� � � �+6 C 8DeD[Z2�83: >!@#A n ∈ T 6 ;7E
< 2X6 S Transitionsn = succ transitions(n)
�

�N�dj�� -�
 i
Bottom-Up j � �")�&¡,(��izkI��)b,(ad� k��"o&idj�%()*��)bj�,RkW�8f��"��,(��) ����ad+8gh+��#� m��j�ed'�kW��)

Aϕ m q*,R$dk���);���")*�"cHkI�d��,(��)N,(ad� adc*ed�#&¡,(kW+��
opc*��j���k8� ��j�+ ��
 ��4ASH[=@R4 2H@R4 V�GI2*T>=OQ<
Aϕ }
PA[�5H>? Q<�BW<ABR�h:=V�[�OQ<�V8>JBND(SH2HPA:=<?>A@AB

Tn
[JT <ABI4

accept assign(n) = ∪q∈succ states(n)

accept assign(n, q)
/�²ESH2(xI2(3"T �A2HD(GI[lV8>J2 wH6WGIB BWD(>AF >J2HDWX­BW<?>RT V8>J2*4 u82HDWX¬SH[=@R4 2H@R4 V�GI2H�WX

>=OQ<
Aϕ } PA[�5*>? Q<­V�DW<ABW@?>A6WV"[�O#<�[�S*4 SH@AFHV*�h[�>J2HDbu8@?OQGIB(>R4 V�GI2H� accept add col(n)

/ L�DWGHT }�A2HDWGI[;F(>R4pV�DWG(wH2RxHT �A2HDWGI[NGI[
Tn
>J2�V��W<A2RxI2
5*FHG(wIOQ<�>J2HD±D(SH2HPA:=<?>A@A2HD

Tn
/]L�[�OQ@A2H�WGI[;F(>R4

Tn = {c1, . . . , cin}
/���@RT �A2HDWGI[�V�u8:=V�[J4 X

Accept Colorsn
�

} CE<;2 n [JT <ABI48©"�(xWxI2"7*>AF(>A[�U
� Qn 7 En1 7 . . . 7 Enk � } V�u8:=V�U Accept Colorsn
[JT <ABI4 �

Accept Colorsn = S Transitionsn.

} CE<v2 n [JT <ABI4h[=V8O#>A[=@R4 5*FHXy5*FHG(wH2HXNGI[ si(n) = ni
7
i = 1, 2

7h>AF(>A[yU
Accept Colorsn[JT <ABI48U

(Qn
7
Ec11 , . . . , E

c1
k , . . . , E

cin

1 , . . . , E
cin

k ) } V�u8:=V�U8�

Accept Colorsn = π∗\{Qn1
,Qn2

}[(S Transitionsn ./

Accept Colorsn1
) ./ Accept Colorsn2

].

������� ��� ����� ��� � �+6 C'8DeD[Z2%83: >!@#A n ∈ T � accept add col(n) = π
E

c1 ,...,E
cin Accept Colorsn

�
� e?1=6 ;�P C accept add col(n, q) = π

E
c1 ,...,E

cin (σQn=qAccept Colorsn)
�

L�[�OQ@A2H�WGI[E>AU!V�u8:=V�U
Accept Colors = π

E
c1 ,...,E

cir (Accept Colorsr)
/#��T <ABI4

accept add colors(Aϕ, T ) = Accept Colors.

� ��� ��� ��� � � � ��� � � � |�u82(xH4 \WV�BWGI[;V�[vSH@A2HU(3�2H�WGI[=<AU±[=<AFW>AU(>=B
FW>R4�2lD(SH2(xI2R3"4 V�GIFHX!>�OQ<±PA[ }5H>? Q<EBW<ABR�h:=V�[�OQ<¢BW<?>R4 V8>J2*4 u8[JTWV�[�GHT B�B(5*2(xI2HDR�dT BEV�DW<A[=<? QV�[�OQ<I/¡|¡>AUW<¢2*DWV"T B�2yD(SH2(xI2(3"4 V�GIFHX
>=OQ<�PA[�5H>? Q<yV�DW<ABW@?>A6WV�[�OQ<�[�S*4 SH@AFHV*�h[�>J2HDyu8@?OQGIB(>R4 V�GI2H�;BW<?>R4 V8>=2*4 u8[JT*V8>J2W<yD(SH2RxI2(3"4 V�GIFN>AUWX
SHBW@AB(5*\(>=ObB(5*D(5HxH4 5H6WXEV"DW�A[=D(5H>R4 5*6WXE[=@? #>AUWV�UWX(�

π
E

i1 ,...,E
i|T | [Final Statesr ./ ( ./

n∈T
Transitionsn)].

�(�
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L�[�OQ@A2H�WGI[�>AUW<;PA[=<?>A@A2HPR4 \WV8SHBWV�U
((T, ST

1 , S
T
2 ), (Xn)n∈T )

>AUWX�SHBW@AB(SH\W<?O®[=@? #>AUWV�UWX ��� 7
FISH2HD�>=2

(T, ST
1 , S

T
2 )
[JT <ABI4I>J2!D(SH2I5*[JT GI[=<A2NPADWBWPR4 5*F;PA:=<?>A@A2;>J2HDyPA[=PA2HGI:=<A2HDyu8@?OQGIB(>R4 V�GI:=<A2HD

PA:=<?>A@A2HD
T
5*BI4H>JB

Xn
BW<A\(xI2(3�ByGI[t>J2!BW<�2

n
[JT <ABI4*©"�(xWxI2!6N[=V8O#>A[=@R4 5*FHX¢5*FHG(wH2HXEGI[¢SHBI4 PR4 \

n1
5*BI4

n2
[JT <ABI4

(Qn, E
n
)
5*BI4

(Qn, Qn1
, Qn2

, E
n
)
BW<?>RT V8>=2*4 u8B8/ ��@RT �A2HDWGI[±>R4 X�V�u8:=V�[J4 X

Q Transitionsn n ∈ T
OQXN[ �A6WX(�

Q Transitionsr = Transitionsr ./ Final Statesr
7dBW<

rU!@RT �AB878[=<?  PR4 BW©"2H@A[�>R4 5*\
Q Transitionsn = Transitionsn

/

Qn1
, Qn2

, Qn3
, E

n1

Qn2
, Qn4

, Qn5
, E

n2

Qn4
, E

n4
Qn5

, E
n5

Qn3
, E

n3

|�u86WGIBv�*�#��PA[=<?>A@A2HPR4 \WV8SHBWV�U;GH4 BWX�[=@? #>AUWV�UWX�3"4 B!:=<ABvPA:=<?>A@A2vSH:=<?>A[E5*FHG(wIOQ<I/

� D(SH2RxI2(3"4 V�GIFHX
>=OQ<�PA[�5H>? Q<�V�DW<ABW@?>A6WV�[�OQ<�[�S*4 SH@AFHV*�h[�>=2HD¬u8@?O#GIB(>R4 V�GI2H�­BW<?>R4 V8>J2*4 u8[JT
V8>J2W<ND(SH2RxI2(3"4 V�GIF!>AUWX�SHBW@AB(5*\(>=ObB(5*D(5HxH4 5H6WXEV"DW�A[=D(5H>R4 5*6WXE[=@? #>AUWV�UWX(�

π
E

i1 ,...,E
i|T | ( ./

n∈T
Q Transitionsn).

� B(xW3�FH@R4 �hGI2HXy>J2HD � 4 BW<A<AB(5*\(5*U � �EBW@A\W@?>RUWGWB
� �¢3�4 B
>=2I<vD(SH2RxI2(3"4 V�GIF]B(5*D(5HxH4 5H Q<;V�DW�A[=D }5H>R4 5H Q<�[=@?O#>A6WV�[�OQ<I7¡wHBWV"T �A[�>JBI4#V8>AUW<�PA[=<?>A@A2HPR4 \WV8SHBWV�U�>AUWX][=@? #>AUWV�UWX(/ ��[=©"BW@AGI2(3�6�>J2HD
� 1�6WGIGIB(>=B;��/ 0�5*BI48��/ . �¡3�4 B;>AUW<�B(5*D(5HxH4 5*6y[=@? #>AUWV�U;5*BI4H>AUW<yPA[=<?>A@A2HPR4 \WV8SHBWV�UNSH2HDN2H@RT V8>AU }5*BW<�SHBW@AB(SH\W<?Oz>JBWD(>RT �A[�>=BI4�GI[;>AUW<

transition-based
[�5*PA2Wu86±>=2HD
B(xW3�2H@RT �hGI2HD]>�OQ<

Flum,
Frick, Grohe

/
◊

��4"GI[�>JBW©"@A\WV�[J4 X�>�OQ<;>A@R4  Q<;[�5*PA2Wu* Q<N>=2HDvB(xW3�2H@RT �hGI2HD!V�D(385*[=<?>A@? Q<A2I<?>=BI4hV8>=2W<;��T <AB(5*B
0?�8/

-�
 " 
 ���;� ��e�k*,(c*�¬��ade�k*c8n �¬ad,(c��"��j���kW�lkW+��­q*,(q*+dj�%()*+��­q*%()Hk*c*+���
0 ��)*�
pre-order

ad%(c*�"��j���
 L�[�OQ@A2H�WGI[tPA[=PA2HGI:=<AUy>AUW<
pre-order

PR4 \(>JB��AU
p1, . . . , pm

>=OQ<
5*FHG(wIOQ<
>J2HD�PA[=PA2HGI:=<A2HD�PA:=<?>R@A2HD8/¬|�DWG(wH2RxHT �A2HDWGI[!GI[

Pre Tn
>J2¬V��W<A2RxI2�5*FHG(wIOQ<]>=2*D

TSH2HDNB(SH2(>A[�xI[JT >JBI4IB(SHF;>J2W<�5*FHG(wH2
n
5*BI4*FRxI2HDWX¢>=2HDWXE5*FHG(wH2HDWXtSH2HDySH@A2HU(3�2H�W<?>=BI4I>J2HD

n
V8>AUW<

pre-order
PR4 \(>JB��AU8/�CE<NU

in
[JT <ABI4�UN�h:=V�U;>J2HD;5*FHG(wH2HD

n
V8>AUW<

pre-order
PR4 \(>JB��AU � PAU(xIBWPA6

pin = n
��7p[JT <ABI4

Pre Tn = {p1, . . . , pin}
/
L�[�OQ@A2H�WGI[NFW>R4�U±V�DW<A\W@?>AUWV�U

pre order next :
T → T

7�BW<?>R4 V8>J2*4 u8[JT8V"[E5*\R�h[E5*FHG(wH2
n ∈ T
>=2I< �

pre-order
[�SIF*GW[=<A2v5*FHG(wH2 	 >J2HD8/Q9;U(xIBWPA6

pre order next(pi) = pi+1
7
i = 1, . . . ,m− 1

/
C¢5*2(xI2HDR�" Q<?>JBWXy>AUW<

pre-order
PR4 \(>JB��AU�>�OQ<v5*FHG(wIOQ<!>J2HD
PA[=PA2HGI:=<A2HD
PA:=<?>A@A2HD87&D(SH2(xI2 }3"T �A2HDWGI[�V�u8:=V�[J4 X

Pre Colorsn
/Q��4 2�V�D(385*[�5*@R4 GI:=<AB8�

� �X��o�q.l%mXn��Xn�o�pbs?m�� q?n5w �GtNo�mbvZmXxGm5zb�5o5v :+�'p'�UxGxGqRv m
o�pb|Wm�:R��:?z?v :?{b|W}7�.�GtU��:?o5v :?{?|�tUn�=Oo�pb}]pb| :Rmbv7o�pb|W�GtUx yoGnGq?�5v �X}]�?mX}]pb|�sRv mX|�oG�No�qRv mX|WtUn�=Oo�pb}]pb|5�
�W�
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} CE<;U r [JT <ABI48U!@RT �AB!>=2HD!PA:=<?>A@A2HD878>AF(>A[�U!V�u8:=V�U Pre Colorsr
D(SH2(xI2(3"T �A[�>=BI4 �

Pre Colorsr = π∗\Qr
(Transitionsr ./ Final Statesr).

} CE< pi
[JT <ABI4�2

i } 2HV8>AFHX�5*FHG(wH2HX�V8>AUW< pre-order
PR4 \(>JB��AU87H>AFW>A[R78U

Pre Colorspi

[JT <ABI4 �

Pre Colorspi
= π∗\Qpi

(Transitionspi
./ Pre Colorspi−1

).

|¡>J2W<N��T <AB(5*B]0W0�V�D(385*[=<?>A@? Q<A2W<?>JBI4�2*4�PR4 \W©"2H@A[=X�SH[=@R4 SI>? QV�[J4 X(/

�80
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State-based � � � �� � � � � 	
 �� 
 �� �� � �� Flum, Frick, Grohe

� �� � �� � 	 �
 
 � � � �

� P Statesn = πQn
(Transitionsn) = Trianglesn.

P Statesn = πQn
[Transitions∗n ./ ( ./

i=1,2
P Statesni

)].

� S Statesr = P Statesr ./ Final Statesr.
S Statesn1

= πQn1
[Transitions∗n ./ (S Statesn ./ [ ./

i=1,2
P Statesni

])].

� Accept Colorsn = S Statesn ./ Transitionsn.
Accept Colorsn = π∗\{Qn1

,Qn2
}[([S Statesn ./ ( ./

i=1,2
S Statesni

)] ./ Transitionsn) ./ ( ./
i=1,2

Accept Colorsni
)].

Triangle-based � � � �� � � � � � 	
 �� � �� � � � �� Flum, Frick, Grohe

� �� � �� � 	 �
 
 � � � �

�

P Trianglesn = πQn
(Transitionsn) = Trianglesn.

P Trianglesn = πQn,Qn1
,Qn2

[Transitionsn ./ ( ./
i=1,2

πQni
(P Trianglesni

))]

= Trianglesn ./ ( ./
i=1,2

πQni
(P Trianglesni

)).

� S Trianglesr = P Trianglesr ./ Final Statesr.
S Trianglesni

= P Trianglesni
./ πQni

(S Trianglesn).

� Accept Colorsn = S Trianglesn ./ Transitionsn.
Accept Colorsn = π∗\{Qn1

,Qn2
}[(S Trianglesn ./ Transitionsn) ./ ( ./

i=1,2
Accept Colorsni

)].

Transition-based � � � �� � � � � � 	
 �� � � � � � � �� Flum, Frick, Grohe

� �� � �� � 	 �
 
 � � � �

� P Transitionsn = Transitionsn.
P Transitionsn = Transitionsn ./ [ ./

i=1,2
πQni

(P Transitionsni
)].

� S Transitionsr = P Transitionsr ./ Final Statesr.
S Transitionsni

= P Transitionsni
./ πQni

(S Transitionsn).

� Accept Colorsn = S Transitionsn.
Accept Colorsn = π∗\{Qn1

,Qn2
}[S Transitionsn ./ ( ./

i=1,2
Accept Colorsni

)].

Accept Colors = π
E

c1 ,...,E
cir (Accept Colorsr)

� ��  !  " �#$ %& ' ( ) �" ) ! *+ , - " '+ .  /0 + ( � 12 + . ' 3 � Flum, Frick, Grohe 4

5+ Transitions∗n

6 7 2  �� )& 8 '& + &  � ' � 6 '+ & , ) " 6 , - 6 )& "

2 9+ (+ : � �   � '& !  '  6 '  1+ : �  9 8 '& " Trianglesn 4

�I.
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� � �� � � � �

Flum, Frick, Grohe

�

� �� � �� � 	 �
 
 � � � �

� P Transitionsn = Transitionsn.
P Transitionsn = Transitionsn ./ [ ./

i=1,2
πQni

(P Transitionsni
)].

� S Transitionsr = P Transitionsr ./ Final Statesr.
S Transitionsni

= P Transitionsni
./ πQni

(S Transitionsn).

� Accept Colorsn = S Transitionsn.
Accept Colorsn = π∗\{Qn1

,Qn2
}[S Transitionsn ./ ( ./

i=1,2
Accept Colorsni

)].

� � �� � � � �

Top-Down & Bottom-Up

�

� �� � �� � 	 �
 
 � � � �

� R Transitionsr = Transitionsr ./ Final Statesr.
R Transitionsni

= Transitionsni
./ πQni

(R Transitionsn).

� Pot Accept Colorsn = R Transitionsn.
Pot Accept Colorsn = π∗\{Qn1

,Qn2
}[R Transitionsn ./ ( ./

i=1,2
Pot Accept Colorsni

)].

� � �� � � � �

Bottom-Up & Top-Down

�

� �� � �� � 	 �
 
 � � � �

� P Transitionsn = Transitionsn.
P Transitionsn = Transitionsn ./ [ ./

i=1,2
πQni

(P Transitionsni
)].

� Accept Colors−r = π∗\Qr
(P Transitionsr ./ Final Statesr) 4

Accept Colors−ti = π∗\Qti
(P Transitionsti ./ Accept Colors−ti−1

).

� � �� � �

Top-Down

�

Pre-Order

�

� �� � �� � 	 �
 
 � � � �

� Pre Colorsr = π∗\Qr
(Transitionsr ./ Final Statesr) 4

Pre Colorspi
= π∗\Qpi

(Transitionspi
./ Pre Colorspi−1

).

� ��  !  " � �$ % & *& �� + ( ) " 9 ) (& 9 ' � 6 )& " �

transition-based ) ! *+ , 	 
  � � /+ 0  2 ) '+ �  (& 12 8 9  (  62 � ' 3 � 4

�WK
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XML

�
����
���� ��� �
	��d��� ���

��4A[=©"BW@AGI2(3�:=X#>AUW<¡�h[�OQ@RT BWX¡BWD(>=2HGI\(>=OQ<�V8>AUW<�:=@A[=DW<ABtSH2HD¢V�u8[�>RT �A[�>=BI4AGI[#>AUW<
XML
BW©"2H@A2H�W<

>AFHV�2
>J2W<
2H@R4 V�GIF�>AD(S*4 5H Q<�GI2W<?>A:�xWOQ<�D(SH2(xI2(3"4 V�GI2H�
5*BI4&©"2H@AGIB(xH4 V�GW Q<�3"4 B
>RUW<vSH[=@R4 3�@ABW©"6
V�u86WGIB(>J2HX]FHV�2�5*BI4#>A@AFISH2HDWX]3"4 Bl>AUW<�B(SH2(>RT GIUWV�Ul[=@?O#>AUWGI\(>�OQ< � wIxI:�SH[
[�S*T V�UWX � 0RZ ����/ L�BBWV�u82(xIUR�h2H�WGI[NV8>AUW<
[=<AF(>AU(>JB±BWD(>A6±GI[;>AU
V��W<APA[=V�U
BWD(>=2HGI\(>=OQ<v5*BI4&xI2(3"4 5*6WX!V�[!V�u8:=V�U
GI[
>AUW<�B(SH2(>RT GIUWV�U�[=@?O#>A6WV�[�OQ<ESH2HD�SH@A2I5*�(SI>J2HDW<t5*B(>A\�>AUW<�BW<ABW�A6(>AUWV�U�SIxIUW@A2H©"2H@RT BWX�V�[

XML}:�383�@ABW©"B8/l��4�[=@?O#>A6WV�[J4 X�BWD(>A:=X�[JT <ABI4pV�DW<A6R�"OQX
GI2W<A2HGI[�xI[JT X!5*BI4pGWSH2H@A2H�W<]<AB�[�5*©"@ABWV8>J2H�W<
[JT >A[EOQX�5*BW<A2W<R4 5*:=X�[�5*©"@A\WV�[J4 X�GI2W<A2ISHB(>R4  Q< �

regular path expressions
�
Xpath)

��[JT >A[�GI[�>AU
wH2H6R�h[J4 BExI2(3"4 5H Q<¢>A�(SIOQ< �

Datalog
6

MSO
V�[�PA:=<?>A@AB ��/¡L�B�BWV�u82(xIUR�h2H�WGI[�GI[�>AUW<¢SH[=@RT SI>=O }V�U�>=OQ<¢xI2(3"4 5H Q<t>A�(SIOQ<t>AUWX

MSO
5*BI4([J4 PR4 5*F(>R[=@AB�GI[�PA�W2yBWD(>AFHGIB(>JBESH2HD�[JT <ABI4W4 V�2HPA�W<ABWGIB�GI[

>J2HDWXyBW<?>RT V8>J2*4 u82HDWX
MSO
>A�(SH2HDWXyGI[�>AUW<!:=<A<A2*4 B�F(>R4h2H@RT �A2HDW<N>R4 XNT PR4 [=Xy[=@?O#>A6WV�[J4 X(/ � 4 BvSH[ }@R4 V�V�F(>A[=@A2HDWXE©"2H@AGIB(xH4 V�GI2H�WX¢BWD(>J2HGI\(>=OQ<�u8@A6WV"4 GI2HDWXEV8>=BNSIxIBIT V"4 B�>AUWX

XML
SHBW@AB(SH:=GWSH2HD(GI[

V8>J2 � 0?��� /|¡>AUW<E�¡<AF(>AU(>JB���/ 0tSHBW@A2HDWV"4 \W�A2HDWGI[¡>=ByCED(>AFHGIB(>=B��¡@?O#>A6WV�[�OQ< �
Query Automata

� � .(���5*BI4RV�>AUW<��¡<AF(>AU(>JBE��/ .¢>=B�CED(>AFHGIB(>JB�9;:=<?>A@?OQ<¢SH2HD¢�QS*4 xI:�3�2HDW< �
Selecting Tree Automata

�
� 0A�
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 ,()8� $#�­�#� �lkHid)
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 � XML
� � � ����[JT <ABI4�GI4 B!38xW QV�V�B!3"4 B>AUW<]BW<?>=B(xWxIB(3�6]5*BI4pB(SH2W�h6(5*[=D(V�U±PA[=PA2HGI:=<?OQ<±GI[!>AU
GI2H@A©"6
5*[J4 GI:=<A2HD8/
« �ESIOQXvBW<ABW©":=@ABWGI[R7

V85*2ISHFHX�>AUWX�SHBW@A2H�WV�BWX�[=<AF(>AU(>=BWX�PA[=<¢[JT <ABI4(U�[J4 V�B(38O#3�6�V�[Q�h:=GIB(>JB�>AUWX
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� wIxI:�SH[ � 0���3"4 BGH4 B!3�[=<R4 5*6!SHBW@A2HDWV"T BWV�UN�h[=GI\(>=O#<!V�u8[�>R4 5*\vGI[�>R4 X�wH\WV"[J4 X�PA[=PA2HGI:=<?OQ<N5*BI4�>AUW<
XML

�tB(xWxI\
U�u8@AUWV"4 GI2ISH2*T UWV�U�BWD(>=2HGI\(>=OQ<
3"4 B�>AUW<±B(SH2(>RT GIUWV�U�GI2W<A2HGI[�xW Q<±[=@?O#>A6WV�[�OQ<I/ � 4 B
>J2lxIF(3�2
BWD(>AF"7"BW@?5*[JTh<ABvSHBW@AB(>AUW@A6WV�2HDWGI[�F(>R4">JB

XML} :�383�@ABW©"B�GWSH2H@A2H�W<;<AB
GI2W<?>A[�xI2ISH2*4 UA�h2H�W<NGI[>AU]wH2H6R�h[J4 B]u8@?OQGIB(>R4 V�GI:=<?OQ<]PA:=<?>A@?OQ<±GIU
©"@AB(3�GI:=<AUWX!>A\��AUWX
� PAU(xIBWPA6
2�BW@R4 �hGIFHX!>=OQ<
SHBI4 }PR4  Q<E>J2HDWXt[JT <ABI4IGIU�©"@AB(3�GI:=<A2HX
��7HPR4 B(>A[�>JB(3�GI:=<?OQ< � PAU(xIBWPA6�D(SH\W@Au8[J4WPR4 \(>JB��AU�V8>JB�SHBI4 PR4 \�[=<AFHX
5*FHG(wH2HD ��7*SH[�SH[=@ABWV�GI:=<?OQ<I78GI[�PR4 B(5*[�5*@R4 GI:=<AU;@RT �AB8/�|¡>J2W<N��T <AB(5*B]0A.;PRT <A[�>=BI4�:=<AB!SHBW@A\WPA[J4 3�GIB
XML} [�383�@A\W©"2HDv>J2±2ISH2*T 2
SH[=@R4 :=u8[J4">AGI6WGIBv>AUWXySIxIUW@A2H©"2H@RT BWX�GH4 BWX�w*4 wIxH4 2(3�@AB(©h4 5*6WX�wH\WV�UWX(7[=<? �V8>J2W<
��T <AB(5*Bl0?K±PRT <A[�>JBI4�U±BW<?>RT V�>=2*4 u8U±PA[=<?>A@R4 5*6±BW<AB(SHBW@A\WV8>=BWV�U8/�|¡>R4 X![=<AF(>AU(>A[=X;SH2HD
B(5*2(xI2HDA�h2H�W<I78SH@R4 <;2H@RT V�2HDWGI[�>JB�BW<?>RT V8>=2*4 u8BvBWD(>AFHGIB(>JB87*SHBW@A2HDWV"4 \W�A2I<?>=BI4�BW<AB(xID(>R4 5*\!2*4"2H@R4 }V�GI2*Td>=OQ<�PA:=<?>A@?OQ<vSH2HD]u8@AUWV"4 GI2ISH2*4 2H�W<?>JBI4hV8>AUW<v5*\R�h[�SH[=@RT SI>=OQV�U�3"4 B
>AUW<vGI2W<?>R[�xI2ISH2*T UWV�U
>AUWX
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�
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Query automata �

C¢5*2(xI2HDR�h2H�WGI[¡>J2HDWXtV�DWG(wH2(xH4 V�GI2H�WX�5*BI4WSHBW@A2HDWV"4 \W�A2HDWGI[¡>JB�wHBWV"4 5*\�B(SH2(>A[�xI:=V�GIB(>JBE>J2HD � .(��� /
h +")*+dj�,Rgh,Wn ' ,(c*��kI�d��,W� '�
 « �ESIOQX�6WPAU�BW<ABW©":=@ABWGI[]�hBbBWV�u82(xIUR�h2H�WGI[±GI[

MSO } >A�(SH2HDWXSH2HD­2H@RT �A2*DW<lGI2W<A2HGI[�xI[JT X�[=@?O#>A6WV�[J4 X �
unary queries

��/ 9;U(xIBWPA6­PA[=PA2HGI:=<A2HD�[=<AFHX
MSO}>A�(SH2HD

ϕ(x)
78�h:�xI2HDWGI[�<ABvD(SH2(xI2(3"T V�2HDWGI[¢>R4 X�BW<ABR�h:=V�[J4 X�SH2HD�4 5*BW<A2ISH2*4 2H�(<�>J2W<

ϕ(x)
V�[�:=<AB

PA[=PA2HGI:=<A2!PA:=<?>A@A2"/Qst2!V��W<A2(xI2;>=OQ<�BW<ABR�h:=V�[�OQ<�[JT <ABI4H:=<AB;V��W<A2RxI2;5*FHG(wIOQ<I7*D(SH2HV��W<A2(xI2y>J2HD
V�DW<AF(xI2HDv5*FHG(wIOQ<;>=2HD
PA[=PA2HGI:=<A2HD
PA:=<?>A@A2HD8/��YGI2W<A2HGI[�xI6WXN[=@? �>RUWV�UvSH2HD
BW<?>R4 V8>=2*4 u8[JThV8>J2W<
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<bibl>

<paper>

<author> Thomas </author>

<date> 1997 </date>

<title> Languages, Automata, and Logic </title>

</paper>

<book>

<author> Ebbinhaus </author>

<author> Flum </author>

<date> 1999 </date>

<title> Finite Model Theory </title>

</book>

</bibl>

��T <AB(5*BWX;0A.*�p« �¡<AB
xml } :�383�@ABW©"2"/

PA[=PA2HGI:=<A2v>A�(SH2�2H@RT �A[�>JBI4
Qϕ = {n | T |= ϕ(n)}.

¤�[E>J2W<y>A@AFISH2�BWD(>AFv>=2
V�[E5*\R�d[
MSO} >A�(SH2 ϕ(x)

BW<?>R4 V8>J2*4 u8[JT�:=<AB!V��W<A2(xI2v5*FHG(wIOQ<I/

« �¡<AB�BWD(>AFHGIB(>J2�[=@? #>AUWV�UWX �
query automaton-QA

�y[JT <ABI4p:=<AB�<?>A[�>A[=@AGH4 <R4 V8>R4 5*FlPR4 SIxI6WX
5*B(>A[=�R�hDW<AV�UWX �

two-way
�pSH[�SH[=@ABWV�GI:=<A2�BWD(>AFHGIB(>J2�3"4 B�PA:=<?>A@AB87(>J2y2ISH2*T 2�:=u8[J4(>AUW<E4 5*BW<AF(>AU(>JB

<AB![�S*4 xI:�3�[J4*5*FHG(wH2HDWX�BW<A\(xI2(3�BNGI[�>AUW<�5*B(>A\WV8>JBWV�UN5*BI48>AUW<y[�>R4 5*:�>JB ^ >�OQ<y58FHG(wIO#<NBWD(>? Q<I/
��
 ��
 � � %()Hk*c*����fd�"�#� $&%('±%()*)*+&� ,('
« �¡<AB

Σ } PA:=<?>A@A2b[JT <ABI4¡:=<AB�PA:=<?>A@A2®FISH2HDl>JB¬SHBI4 PR4 \l5*\R�h[]58FHG(wH2HD¬[JT <ABI4�PR4 B(>A[�>JB(3�GI:=<ABl5*BI4:=u82HDW<yGH4 B![�>R4 5*:�>JB;B(SHFv5*\(SH2*4 2!SH[�SH[=@ABWV�GI:=<A2vB(xI©"\RwHU(>J2
Σ
/

� [=<R4 5*\
>JB�PA:=<?>A@AB�V�DWG(wH2(xHT �A2W<?>JBI4pGI[v>=B�3�@A\WGIGIB(>JB
t, s, s1, . . .

7Q[=<? �2*4�5*FHG(wH2*4�PAU(xW  }<A2W<?>JBI4hGI[
n,m, n1, . . .

/ECE<
n
[JT <ABI4h:=<ABWX�5*FHG(wH2HX(7"V�DWu8<A\�V�DWG(wH2(xHT �A2HDWGI[�GI[

ni
>J2

i } 2HV8>AFSHBI4 PRT#>J2HD
n
/ st2�V��W<A2RxI2¬5*FHG(wIOQ<�[=<AFHX±PA:=<?>A@A2HD

t
V�DWG(wH2RxHT �A[�>JBI4#GI[

dom(t)
5*BI4QUl@RT �AB

>J2HD
t
GI[

root(t)
/
� @ CD[ > : I f arity g [=<AFHX!5*FHG(wH2HD n [=<AFHXvPA:=<?>A@A2HD
[JT <ABI4�2�BW@R4 �hGIFHX!>=OQ<SHBI4 PR4  Q<v>J2HD

n
/
st2�V��W<A2(xI2±>=OQ<�SHBI4 PR4  Q<�>=2HD

n
V�DWG(wH2RxHT �A[�>JBI4dGI[

children(n)
/
1�:=GW[!F(>R4

:=<AB
PA:=<?>A@A2
t
:=u8[J4 P e`4 H f rank

�
m
7&FISH2HD

m ∈ N
7dBW<v2]wHBR�hGIFHXy5*\R�h[�5*FHG(wH2HDv>J2HD

t
[JT <ABI4

GH4 5*@AF(>A[=@A2HXy6
T V�2HX�>=2*D
m
/�L�DWGHT �A2HDWGI[�[�S*T V�UWXyF(>R4">J2 @ eD[ A]I f depth g [=<AFHX�5*FHG(wH2HD n [JT <ABI42�BW@R4 �hGIFHX�>=OQ<y5*FHG(wIOQ<yV8>J2
GI2W<A2ISH\(>R4�B(SHF!>J2W<

n
V8>AUv@RT �AB
� V�DW<AD(SH2(xI2R3"4 V�GI:=<A2HDN>=2HD

n
7�GIU

V�DW<AD(SH2(xI2R3"4 V�GI:=<AUWXt>AUWX�@RT �ABWX
��/#st2 <��!A]I f heightg >=2HD n [JT <ABI4*2vBW@R4 �hGIFHXE>=O#<�58FHG(wIO#<yV8>=2kG��pbs?t�v ==xGq?�Xs?t+uXo5v7p.�UxGxGqRv m
o�pb|WtNo5v :R�No�mX|Wo�mX�5o5w �GtNo�mbvZs?t�o�pbx��UxGxGqRv m
o�q?�'~]n�==s?m5o�q?|�tUxGu?| :Ru?sX�?q?�'ub�?�=|mX�5o�{.q?n5w }]o�p.:RtA:Rmbv7~]n�pb}`v s?qb�?qRv {5�`p.:RtW}]o5v |��?nGqbpX�7q?rXs?tUx5tU|�tUxGu5o�pXoGtU|X�

�I�
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xml } PA:=<?>A@A2vSH2HD!BW<?>R4 V8>=2*4 u8[JT�V8>=2
:�383�@ABW©"2�>=2HD;S*T <AB(5*B
0A.*/

GIB(5*@A�(>A[=@A2yGI2W<A2ISH\(>R4WB(SHFy>=2W<
n
V�[�:=<AB�©"�(xWxI2 � V�DW<AD(SH2RxI2(3"4 V�GI:=<A2HDE>J2HD

n
7IGIU�V�DW<AD(SH2(xI2(3"4 }V�GI:=<A2HDy>J2HDN©"�(xWxI2HD ��/#9;U(xIBWPA6�>=2;wH\R�h2HX¢>AUWXE@RT �ABWX¢5*BI4H>=2v� �"2HXE[=<AFHXE©"�(xWxI2*D�[JT <ABI4HGIUWPA:=<I/

|�DWG(wH2(xHT �A2HD(GI[¢>AUW<y[�>R4 5*:�>JBN>J2HD
n
GI[
label(n)

/
�QS*4 SIxI:=2I<I7*BW<

σ
[JT <ABI4�:=<AB!V��WG(wH2(xI2!>J2HD

Σ
5*BI4*>JB

t1, . . . , tn
[JT <ABI4

Σ} PA:=<?>A@AB878>AF(>A[�u8@AU }V"4 GI2ISH2*4 2H�WGI[�>J2�V�DWG(wH2(xH4 V�GIF
σ(t1, . . . , tn)

3"4 B]>=2
Σ} PA:=<?>A@A2�SH2HD]BW<AB(SHBW@RT V8>=B(>JBI4h3�@ABW©h4 5*\OQX�[ �A6WX(�

��

t1 . . . tn

σ

��
 ��
 � ����k*edj���kW�¬,(c*��kI�d��,(��)
�#� �¬q*%()Hk*c*� �Qc*����j�%()Iid'
k����Iid'
��@RT �A2W<?>JBI4A>=B�BWD(>AFHGIB(>JB¢[=@?O#>A6WV�[�OQ<�3"4 B�PA:=<?>A@ABE©"@AB(3�GI:=<AUWX¡>A\��AUWX �

QAr
��OQX�PR4 SIxI6WX#5*B(>A[=� }�hDW<AV�UWX�<?>A[�>A[=@AGH4 <R4 V8>R4 5*\;BWD(>AFHGIB(>JBNPA:=<?>A@?OQ<N>=B!2ISH2*T B;:=u82HDW<y[�SH[�5H>JBR�h[JT*GI[�GH4 B!V�DW<A\W@?>AUWV�U

[�S*4 xI2(386WX(/�|�UWGI[J4  Q<A2HDWGI[�F(>R4">JB�PA:=<?>A@AB�SH2HD!�h[�OQ@A2H�WGI[y[JT <ABI4
Σ } PA:=<?>A@ABv>A\��AUWX�>J2]SH2RxI� K 7FISH2HD

K
©"DWV"4 5*F*X�BW@R4 �hGIFHX(/

����k*edj���kW�bq*%()Hk*c*��)¬q8� ahg��d'
$&��k*, ��& �")*��id' i
Two-way tree automata j 
 « �¡<AB T 6 SK51 VJI 8DC P 2 < [ \ Y ;!HJI Y P 2 P 2NM > 69YR6 ;!P 6983: C \DP : > C P5A T F Y P M AR\ f two-way deterministic tree au-

tomaton - 2DTAr g [JT <ABI4#GH4 B�SIxI[J4 \WPAB A = (Q,Σ, F, s, δ)
7�FISH2HD�>=2

Q
[JT <ABI4Q:=<AB�SH[�SH[ }@ABWV�GI:=<A2±V��W<A2(xI2
5*B(>JBWV8>A\WV�[�OQ<I7h>=2

F ⊆ Q
[JT <ABI4">J2±V��W<A2(xI2]>�OQ<!>A[�xH4 5H Q<;5*B(>JBWV8>A\WV�[�OQ<I7

U
s ∈ Q

[JT <ABI4#U�BW@Au�4 5*6
5*B(>A\WV8>JBWV�U±58BI4�U
δ
[JT <ABI4p>J2¬V��W<A2(xI2lV�DW<ABW@?>A6WV�[�OQ<±GI[�>A\RwHBWV�UWX

{δleaf , δroot, δ↑, δ↓}
/���4 2
V�D(385*[�5*@R4 GI:=<AB87�D(SH\W@Au82HDW< �A:=<ABvD(SH2HV��W<A2RxIB

U
5*BI4

D
>=2HD

Q× Σ� >J2
U
BW<?>R4 V8>J2*4 u8[JTAV8>R4 X#SH\W<?O±5*BI4?>J2

D
V8>R4 XQ5*\(>�O�GI[�>=BRwH\WV�[J4 X
�">A:�>=284 B� QV8>A[QU

δleaf : D → Q[JT <ABI4WU�V�DW<A\W@?>AUWV�U�GI[�>A\RwHBWV�UWX¡3"4 B�>JB�©"�(xWxIB87
δroot : U → Q

[JT <ABI4WU�V�DW<A\W@?>AUWV�U�GI[�>A\RwHBWV�UWX
3"4 B�>AUy@RT �AB87

δ↑ : U∗ → Q
[JT <ABI4IUyV�DW<A\W@?>AUWV�U�GI[�>A\RwHBWV�UWX�3"4 B�>R4 XtSH@A2HXt>=B�SH\W<?O­GI[�>JBRwH\WV�[J4 X

5*BI4
δ↓ : D × {1, . . . ,K} → Q∗ [JT <ABI4QU¬V�DW<A\W@?>AUWV�U¬GI[�>A\RwHBWV�UWX�3"4 Bl>R4 X]SH@A2HX]>JBl5*\(>=O

GI[�>JBRwH\WV�[J4 X(/ � 4 B;5*\R�h[
i ≤ K
78U

δ↓(q, a, i)
[JT <ABI48GH4 B!B(5*2(xI2HDR�dT By5*B(>JBWV8>A\WV�[�OQ<�GI6(5*2*DWX

i
/

¤�4 B PXAX>WV f cutg C [=<AFHX
PA:=<?>A@A2HD t [JT <ABI4¡:=<AB­D(SH2HV��W<A2RxI2­>=2HD dom(t)
SH2HD¬SH[=@R4 :=u8[J4

B(5*@R4 wI QX�:=<ABW<�5*FHG(wH2vB(SHF!5*\R�h[EGI2W<A2ISH\(>R48B(SHF!>AU!@RT �ABNSH@A2HX�:=<AB!©"�(xWxI2"/�¤�4 B T 6 C > :�M 
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f configuration g >J2HD!BWD(>J2HGI\(>J2HD A V8>J2
PA:=<?>A@A2 t [JT <ABI4�GH4 BvB(SH[J4 5*FW<R4 V�U c : C → Q
B(SHF�GH4 B

>J2HGI6
C
>=2HD

t
V8>J2�V��W<A2(xI2v5*B(>JBWV8>A\WV�[�OQ<�>J2HD

A
/

st2­BWD(>AFHGIB(>=2
A
F(>=BW<±[=<A[=@?3�[JT�SH\W<?O�V�[
:=<AB�PA:=<?>A@A2

t
SH@AB(3�GIB(>=2ISH2*4 [JTpGH4 B > 2 P e @ C ;!H

f transitiong GI[�>JB��A�±PA�W2lPR4 BWGI2H@A©� QV�[�OQ< c1 : C1 → Q
5*BI4

c1 : C1 → Q
7#U
2ISH2*T B±V�DWG }wH2(xHT �A[�>=BI4hGI[

c1 → c2
7&BW<A<;SH@AB(3�GIB(>J2ISH2*4 [JT"GHT B�SH\W<?OzGI[�>A\RwHBWV�U87"GHT B
5*\(>�OzGI[�>A\RwHBWV�U87"GHT B

GI[�>A\RwHBWV�U;©"�(xWxI2HD;6!GH4 B!GI[�>A\RwHBWV�U;@RT �ABWX(�
0W/tst2
BWD(>AFHGIB(>J2

A
SH@AB(3�GIB(>J2ISH2*4 [JThGH4 B K]eZY � > 2 P e @ C ;!H f up transition g B(SHF]>AUW<vPR4 B }GIFH@A©�OQV�U

c1
V8>AUW<yPR4 BWGIFH@A©�OQV�U

c2
BW<yD(SH\W@Au8[J48:=<ABWX�5*FHG(wH2HX

n
>A:�>J2*4 2HXE QV8>A[

a
/

children(n) = {n1, . . . , nm} ⊆ C1
7

b
/
C2 = (C1 \ children(n)) ∪ {n}

7

c
/
c2(n) = δ↑((c1(n1), label(n1)), . . . , (c1(nm), label(nm)))

785*BI4

d
/¢U

c2
>JBWD(>RT �A[�>JBI4*GI[�>AUW<

c1
V8>AUW<y>=2HGI6

C1 ∩ C2
/

.*/tst2bBWD(>AFHGIB(>=2
A
SH@AB(3�GIB(>J2ISH2*4 [JT#GH4 B 8De P � > 2 P e @ C ;!H f down transitiong B(SHF­>AUW<PR4 BWGIFH@A©�OQV�U

c1
V8>AUW<NPR4 BWGIFH@A©�OQV�U

c2
BW<ND(SH\W@Au8[J48:=<ABWX�5*FHG(wH2HX

n
>A:�>J2*4 2HX� QV8>A[

a
/
n ∈ C1

7

b
/
C2 = (C1 \ {n}) ∪ children(n)

7�FISH2HD
children(n) = {n1, . . . , nm}

7

c
/
c2(n1), . . . , c2(nm) = δ↓((c1(n), label(n)), arity(n))

785*BI4

d
/¢U

c2
>JBWD(>RT �A[�>JBI4*GI[�>AUW<

c1
V8>AUW<y>=2HGI6

C1 ∩ C2
/

K8/tst2�BWD(>AFHGIB(>J2
A
SH@AB(3�GIB(>J2ISH2*4 [JTHGH4 B > 2 P e @ C ;!H M a � C I f root transitiong B(SHF!>AUW<�PR4 B }GIFH@A©�OQV�U

c1
V8>AUW<yPR4 BWGIFH@A©�OQV�U

c2
BW<

a
/
C1 = C2 = {root(t)}

785*BI4

b
/
c2(root(t)) = δroot((c1(root(t)), label(root(t)))

/
��/tst2­BWD(>AFHGIB(>J2

A
SH@AB(3�GIB(>J2ISH2*4 [=T�GH4 B > 2 P e @ C ;!H 
 < 1Z1 A?\ f leaf transitiong B(SHFl>AUW<PR4 BWGIFH@A©�OQV�U

c1
V8>AUW<NPR4 BWGIFH@A©�OQV�U

c2
BW<ND(SH\W@Au8[J48:=<AB!©"�(xWxI2

n
>A:�>=2*4 2v QV8>A[

a
/
n ∈ C1

7

b
/
C1 = C2

c
/
c2(n) = δleaf((c1(n), label(n))

785*BI4

d
/¢U

c2
>JBWD(>RT �A[�>JBI4*GI[�>AUW<

c1
V8>J2

C1 \ {n}
/

� PR4 BWGIFH@A©�OQV�U
c : C → Q

GI[
C = {root(t)}

5*BI4
c(root(t)) = s

7�[JT <ABI4dU T 6 C > :�M 
 � S;!H 2b838 a Y HJ;!HJI f start configurationg / ��\R�h[!PR4 BWGIFH@A©�OQV�U c GI[ c(root(t)) ∈ F
[JT <ABI4pGH4 B

T 6 C > :�M 
 � ;!H K A?\ CZK A T F9E 2 P CZ6 f accepting configurationg /�CED(>AF¬V�UWGIBIT <A[J4�F(>R4Q:=<AB�PR4 SIxI6WX5*B(>A[=�R�hDW<AV�UWX�<?>A[�>A[=@AGH4 <R4 V8>R4 5*F­BWD(>AFHGIB(>J2��
2DTAr � �A[�584 <A\W[J4#B(SHFl>AUl@RT �AB�5*BI4Q[�S*4 V8>A@A:=©"[J4

V�[]BWD(>A6�3"4 Bl<ABlPA[=uH�h[JT#>J2�PA:=<?>A@A2"/®¤�4 B 2b8 P?F 1D2 ;!H [JT <ABI4#GH4 BlB(5*2(xI2HDR�dT B�PR4 BWGI2H@A©� QV�[�OQ<
c1, . . . , cn

7
n ≥ 1
7*>R:�>=2*4 B; QV8>A[�<ABv4 V�u8�W[J4

c1 → · · · → cn
5*BI4�U

c1
<AB![JT <ABI4�U!PR4 BWGIFH@A©�OQV�U

[�5H58T <AUWV�UWX(/±� SHBW@AB(SH\W<?O [�5*>A:�xI[=V�U±[JT <ABI4�2RK`6 P7\GE'HD>+F Y H F(>JBW<
PA[=<]D(SH\W@Au8[J4pPR4 BWGIFH@A©�OQV�U c>A:�>J2*4 BN QV8>A[
cn → c

5*BI4�[�S*4 SIxI:=2W<�U
cn
[JT <ABI4�PR4 BWGIFH@A©�OQV�U;SH2HD!B(SH2HPA:=u8[�>JBI4 /

�HZ
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|�UWGI[J4  Q<A[�>JBI4?F(>R4ASHBW@AFRxI2¢SH2HD¢V�DW<A6R�"OQX¡D(SH\W@Au*2*DW<QSH2RxWxI:=X#PR4 BW©"2H@A[�>R4 5*:=X#[�5H>A[�xI:=V�[J4 X#[=<AFHX
<?>A[�>A[=@AGH4 <R4 V8>R4 5*2H�;BWD(>J2HGI\(>J2HDNPR4 SIxI6WXE5*B(>A[=�R�hDW<AV�UWX�V�[�:=<AB!PA:=<?>R@A2"78U!B(5*2(xI2HDR�dT By5*B(>JBWV8>A\ }V�[�OQ<�V8>R4 X¢2ISH2*T [=X�wH@RT V85*[�>JBI4(5*\R�d[�5*FHG(wH2HX�>J2HD�PA[=PA2HGI:=<A2HDyPA:=<?>A@A2HDy[JT <ABI4IUNT PR4 B�3"4 ByF(xI[=X�>R4 X
S*4 �hBW<A:=X�[�5H>A[�xI:=V�[J4 X(/pst2!3�[�3�2W<AFHX�BWD(>AFv[ �ABWV�©"B(xHT �A[�>=BI4HxIFR38Ob>AUWXEPR4 BWGI:=@R4 V�UWX¢>J2HD;V�DW<AFRxI2HD
Q × Σ

V8>=B
U
7
D
/!« �Q>AV"4 7p:=<ABWX;5*FHG(wH2HX;V�[!GIT B±V�D(385*[�5*@R4 GI:=<AU]5*B(>A\WV8>=BWV�U]PA[=<
GWSH2H@A[JT�<AB

5*\W<A[J4hGH4 BvSH\W<?O GI[�>A\RwHBWV�U�V�[yGHT B�[�5H>A:�xI[=V�U!58BI4hGH4 Bv5*\(>=O V�[yGHT B�\(xWxIUv[�5H>A:�xI[=V�U8/ECED(>AFHX
[JT <ABI4d2±xIF(3�2HXySH2HD
U]V�DWGWSH[=@R4 ©"2H@A\�>=OQ<vBWD(>J2HGI\(>=OQ<!BWD(>? Q<N�h[�OQ@A[JT >JBI4d<?>A[�>A[=@AGH4 <R4 V8>R4 5*6
5*BI4
V�DWu8<A\NBW<ABW©"[=@AFHGIBWV8>A[ ;!PRH YE[�5H>A:�xI[=V�U�>J2HD A BW<?>RT*3"4 By>=2!S*4 2!V8OQV8>AF >�a C�[�5H>A:�xI[=V�U�>=2HD A /
� CbMJe T 2X6 c7> C � � ���Est2bPR4 SIxI6WX]5*B(>A[=�R�hDW<AV�UWX±<?>A[�>A[=@AGH4 <R4 V8>R4 5*F�BWD(>AF*GWB(>J2 �

2DTAr � A 7�SH2HD2H@RT �A[�>JBI4pV8>AU�V�DW<A:=u8[J4 B87p[=<A[=@?3�[JT�V�[!3�[=GI\(>JB
PADWBWPR4 5*\±PA:=<?>A@AB
SH2HD
BW<AB(SHBW@R4 V8>J2H�W<
Boolean5*D(5HxW QGIB(>JB±5*BI4�PA:=u8[�>=BI4�BWD(>R\±SH2HD�B(SH2(>R4 GI2H�W<?>JBI4pV8>AU�GI2W<A\WPAB8/lstB

Boolean
5*D(5HxW QGIB(>=B

SH2HD��h[�OQ@A2H�WGI[NSH[=@R4 :=u82HDW<;>J2HDWXN>A[�xI[=V8>A:=X
∨
5*BI4
∧
/�L�[�OQ@A2H�WGI[NF(>R4

Σ = {∨,∧, 0, 1}
/!stB

PA:=<?>A@AB!SH2HD;�h[�OQ@A2H�WGI[�[JT <ABI4
Σ} PA:=<?>A@AB87"GI[�[�>R4 5*:�>A[=X�3"4 B!>J2HDWX�[=V8O#>A[=@R4 5*2H�WX�5*FHG(wH2HDWX�>JB ∨ 7

∧
5*BI4�GI[�[�>R4 5*:�>A[=XE3"4 B!>=B!©"�(xWxIBN>JB!�87&0W/
� 4 B±>J2

2DTAr A = (Q,Σ, F, s, δ)
[JT <ABI4

Q = {s, u, 1} ∪ {0, 1}2
5*BI4

F = {1}
/±stB

V��W<A2(xIB
D
7
U ⊆ Q×Σ

SH2HDEBW<?>R4 V8>J2*4 u82H�W<�V8>R4 X�5*\(>�O�5*BI4RSH\W<?O�GI[�>JBRwH\WV�[J4 X¡BW<?>RT V8>J2*4 u8B�[JT <ABI4
D = {s} × Σ

5*BI4
U = {u, (0, 0), (0, 1), (1, 0), (1, 1)} × Σ

/���4dV�DW<ABW@?>A6WV�[J4 XyGI[�>JBRwH\WV�[�OQ<
δleaf : D → Q

7
δroot : U → Q

7
δ↑ : U2 → Q

7�58BI4
δ↓ : D × {2} → Q2 2H@RT �A2W<?>JBI4�V8>AU

V�DW<A:=u8[J4 B8/ � 4 B
σ ∈ Σ
7
i, j, i1, j1, i2, j2 ∈ {0, 1}

785*BI4
o, o1, o2 ∈ {∨,∧}

7�[JT <ABI4 �
0W/
δ↓(s, σ, 2) = (s, s)

7
.*/
δleaf(s, σ) = u

7
K8/
δ↑((u, i), (u, j)) = (i, j)

7
��/
δ↑(((i1, j1), o1), ((i2, j2), o2)) = (i1o1j1, i2o2j2)

7
�*/
δ↑(((i1, j1), o1), (u, i2)) = (i1o1j1, i2)

7
�8/
δ↑((u, i1), ((i2, j2), o2)) = (i1, i2o2j2)

7
ZH/
δroot((i, j), o) = ioj.

L�[�OQ@A2H�WGI[E>=2
PA:=<?>A@A2�SH2HD;B(5*2(xI2HDR�h[JTH5*BI48SH[=@R4 3�@A\W©"2HDWGI[¢>AUW<y[�5H>A:�xI[=V�UN>J2HD
A
V�[�BWD(>AF"/

n1 ∧

n2 ∨ 
 n3

n4 
 	 n5

� 4 B�>AU
PR4 BWGIFH@A©�OQV�U][�5H58T <AUWV�UWX
c1 : C1 → Q

7d[JT <ABI4
C1 = {n1}

5*BI4
c1(n1) = s

/N9;U(xIBWPA6
c1 = {n1 7→ s}

/;�EBW@AB(>AUW@A2H�WGI[yFW>R4&B(SHF±>AUW<
c1
7&>J2
A
G(SH2H@A[JT�<AB
SH@AB(3�GIB(>J2ISH2*4 6(V�[J4dGIFW<A2

GHT B�GI2H@A©"6�GI[�>A\RwHBWV�UWX(�N5*\(>�O�GI[�>A\RwHBWV�U8/]« �Q>AV"4p�h[�OQ@A2H�WGI[!>AUW<
>=2HGI6
C2 = {n2, n3}

5*BI4
2H@RT �A2HDWGI[]>AU�PR4 BWGIFH@A©�OQV�U

c2 = {n2 7→ s, n3 7→ s}
/���T <ABI4

δ↓(c1(n1), label(n1), 2) =

�W^
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δ↓(s,∧, 2) = (s, s) = (c2(n2), c2(n3))
/¡9;U(xIBWPA6�>J2

A
SH@AB(3�GIB(>J2ISH2*4 [JTIGH4 By5*\(>=O�GI[�>A\RwHBWV�U

B(SHF�>AU
c1
V8>AU

c2
/­CE<A\(xI2(3�B87p�h[�OQ@A2H�WGI[v>AUW<]>J2HGI6

C3 = {n4, n5, n3}
5*BI4�2H@RT �A2HDWGI[v>AU

PR4 BWGIFH@A©�OQV�U
c3 = {n4 7→ s, n5 7→ s, n3 7→ s}

/�st2
A
SH@AB(3�GIB(>J2ISH2*4 [JT8GH4 B!5*\(>=O GI[�>A\RwHBWV�U

B(SHF�>AU
c2
V8>AU

c3
/�C¢SHF¬BWD(>A6±>AU�PR4 BWGIFH@A©�OQV�U87#>=2

A
GWSH2H@A[JT�<AB�SH@AB(3�GIB(>=2HSI284 6(V�[J4pGIFW<A2

GI[�>JBRwH\WV�[J4 X!©"�(xWxI2HD8/
« �Q>AV"4p�h[�OQ@A2H�WGI[;>AUW<
>J2HGI6
C4 = C3

5*BI4p2H@RT �A2*DWGW[!>AU
PR4 BWGIFH@A©�OQV�U
c4 = {n4 7→ u, n5 7→ s, n3 7→ s}

/±�¡�(5*2RxIB
[�SHB(xIUR�h[=�([�>JBW4�F(>R4p>=2
A
SH@AB(3�GIB(>J2ISH2*4 [JT&GH4 B

GI[�>A\RwHBWV�U]©"�(xWxI2HD±B(SHF
>AU
c3
V8>AU

c4
5*BI4�2HGI2*T OQXvB(SHF�>AU

c4
V8>AU

c5
7�FISH2HD

C5 = C4
5*BI4

c5 = {n4 7→ u, n5 7→ u, n3 7→ s}
/lL�[�OQ@A2H�WGI[;>AUW<

C6 = {n2, n3}
5*BI4�>AU�PR4 BWGIFH@A©�OQV�U

c6 = {n2 7→ (1, 0), n3 7→ s}
/ �

c5 → c6
[JT <ABI4¡GH4 B¬SH\W<?O GI[�>A\RwHBWV�U8/ CE<

C7 = C65*BI4
c7 = {n2 7→ (1, 0), n3 7→ u}

7QU
c6 → c7

[JT <ABI4�GH4 B�GI[�>A\RwHBWV�U
©"�(xWxI2HD8/��QS*T V�UWX
BW<
C8 = {n1}

5*BI4
c8 = {n1 7→ (1, 1)}

7EU
c7 → c8

[JT <ABI4�GH4 B­SH\W<?O GI[�>A\RwHBWV�U8/�st:�xI2HX
�h[�OQ@A2H�WGI[

C9 = C8
5*BI4

c9 = {n1 7→ 1}
/y��T <ABI4

c8 → c9
5*BI4dU

c9
[JT <ABI4dGH4 B]PR4 BWGIFH@A©�OQV�U

SH2HD;B(SH2HPA:=u8[�>JBI4 /���[�5H>A:�xI[=V�U
c1, . . . , c9

[JT <ABI4�[�S*4 >ADWu8UWGI:=<AU8/
|�UWGI[J4  Q<A2HDWGI[�F(>R4R�hB�GWSH2H@A2H�WV�BWGI[¡BW<?>RT(3"4 B�>AUW<

c6
7W<AB�[JT u8BWGI[Q�h[�OQ@A6WV�[J4(>AU�PR4 BWGWF*@A©�O#V"U

c′6 = {n4 7→ u, n5 7→ u, n3 7→ u}
/]� [�5H>A:�xI[=V�U

c1, . . . , c5, c
′
6, c7, c8, c9

[JT <ABI4&SH@A2H©"BW<? QX
[�S*4 >RDWu*UWGI:=<AU8/��EBW@AB(>AUW@A2H�WGI[EF(>R4�5*BI48V8>R4 X�PA�W2�[�5H>A[�xI:=V�[J4 X�U!B(5*2(xI2HDR�dT By5*B(>JBWV8>A\WV�[�OQ<yV8>R4 X
2ISH2*T [=XNwH@RT V85*[�>JBI4�PR4 BWPA2(u�4 5*\]5*\R�h[N5*FHG(wH2HX![JT <ABI4pT PR4 B8/v��4 PR4 5*F(>A[=@AB87�3"4 B±>=B
©"�(xWxIB

ni
7
i =

3, 4, 5
BWD(>A6;[JT <ABI4

s, u
783"4 B;>J2W<

n2
[JT <ABI4

s, (1, 0)
5*BI483"4 B;>AU!@RT �AB

n1
[JT <ABI4

s, (1, 1), 1
/

�

����k*edj���kW��,(c*��kI�d��,(��)�
 « �¡<AB�C \DP : > C PXA 2NM�� PRHJ;!HJI�c 6 C T F Y P MJC 
ZMJC c`>+F Y HJI
P e`4 HJI f query
automaton-QAr g [JT <ABI4pGHT B±SIxI[J4 \WPAB A = (Q,Σ, F, s, δ, λ)

7QFISH2HD]>J2
(Q,Σ, F, s, δ)

[JT <ABI4
:=<AB�BWD(>AFHGIB(>=2
PA:=<?>A@A2HD�PR4 SIxI6WX�5*B(>A[=�R�hDW<AV�UWX�5*BI4"U

λ
[JT <ABI4"GH4 B�V�DW<A\W@?>AUWV�UvB(SHF�>J2

Q × ΣV8>J2
{0, 1}

��U
λ
[JT <ABI4�U ;/\ YRebM PRHJ;!H 2RK`6 1 A7c=VJI f selection functiong /CE<

t
[JT <ABI4*:=<AB!PA:=<?>A@A2!58BI4

n
:=<ABWXE5*FHG(wH2HX¢>J2HD;PA:=<?>A@A2HD87*>AF(>A[¢>J2�BWD(>AFHGIB(>=2

A
2RKZ6 1 F]c 2X6

PXA Y 83: >!@#A n ; 2 > 6 C T 6 C > :�M 
 � ;!H c : C → Q
7�BW<

n ∈ C
5*BI4

λ(c(n), label(n)) = 1
/¡st2

A2RK`6 1 F]c 2X6*>J2W<;5*FHG(wH2 n [=\W<!U
[�5H>A:�xI[=V�6!>J2HD c1, . . . , cm SH\W<?O V8>J2 t [JT <ABI4h[�S*4 >ADWu8UWGI:=<AU!5*BI4[=BW<�D(SH\W@Au8[J4�:=<AB
i ∈ {1, . . . ,m}

>A:�>J2*4 2� QV8>A[!2
n
<AB±[�S*4 xI:�3�[�>JBI4&B(SHF
>=2

A
V�>AUW<

ci
/
�

2NM�� PRHJ;!H K AR\ 2b8 
ZMJe � 2 P CZ6HB(SHFv>=2
BWD(>AFHGIB(>J2 A 2H@RT �A[�>JBI48OQX�[ �A6WX(�
A(t) = {n ∈ dom(t) |

>J2
A
[�S*4 xI:�3�[J4H>AUW<

n}.

� CbMJe T 2X6 c7> C � � ���t« �¡<ABvBWD(>AFHGIB(>J2!SH2HD;[�S*4 xI:�3�[J48FRxI2HDWX�>=2HDWX�5*FHG(wH2HDWX�GI2HD!B(SH2(>R4 GI2H�W<?>JBI4*GI[
0�V�[E:=<ABNxI2(3"4 5*F;5*�(5HxWOQGIB87ISH@A2I5*�(SI>A[J4*©"DWV"4 5*\NB(SHF!>=2�BWD(>AFHGIB(>=2!PR4 SIxI6WX¢5*B(>A:=DR�hDW<AV�UWX¢>=2HD
�EBW@ABWPA[JT 3�GWB(>J2HX¡��/ 0��h:�>=2I<?>=BWX�>J2

F
T V�2yGI[

Q
5*BI4RSH@A2HV*�h:�>J2W<?>JBWX¡>AUW<EV�DW<A\W@?>AUWV�U

λ
7IU�2ISH2*T B

2H@RT �A[�>JBI4*OQX�[ �A6WX(��3"4 B
i, j ∈ {0, 1}

785*BI4
o ∈ {∨,∧}

[JT <ABI4
λ((i, j), o) = 1

BW<A<
ioj = 1

/
�

� ��� ��� ��� � � � ��� � � �¡<?  >JB±PR4 SIxI6WX;5*B(>A[=�R�hDW<AV�UWX;<?>A[�>A[=@AGH4 <R4 V8>R4 5*\±BWD(>AFHGIB(>=B]PA:=<?>A@?OQ<][JT }<ABI4p4 V�2HPA�W<ABWGIB]GI[N>JB±<?>A[�>A[=@AGH4 <R4 V8>R4 5*\
bottom-up

BWD(>AFHGIB(>JB
PA:=<?>A@?OQ<�� GI[N>AUW<�:=<A<A2*4 B±F(>R4
2H@RT �A2HDW<y>R4 XNT PR4 [=X�5HxI\WV"[J4 X�PA:=<?>A@?OQ< ��7">J2]T PR4 2
PA[=<;4 V�u8�W[J4�3"4 B!>=BvBWD(>AFHGIB(>JB;[=@?O#>A6WV�[�OQ< � FWu�4
4 V�2HPA�W<ABWGIB!GI[�>AUW<;:=<A<A2*4 BvF(>R4h[�5*©"@A\W�A2HDW<y>R4 XNT PR4 [=X�[=@?O#>A6WV�[J4 X
��/t9;U(xIBWPA687�PA[=<;[JT <ABI4"FRxIB!>JB
BWD(>AFHGIB(>JB�[=@?O#>A6WV�[�OQ<y4 V�2HPA�W<ABWGIByGI[¢<?>A[�>A[=@AGH4 <R4 V8>R4 5*\yBWD(>AFHGIB(>=B�[=@?O#>A6WV�[�OQ<�>JBy2ISH2*T By[JT <ABI4
GIFW<A2

bottom-up
6!GIFW<A2

top-down
/

◊

MSO
$��h�;�%��k*edj���kW�Y,(c*��kI�d��,(��)�
 st2��h[� Q@AUWGIB­SH2HD�B(5*2RxI2HDR�h[JT¡u8BW@AB(5H>AUW@RT �A[J4¡>AUW<

[�5*©"@ABWV"4 GIF(>AU(>JB±>=OQ<±BWD(>J2HGI\(>=OQ<][=@?O#>A6WV�[�OQ<]3"4 B�PA:=<?>A@AB�©"@AB(3�GI:=<AUWX�>A\��AUWX�V�[�V�u8:=V�U�GI[
>AUW<

MSO
/

�W�
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�

|¡>J2­SHBW@AB(SH\W<?O��h[� Q@AUWGIB�wHBWV"T �A[�>JBI4QU¬B(SHFHPA[J4 �AU�>AUWX
4 V�2HPADW<ABWGHT BWX
>AUWX
MSO
5*BI4#>AUWX

GI2W<ABWPR4 BIT BWX
datalog

OQXESH@A2HXE>AUv4 5*BW<AF(>AU(>A\�>J2HDWX�<AB;2H@RT �A2HDW<�GI2W<A2HGI[�xI[JT XE[=@?O#>A6WV�[J4 X � � 0?������/
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Selecting Tree Automata)
�EBW@A2HDWV"4 \W�A2W<?>JBI4H>JBNwHBWV"4 5*\;V�UWGI[JT BN>J2HDNSH@A2WwIxI6WGIB(>J2HX¢>AUWX�B(SH2(>RT GIUWV�UWXEGI2W<A2HGI[�xW Q<y[=@?O#>A6 }V�[�OQ<NV�[�PA:=<?>A@AB!©"@AB(3�GI:=<AUWX�>A\��AUWX�V��WGI©�OQ<ABvGI[�>J2 � 0A�
� /
��
 � 
 �¨��� ���������#� $&%('±%()*)*+&� ,('
9!T <A2W<?>JBI4�2*4&wHBWV"4 5*2*T&2H@R4 V�GI2*T&SH2HD±BW©"2H@A2H�W<�>AU±GI2W<?>A[�xI2ISH2*T UWV�U�>=OQ<

XML } [�383�@A\W©�OQ<�5*BI4>J2W<y2H@R4 V�GIF�>�OQ<;BW<?>RT V8>J2*4 u*OQ<yGI2I<A2HGI[�xW #<N[=@?O#>A6WV�[�OQ<I/

� o&�dj�� �¡�pk8� ��jp� e�k���ad+®q*%()Hk*c*+��b��o&�dj���kW+d'
σ
�
XML m %R�p��c*�%�Q��
 « �¡<AB ;7E'V3> C f sche-

mag [JT <ABI4&:=<AB]SH[�SH[=@ABWV�GI:=<A2
V��W<A2(xI2�B(SHF
V��WG(wH2(xIB]GI2W<A2HGI[�xW Q<�V�u8:=V�[�OQ<I/±L�[�OQ@A2H�WGI[NFW>R4
σ = {S1, . . . , Sn}

[JT <ABI4I:=<AB�V�u86WGIB8/�« �¡<AB ;!P 6 c`> 6 : P7\ K A T F Y P M A?\�;7E'VD> C PXA]I σ f tree instance
of schema σ g 6 σ S ;!P 6 c7> 6 : P7\ K A T F Y P M AR\ f σ-tree instanceg 7�[JT <ABI48GH4 B;SIxI[J4 \WPAB

T = (V T, γT, rootT, ST

1 , . . . , S
T

n ),

FISH2HD
V T
[JT <ABI4d:=<AB � SH[�SH[=@ABWV�GI:=<A2 �EV��W<A2RxI2±5*FHG(wIOQ<I7&U

γT : V T → (V T)∗
[JT <ABI4dGH4 B]V�D }<A\W@?>AUWV�U�>AUWXt2ISH2*T BWX�2y3�@A\W©"2HXt[JT <ABI4WB(5*D(5HxH4 5*FHX¡5*BI4W:=u8[J4I:=<ABW<EGI2W<ABWPR4 5*F�5*FHG(wH2y[=V8O#>A[=@R4 5*2H�

wHBR�hGI2H����B(SHFN>=2W<�2ISH2*T 2NF(xI2*4I2*4H\(xWxI2*4(5*FHG(wH2*4I[JT <ABI4WSH@A2HV�[�383"T V"4 GI2*4 7IU
rootT
[JT <ABI4IBWD(>AFHXt2

5*FHG(wH2HX�[=V8O#>A[=@R4 5*2H�¢wHBR�hGI2H���87(>=B
ST

1 , . . . , S
T

n

[JT <ABI4(D(SH2HV��W<A2(xIBt>J2HD
V T

� / � 4 BE>JB�V8>R4 3�GH4 F }>AD(SHB�PA:=<?>A@?OQ<I7*2N3�@A\W©"2HX¢>AUWX
γ
[JT <ABI4IPA:=<?>A@A2!GI[t@RT �AB�>AUW<

rootT
7I5*BI4I2

w
[JT <ABI4WSHBI4 PRTI>=2HD

u
7

BW<�2
w
[=GI©"BW<RT �A[�>JBI4*V8>J2

γ(u)
/p« �E>JBW<�>J2vV8>R4 3�GH4 F(>AD(SH2

T
[=<A<A2H[JT >JBI4*B(SHF!>=B;V�DWGI©"@ABW�AFHGI[=<AB87

V�DWu8<A\;SHBW@AB(xI[JT SH[´>JBI4*U!BW<ABW©"2H@A\;>J2HD8/
stB

XML} :�383�@ABW©"B�GI2W<?>A[�xI2ISH2*4 2H�W<?>=BI48OQXNV8>R4 3�GH4 F(>AD(SHBvPA:=<?>A@?OQ<I/���4"GI2W<A2HGI[�xI[JT X�V�u8: }V�[J4 X�SH2HD�BW<?>R4 V8>J2*4 u82H�W<¢V8>J2NV�u86WGIB�u8@AUWV"4 GI2ISH2*4 2H�W<?>JBI4R3"4 B�>AUW<¢5HOQPR4 5*2ISH2*T UWV�UE>AUWX�SIxIUW@A2H©"2 }@RT BWX�SH2HD;SH[=@R4 :=u8[�>JBI48V8>J2HDWX�5*FHG(wH2HDWX�[=<AFHX
XML} PA:=<?>A@A2HD8/Q��SIxIUW@A2H©"2H@RT B!BWD(>A6;GWSH2H@A[JT�<AB[JT <ABI4&>=2

XML} tag [=<AFHX!5*FHG(wH2HD87&6]SIxIUW@A2H©"2H@RT B
SH2HD
5HOQPR4 5*2ISH2*4 [JT >JBW4&V8>JB±B(xI©"BW@R4 �dGWU(>(4 5*\PA[=PA2HGI:=<AB![=<AFHX�5*FHG(wH2HD8/

��c*��kI�d��,W� '���gh+��#� $h��$&�h�*��op,(�#� ��$&%('yq*+dj�%('�
 ¤�T B f >%A Y AX> 2U1 VJI g 2NM�� PRHJ;!H f unary query g
Q ;7E'V3> C PXA]I σ BW<?>R4 V8>J2*4 u8[JTpV�[v5*\R�h[vV8>R4 3�GH4 F(>AD(SH2�PA:=<?>A@A2HD�V�u86WGIB(>=2HX σ :=<AB�D(SH2HV��W<A2(xI2
Q(T) ⊆ V T

/
� ��pbs?t�v ==xGq?�Xs?t�u5o5v3�5�1�XnG~]t�v3mXx�o5v }]o�qRv ~7w m�s?tNo�m.@Gr.o�q?��}7~R{bs?m5o�q?|

σ
:RmbvZo�q?��m5zb�`mG�b{Xo�q?�

Γ
o�pb|�tUxGu5o�pXo�mX|�?q?�.mX�`q?n��.o�m.~]nG�=s?m5o5v }7s?�UxGm��G�Ux�oGnGm]� CBq

σ
qbn5w �Gt�vDo�m'�Rv �ZmXx���}7rXxGq5zbm�}]o�m�qb�?qRw m.sb�?q?nGt�w3xGm.mXx�{.:Rt�v3�UxGmX|:Ru?sX�?q?| :RmbvDmXx��5zbq5�7m.o�q

Γ
q?n5w �Gt�vZo�m.}]rbxGq5zbm

(PT
γ )γ∈Γ

�?q?�'�?nGq?}7�5v q?n5w �Gq?�Xx'o�m.~]n�==s?m5o�m.o��=x :Ru?sX�?�=xb����?mX}`v :?{��5v mX�`q?n��%t�w xGmbvXu5o5vX}7t :+�G�Zt�:?u?sX�?q
n
mXx�o5v }]o�qRv ~]t�wXs?qXxGmX�5v :RuW~]n�==s?m

γ
�
n ∈ PT

γ


3}7t=�UxGm%~]nG�=s?m5o5v }7s?�UxGq�G�Ux�oGnGq 9 tUx�= �`�X}`v :+�Wq n sb�?q?nGt�w?xGmWmXx�{.:Rt�vR}7t/�?q5zXzb�U|B}7~]�U}7t�v | ST 9 S ∈ σ 9 }7t#�UxGm σ y }]o5v �7sRv u5oG�5�?q7� � pXzbmX��{o�m
(PT
γ )γ∈Γ

m5�?q5oGtNzbq?rXx
�5v mXs?�Un5v }]p'o�q?�
}7�XxGu5zbq?��:Ru?sX�?�=x�tUx�= o�m
(ST)S∈σ

uX~7v �

ZR�
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« �¡<AB
σ } V8>R4 3�GH4 F(>AD(SH2�PA:=<?>A@A2HD
GWSH2H@A[JT�<AB
BW<AB(SHBW@ABWV8>JBR�h[JT&B(SHF�GH4 B
V�u8[=V"4 B(5*6±PA2HGI6±>AUWX2ISH2*T BWX�>J2
xI[ �R4 5*F]B(SH2(>A[�xI[JT >JBI4�[�5H>AFHXyB(SHF
>JB�GI2W<A2HGI[�xI6�V��WG(wH2RxIBvV�u8:=V�[�OQ<!>=2HD

σ
7hB(SHF
>JB

GI2W<A2HGI[�xI6�V��WG(wH2(xIB�V�u8:=V�[�OQ<
Root
7
Leaf
7
Last Sibling

5*BI4WB(SHFy>JB�PR4 GI[�xI6�V��WG(wH2(xIB�V�u8: }V�[�OQ<
First Child

5*BI4
Next Sibling

7HF(xIB�GI[�>AU�©"DWV"4 5*6�V"UWGWBWVhT B8/pst2
T
u8@AUWV"4 GI2ISH2*4 [JT >JBI4

3"4 B!<AB!PAU(xW #V"[J4*>AFHV�2v>J2�BW<?>RT V8>=2*4 u82�V8>R4 3�GH4 F(>AD(SH2�PA:=<?>A@A2HD878FHV�2v5*BI4*>AUW<�xI2(3"4 5*6;PA2HGI6;SH2HD
>J2�BW<AB(SHBW@R4 V8>A\8/
L�[�OQ@A2H�WGI[�:=<ABvV8>R4 3�GH4 FW>AD(SH2�PA:=<?>A@A2HD

T
5*BI4�:=<ABW<

MSO} >A�(SH2 ϕ(x)
/t|�DWG(wH2(xHT �A2HD(GI[�GI[

ϕ(T)
>J2lV��W<A2(xI2�F(xWOQ<
>�OQ<]5*FHG(wIOQ<

u ∈ V T
3"4 B
>J2HDWXv2ISH2*T 2HDWX

T |= ϕ(u)
� PAU(xIBWPA6±>J2

sat assign(T, ϕ)
�=/Q�

T→ ϕ(T)
2W<A2HGI\W�A[�>JBI4/2NM�� PRHJ;!H K A?\ A M a � 2 P CZ6!C`K7: PXA Y ϕ /

� �"�"q8� $&%('�q*+dj�%('�
 9;[=PA2HGI:=<A2HDE[=<AFHX¡V8>R4 3�GH4 F(>AD(SH2HD¢PA:=<?>A@A2HDED(SH\W@Au8[J4?B(xW3�FH@R4 �hGI2HXQ2�2ISH2*T 2HX
5HOQPR4 5*2ISH2*4 [JT&>J2lPA[=PA2HGI:=<A2�V8>(4 3�GH4 F(>AD(SH2�V�[v:=<AB
PADWBWPR4 5*F�V8>R4 3�GH4 F(>AD(SH2"/±� GI[�>A\W©"@ABWV�U±>AUWX
MSO
V�>=BlBW<?>RT V8>=2*4 u8B�PADWBWPR4 5*\�V8>R4 3�GH4 F(>AD(SHB�3"T <A[�>JBI4#[=�(5*2(xIB*/­9;U(xIBWPA6�GWSH2H@A2H�WGI[R7Qu*OQ@RT X

wIxI\RwHUy>AUWX�3�[=<R4 5*F(>AU(>JBWX(7*<AB;SH[=@R4 2H@R4 V8>J2H�WGI[EGIFW<A2
V�[�PADWBWPR4 5*\;V8>R4 3�GH4 F(>AD(SHB � ��T <AB(5*BWX;0J� ��/
|�[�BW<?>RT �h[=V�UbGI[�>AU�3�[=<R4 5*6­SH[=@RT SI>=OQV�U87¢>JBbPADWBWPR4 5*\�V8>R4 3�GH4 F(>AD(SHB�PA:=<?>A@?OQ<­BW<AB(SHBW@RT }V8>JBW<?>=BI4�OQXbV�u8[=V"4 B(5*:=X­PA2HGI:=X�GI[¬>AU wH2H6R�h[J4 B >�OQ< [ �A6WX�PADWBWPR4 5H Q<®V�DWG(wHF(xWOQ<bV�u8:=V�UWX(�

First Child
5*BI4

Second Child
78GI[�>AUW<�SH@A2H©"BW<A6!V�UWGIBWV"T B � /

��
 � 
 �
Selecting Tree Automaton

²ESH\W@Au8[J4*:=<ABy5*2*4 <AFvu*BW@AB(5*>AUW@R4 V8>R4 5*F!V�UWGI[JT 2!BW<A\WGI[=V�BNV8>JB;BWD(>AFHGIB(>JB�SH2HDN2H@RT �A2I<?>=BI48V�[EBWD }>A6y>AUW<�[=<AF(>AU(>JBy5*BI4*V8>JBNBWD(>RFHGIB(>=By[=@? #>AUWV�UWXESH2HDN2H@RT V8>AU(5*BW<�V8>AUW<�SH@A2HU(3�2H�WGI[=<AUN[=<AF(>AU(>=B8�
2H@R4 V�GI:=<A[=Xy5*B(>JBWV8>A\WV�[J4 Xy[JT <ABI4%8DC P C ;!P e ; 2X6 I K A?\ 2RK`6 1 F]cOAR\ Y f selecting statesg 7&PAU(xIBWPA6�[�S*4 }xI:�3�2HDW<¢>J2HDWX�5*FHG(wH2HDWX�SH2HD�B(SH2W>A[�xI2H�(<¢>AUW<�B(SH\W<?>AUWV�U�V8>AUW<�BW<?>RT V8>J2*4 u8U�[=@? #>AUWV�U8/���V8>AFHV�2"7
BW<
[ �ABI4 @A:=V�[J4&5*BW<A[JT X!BWD(>A6]>AUW<
2HGI2*4 F(>AU(>JB87�2*4pGIUWu8BW<R4 V�GI2*T�D(SH2(xI2(3"4 V�GI2H�]>�OQ<]B(SHBW<?>A6WV�[�OQ<
>=OQ<N[=@?O#>A6WV�[�OQ<N[JT <ABI4�BW@?5*[�>A\;PR4 BW©"2H@A[�>R4 5*2*T /

h i m )Hk*,Rk*,(c*jp� )8� �pk8� $&eLi
bottom-up j �%��k*edj���kI+Yq*%()Hk*c*+#� ���%��k*edj���kW+ σ m q*%()Hk*c*+���
« �¡<ABtGIU } <?>A[�>A[=@AGH4 <R4 V8>R4 5*F � bottom-up

�dBWD(>AFHGIB(>J2¢PA:=<?>A@A2HDt[JT <ABI4?GH4 B�SIxI[J4 \WPAB
A = (Q,Σ, F, δ)

7
FISH2HD�>J2

Q
[JT <ABI4*2 E �/M A]I 8DC P C ;!P e ; 2 ��Y f state spaceg 7 Σ [JT <ABI4H>J2dC?1 
!e @/HOPXA 7 F ⊆ Q [JT <ABI4>J2�V��W<A2(xI2v>�OQ< 83C P C ;!P e ; 2 ��Y K A?\ CZK A T F9E
A Y P CZ6 7*5*BI4

δ : Σ ∪ (Q× Σ) ∪ (Q×Q× Σ)→ Pow(Q)

[JT <ABI4�U ;/\ YRebM PRHJ;!Hd> 2 P e @ C ;!HJI /
� V�DW<A\W@?>AUWV�UbGI[�>A\RwHBWV�UWX

δ
2H@R4 �A[�>JBI4tGI[�>A:�>J2*4 2®>A@AFISH2  QV8>A[l<ABb5*B(xI�(SI>A[=4tFRxI[=X�>(4 X

SH[=@R4 SI>? QV�[J4 X(�
©"�(xWxIB87#[=V8O#>A[=@R4 5*2H�WX�5*FHG(wH2HDWX
GI[�:=<AB�SHBI4 PRTp5*BI4#[=V8O#>A[=@R4 5*2H�WX�5*FHG(wH2HDWX
GI[
PA�W2�SHBI4 PR4 \8/¢|�UWGI[J4  Q<A[�>JBI48OQV8>AFHV�2"7hF(>(4"BW<;:=<ABWX�5*FHG(wH2HX�:=u8[J4hGIFW<A2]:=<AB!SHBI4 PRT 7"PA[=<;D(SH\W@Au8[J4
U±PADW<AB(>AF(>AU(>JB]PR4 \(5*@R4 V�UWX;BW<A\WGI[=V�B±V8>AUW<vSH[=@RT SI>=OQV�U]SH2HD
>J2
SHBI4 PRT&BWD(>AF�[JT <ABI4d>J2�BW@R4 V8>A[=@AF
5*BI4�V8>AUW<�SH[=@RT SI>=OQV�U;SH2HD;BWD(>AF�[JT <ABI48>J2�PA[ �RT�SHBI4 PRT*>J2HD![=<�xIF(38O®5*FHG(wH2HD8/
« �¡<AB*C \DP : > C PXA σ SUT F Y P M A?\ f σ S tree automaton g 7¢PAU(xIBWPA6­:=<AB�BWD(>AFHGIB(>J2­SH2HD­[=<A[=@?3�[JTV�[lV8>R4 3�GH4 F(>AD(SHBbPA:=<?>R@?O#<®V�u86WGIB(>=2HX

σ
7�[JT <ABI4¢:=<AB GIU } <?>A[�>A[=@AGH4 <R4 V8>R4 5*F � bottom-up

�±BWD }����x
Σ = Pow(σ)

:Rmbv�q �7n��X�`q?| o�pb|
γT

t�w xGmbv��UxGm �G�XmX�5v :Ru �G�Ux�oGnGq s?t�:+�G�Zt tU}7�OoGtUn5v :Ru3:Ru?sX�?q xGm�U~]t�v#m�:Rn5v �1==|��GrXq �?mbv �5v � 9 oGuXoGt p �UxGxGqRv m o�q?� σ y }]o5v �7sRv uXoG�5�?q?� �G�Ux�oGnGq?� t�w xGmbv#v }7q?�GrXxGmXsbp s?t t :Rt�w x�p o�q?�~]nG�=s?m5o5v }7s?�UxGq?�
Σy �G�Ux�oGnGq?�R�

ZH0
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a

b

e f

c

g

d →

a

b

e

⊥ f

c

g d

⊥

��T <AB(5*BWX;0J��� ��OQPR4 5*2ISH2*T UWV�U;V�[�PADWBWPR4 5*FvV8>R4 3�GH4 F(>AD(SH2"/

>AFHGIB(>J2zPA:=<?>A@A2HD
A = (Q,Σ, F, δ)

GI[
Σ = Pow(σ)

/ �¡\W<®>=2
T
[JT <ABI4�:=<AB V�>R4 3�GH4 F }>AD(SH2�PA:=<?>A@A2HD¬5*BI4

n ∈ V T
7tu8@AUWV"4 GI2ISH2*4 [JT >=BI4Q2®V�DWG(wH2RxH4 V�GIFHX

Σ(n)
3"4 B­<AB­PAU(xW QV�[J4¡>=2

{R ∈ σ |n ∈ RT} ∈ Σ = Pow(σ)
�W/

! ,R$dk*%Rgh,(��i ,()*ed'l�%��kW+dj ��kI+��
σ m q*%()Hk*c*+��®��,�q��"�"q8� $#�®�pk8� ��jp� e�k���ad� /�� 2b8 P?F 132 ;!H

f run g [=<AFHX¢BWD(>J2HGI\(>=2HD σ } PA:=<?>A@A2HD A = (Q,Σ, F, δ)
V�[�:=<AByV8>R4 3�GH4 F(>AD(SH2NPADWBWPR4 5*2H��PA:=<?>A@A2HD

T
[JT <ABI4�GH4 B!B(SH[J4 5*FW<R4 V�U

ρ : V T → Q
>A:�>J2*4 BN QV8>A[R�

} ρ(n) ∈ δ(Σ(n))
7�BW<N2

n ∈ V T
[JT <ABI4�©"�(xWxI2"7

} ρ(n) ∈ δ(ρ(n1),Σ(n))
7�[=\W<y2

n ∈ V T
[JT <ABI48[=V8O#>A[=@R4 5*FHX�5*FHG(wH2HX�GI[�:=<AB!SHBI4 PRT

n1
7

} ρ(n) ∈ δ(ρ(n1), ρ(n2),Σ(n))
7H[=\W<�2

n ∈ V T
[JT <ABI4I[=V8O#>A[=@R4 5*FHXt5*FHG(wH2HXtGI[tSHBI4 PR4 \

n15*BI4
n2
/

¤�4 B±[�5H>A:�xI[=V�U][JT <ABI4�[�S*4 >ADWu8UWGI:=<AU]BW<
ρ(rootT) ∈ F

/�st2�BWD(>AFHGIB(>J2
A T F�E 2 P CZ6h>=2 T

[=\W<
D(SH\W@Au8[J48GH4 B![�S*4 >ADWu8UWGI:=<AUN[�5H>A:�xI[=V�UN>J2HD

A
V8>J2

T
/

� c*+d�#&#�h$hi ,()*ed'zjhido��")8� ��j�+ ���Q� ��kIid) ,Ra&� gh+8���Y$&edjdfd��) ���%��k*edj���kI��q*%()Hk*c*��)
ad+��®,Ra&� gh%R��+��")�
 stB
BWD(>AFHGIB(>=BvSH2HD�2H@RT V8>AU(5*BW<;SHBW@AB(SH\W<?O PA[=<v:=u82HDW<;>AUW<v4 5*BW<AF(>AU(>JB�<AB
2H@RT �A2HDW<NGI2W<A2HGI[�xI[JT X�[=@?O#>A6WV"[J4 X(/ � 4 B!<AB!>J2
[�S*4 >A�Wu82HDW<�BWD(>AFv�hB!SH@A:�SH[J4�<ABv[=©"2HPR4 BWV8>J2H�W<yGI[
:=<ABW<y[�S*4 SH@AFHV*�h[�>J2vGIUWu8BW<R4 V�GIFv3"4 B;>AUW<N[�S*4 xI2R3�6N5*FHG(wIOQ<I/
« �¡<AB C \DP : > C PXA σ SUT F Y P M AR\ K AR\ 2RKZ6 1 F]c 2X6 f selecting σ-tree automaton, σ-STA g [JT <ABI4GH4 BvSIxI[J4 \WPAB

A = (Q,Σ, F, δ, S)
7hFISH2HD!>J2

(Q,Σ, F, δ)
[JT <ABI4":=<AB�BWD(>AFHGIB(>J2

σ } PA:=<?>A@A2HD!5*BI4>J2
S ⊆ Q

:=<AB!V��W<A2RxI2_8DC P C ;!P e ; 2 ��Y K A?\ 2RK`6 1 F]cOAR\ YA/
� [=@? #>AUWV�UNSH2HDN2H@RT �A[�>=BI4*B(SHF!:=<AB

σ } STA
BW<?>R4 V8>=2*4 u8[JT*V�[¢5*\R�h[

σ } PA:=<?>A@A2 T >=2vV��W<A2(xI2

A(T) = {v ∈ V T |
V�[E5*\R�h[�[�S*4 >ADWu8UWGI:=<AU;[�5H>A:�xI[=V�UN>=2HD

A
2v5*FHG(wH2HX

v
wH@RT V85*[�>JBI48V�[�5*B(>A\WV8>JBWV�UNSH2HD;[�S*4 xI:�3�[J4

}.

� ���	� �#
 � ��� � ��
 � �
������� a C >%A Y AX> 2U1 VJI 2NM�� PRHJ;!H f ; 2 T \ C T 6�8De ;!P 6 c`> 6 : P`\ K]C T F Y P M���Y g 2 a YXCZ6A M a ; 6 >WHd;�PRH Y MSO
CZYQ8DCZ6 > :]Y A CZYQ2 a Y5CZ6 A M a ; 6 >WH C`K7: F YXC STA

�

� � ������� � ��� C¢SH2HPA[J4 58<A�W[�>=BI4dBW@Au�4 5*\
F(>R4d3"4 B
5*\R�h[NGI2W<A2HGI[�xI6
MSO
[=@? #>AUWV�U87&D(SH\W@Au8[J4d:=<AB

4 V�2HPA�W<ABWGI2
STA
/H� B(SHFHPA[J4 �AU�wHBWV"T �A[�>=BI4IV8>J2N3�<?OQV8>AF!B(SH2(>A:�xI[=V�GIB �

Doner � 0?��� 7 Thatcher&< ��pbs?t�v ==xGq?�Xs?t�o�pbx
mXx�o5v }]o�qRv ~7w m'mXx��Xs?tU}7m.}]o�q
Σ(n) ∈ Σ

:RmbvZ}]o�q�~]n�==s?m
c(n) ∈ Γ

o�q?��:Ru?sX�?q?�
n
tUxGu?|~]nG�=s?m5o5v }7s?�UxGq?�

Γy �G�Ux�oGnGq?� T
��>��XsRw �Gq?�Xs?t uXo5v

c(n) = γ
mXxGx

n ∈ PT
γ

� � ��=
Σ(n) = {S, P,R}

mXxGx
n ∈ ST 9 n ∈ PT

:Rmbv
n ∈ RT

�

Z(.
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Wright � .*0����QF(>R4IGH4 B�5HxI\WV�U�PADWBWPR4 5H Q<�PA:=<?>A@?OQ<�[JT <ABI4I2H@RT Vh4 GWUyV8>AUW< MSO
BW<A<�[JT <ABI4WBW<AB(3�<?O }@RT V"4 GIU±B(SHF�:=<AB
BWD(>AFHGIB(>J2
PA:=<?>A@A2HD8/v« CEGI[=V�U
V�DW<A:�SH[J4 B
>AUWX!SHBW@AB(SH\W<?OzSH@AF(>=BWV�UWX![JT <ABI4�F(>R4

3"4 B;5*\R�h[
MSO } >R�(SI2 ψ(X)

V8>J2�xI[ �R4 5*F
σ ∪ {First Child, Second Child}

7�FISH2HD
σ
[JT <ABI4

5*\(SH2*4 2
V�u86WGIB87�D(SH\W@Au8[J4�:=<AB±BWD(>AFHGIB(>J2
PADWBWPR4 5*2H�
σ ∪ {X}} PA:=<?>A@A2HD Aψ

>A:�>J2*4 2
 QV8>A[;3"4 B
F(xIBN>JB!D(SH2HV��W<A2(xIB

U ⊆ V T
<ABv[JT <ABI4

(T, U) |= ψ(X) ⇐⇒ Aψ
PA:=u8[�>=BI48>J2

(T, U),

FISH2HDvGI[
(T, U)

V�DWG(wH2RxHT �A[�>JBI4�U�[�SH:�5H>JBWV�U!>J2HD�PADWBWPR4 5*2H�
σ } V8>R4 3�GH4 FW>AD(SH2HD T V8>J2]PADWBWPR4 5*F

σ∪X } V8>R4 3�GH4 F(>AD(SH2NPA:=<?>A@A2HDyFISH2HD�>=2 X � GI2W<A2HGI[�xI:=XtV��WG(wH2(xI2yV�u8:=V�UWX
�#[=@AGIUW<A[=�W[�>JBI4(OQX
U
/

L�[�OQ@A2H�WGI[v>AUW<
GI2W<A2HGI[�xI6�[=@? #>AUWV�U
ϕ(x)
7¡PAU(xIBWPA6�:=<ABW<

MSO } >A�(SH2lGI[
GHT B�[�xI[=�R�h[=@AUSH@?O#>=2IwH\R�hGH4 B;GI[�>JBRwIxIUR>A687H5*BI482*@RT �A2HDWGI[¢>J2W<
MSO} >A�(SH2

ψ(X) = ∀x(ϕ(x)→ X(x)).

�EBW@AB(>AUW@A2H�WGI[EF(>R48>AF(>R[�[JT <ABI4 �

ϕ(T) =
�
{U ⊆ V T | (T, U) |= ψ(X)}.

L�[�OQ@A2H�WGI[#F(>(4A>=2�BWD(>AFHGIB(>=2
Aψ
2H@RT �A[�>JBI4AB(SHF�>AUW<�SIxI[J4 \WPAB

(Q,Pow(σ∪X), F, δ)
/�¤�[�wH\WV�U

BWD(>AFv2H@RT �A[�>JBI48:=<AB;<A:=2�BWD(>AFHGIB(>J2
A = (Q× {0, 1},Pow(σ), F × {0, 1}, δ′, Q× {1})

7*SH2HD
[JT <ABI4�:=<AB
BWD(>AFHGIB(>J2
[=@? #>AUWV�UWX

σ } PA:=<?>A@A2HD±GI[!V�DW<A\W@?>AUWV�U±GI[�>A\RwHBWV�UWX δ′ U
2ISH2*T B]2H@RT �A[�>JBI4OQX�[ �A6WX(�

δ′((q1, e1), (q2, e2), a) = (δ(q1, q2, a)× {0}) ∪ (δ(q1, q2, a ∪ {X})× {1}),

3"4 BbF(xIB�>=B
q1, q2 ∈ Q

7
e1, e2 ∈ {0, 1}

7
a ∈ Pow(σ)

/ CE<A\(xI2(3�Bb2H@RT �A2W<?>JBI4t2*4
δ′(a)5*BI4

δ′(q, a)
/l��4�PA[�5H>A:=Xv[�5H>A[�xI:=V�[J4 X!>=2HD�BWD(>J2HGI\(>=2HD

A
V8>=2

T
BW<?>R4 V8>J2*4 u82H�W<
V8>R4 X�PA[�5H>A:=X

[�5H>A[�xI:=V�[J4 X¢>J2HD
Aψ
V8>R4 X�[�SH[�5H>A\WV�[J4 X

(T, U)
/#�QSH2HGI:=<?OQX(7

A(T) =
�
{U ⊆ V T |Aψ

PA:=u8[�>=BI48>J2
(T, U)} = ϕ(T).

� 4 B]>AUW<
BW<?>RT �h[�>AU]5*B(>A[=�R�hDW<AV�U87d�h[�OQ@A2H�WGI[!F(>R4�>=2
A = (Q,Pow(σ), F, δ, S)

[JT <ABI4�:=<AB
σ }

STA
GI[�V��W<A2RxI2!5*B(>=BWV8>A\WV�[�OQ<

Q = {q1, . . . , qk}
/#¤�T B;[�5H>A:�xI[=V�U

ρ
>J2HD

A
V�[E:=<AB;PADWBWPR4 5*F

σ } V8>R4 3�GH4 F(>AD(SH2�PA:=<?>A@A2*D T GWSH2H@A[JT"<ABvSH[=@R4 3�@ABW©"[JT"B(SHF
GHT B!SIxI[J4 \WPAB (U1, . . . , Uk)
B(SHF
D(SH2 }V��W<A2(xIB;>J2HD

V T
7�3"4 B;>JBv2ISH2*T B![JT <ABI4

v ∈ Ui
BW<
ρ(v) = qi

/¢L�[�OQ@A2H�WGI[�F(>R4"U!SH@?O#>J2WwH\R�hGH4 B
SH@AF(>JBWV�U

ψ(X1, . . . , Xk)
[�5*@A\W�A[J4�>J2�3�[�3�2I<AFHX�F(>R4�U

(X1, . . . , Xk)
SH[=@R4 3�@A\W©"[J4�GHT B�PA[�5H>A6

[�5H>A:�xI[=V�U8/�stF(>A[�2v>A�(SH2HX

ϕ(x) = ∀X1 . . . Xk � ψ(X1, . . . , Xk)→ �
i,qi∈S

Xi(x) �
2H@RT �A[J48>AUW<NT PR4 B![=@? #>AUWV�UvGW[�>J2

A
/

♣

���	��� � 
 � ��� �	��
 � �
����� �+6 C 8DeD[Z2
STA A

\ K]ebM E 2X6 F Y5C STA A′ P?F?PXA 6 A � ;!P 2 c 6 C :�1ZC P C
T \ C T 698De ;!P 6 c7> 6 : P7\ K]C T F Y P M A?\ T �

A(T) = {v ∈ V T | \ K]ebM E 2X6 >�a C 2RKZ6 P7\GE'H3>+F Y H 2b8 P?F 1D2 ;!HdPXAR\ A′ ;!P5A T
:`K AR\

A 83: >!@#A]I v @ M a ; 832 P CZ6 ; 2
8DC P e ;!P C ;!H K A?\ 2RK`6 1 F]c 2X6 }.
ZRK
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� � ������� � ��� CE<
ϕ(x)
[JT <ABI4�U�[=@? #>AUWV�U�SH2HD�2H@RT �A[J4�>J2

STA A
7��h[�OQ@A2H�WGI[�>=2

STA B =
(Q,Pow(σ), F, δ, S)

SH2HD�2H@RT �A[J4�>AUW<
¬ϕ(x)
/­�¡�(5*2RxIB�[�SHB(xIUR�h[=�([�>JBW4�F(>R4�>J2

STA
3"4 B�>J2

2ISH2*T 2�4 V�u8�W[J4�U;SHBW@AB(SH\W<?O®4 PR4 F(>AU(>JB;[JT <ABI4
A′ = (Q,Pow(σ), F, δ,Q \ S)

/
♣

� ��� ��� ��� � � � ��� � � |¡>AUW<��¡<AF(>AU(>JB
K8/ .*/ �±SHBW@A2HDWV"4 \WV8>AU(5*[N2�3�[=<R4 5*FHX!>A@AFISH2HX!5*B(>JBWV85*[=DW6(X
>J2HD

Γk }
BWD(>=2*GW\(>J2HD

Aφ
3"4 Bv5*\R�h[

k } GI[�xI6 MSO[τ0
Γ] } >A�(SH2 φ /��E@A2H©"BW<? QXNU�5*B(>JBWV85*[=DW6;>J2HDBWD(>J2HGI\(>=2HD!PADWBWPR4 5*2H�

σ ∪ {X}} PA:=<?>A@A2HD Aψ
SH2HDvBW<?>R4 V8>=2*4 u8[JT�V�[�5*\(SH2*4 2

MSO } >A�(SH2 ψ(X)V8>J2­xI[ �R4 5*F
σ ∪ {First Child, Second Child}

7�3"T <A[�>JBI4¡BW<A\(xI2R3�B8/ � 4 BlSHBW@A\WPA[J4 3�GIB87¡>J2
BWD(>AFHGIB(>J2!SH2HD!BW<?>R4 V8>J2*4 u8[JT"V�[�:=<ABW<NB(>=2HGH4 5*Fv>R�(SI2

S∗(X)
7
S ∈ σ
7"[JT <ABI4�BW<A\(xI2(3�2!>J2HD

Γ×
{0, 1}} BWD(>J2HGI\(>J2HD�SH2HDyBW<?>(4 V8>J2*4 u8[JTHV8>=2W< P ∗

α(X)
7
α ∈ Γ

� ��T <AB(5*BWX�0W7HV�[�x�/�0?^ ��/¡L�DWGHT �A2HDWGI[
F(>R4p3"4 B
>=2

AP∗
α

[JT <ABI4
∆((γ, 0)) = q0

7
γ ∈ Γ

5*BI4
∆((α, 1)) = qa

7
∆((α′, 1)) = qf

3"4 B
α′ ∈ Γ \ {α}

/ � 4 B]>=2
AS∗
[JT <ABI4

δ(W ) = q0
7pBW<

W ∈ Pow(σ)
7
δ(W ∪ {X}) = qa

7pBW<
W ∈ {M ∈ Pow(σ) |S ∈M}

7*5*BI4
δ(W ∪ {X}) = qf

78BW<
W ∈ {M ∈ Pow(σ) |S 6∈M}

/
∆((α′, 1)) = qf

3"4 B
α′ ∈ Γ \ {α}

/�CE<A\(xI2(3�B
4 V�u8�W2HDW<N3"4 B�>R4 XND(SHF(xI2*4 SI[=X�GI[�>JBRwH\WV�[J4 X�5*BI4
3"4 B�>=2HDWXND(SHF(xI2*4 SI2HDWX�B(>J2HGH4 5*2H�WX�>R�(SI2*DWXR/�9;[=PA2HGI:=<?OQ<!>=OQ<vBWD(>J2HGI\(>�OQ<;SH2HD�BW<?>R4 V8>J2*4 u82H�W<
V8>J2HDWX�B(>=2HGH4 5*2H�WXE>A�(SH2HDWX(7*2*485*BW<AFW<A[=X�5*B(>JBWV85*[=DW6(X�BWD(>=2HGI\(>=OQ<�3�4 B;S*4 2�V��W<J�h[�>J2HDWXE>A�(SH2HDWX
[�SH[�5H>A[JT <A2W<?>JBI48©"DWV"4 5*\8/

◊

� CbMJe T 2X6 c7> C � � � ��L�[�OQ@A2H�WGI[�>J2;V�u86WGIB
σ = {P,R}

5*BI4(�h[�OQ@A2H�WGI[�>J2W<E>A�(SH2
ϕ(x) = P (x)

/
9;[=<®[JT <ABI4�PA�WV85*2(xI2z<AB [�SHB(xIUR�h[=�WV�2HD(GI[¬F(>R4�>J2 BWD(>AFHGIB(>J2 SH2HD BW<?>R4 V8>J2*4 u8[JT�V8>J2W<®>A�(SH2
ψ(X) = ∀x(P (x)→ X(x))

[JT <ABI4
Aψ � (Q,Pow({P,R,X}), F, δ)

7IFISH2HD
Q = {q0, qa, qf}

7
F = {qa}

5*BI4I3"4 BN>AU
δ
:=u82HDWGI[t>R4 X�4 V�FW>AU(>A[=X(�

δ({P}) = qf
7
δ({P,R}) = qf

7
δ({P,X}) =

qa
7
δ({P,R,X}) = qa

7
δ({R}) = δ({R,X}) = q0

5*BI4
δ(q0, q0,W ) = δ(q0,W ) =

δ(W )
7
W ∈ Pow({P,R,X})

/ �QS*T V�UWX
δ(qf , ∗, ∗) = δ(∗, qf , ∗) = qf

� >=2
∗
PAU(xW Q<A[J4

F(>R4Q>JB¬BW<?>RT V8>=2*4 u8B¬2H@RT V�GIB(>JB¬GWSH2H@A2H�W<�<ABlSH\W@A2HDW<
2ISH2*4 BWPA6(SH2(>A[v>R4 GI6¬V8>J2�SH[=PRT 2�2H@R4 V�GI2H�
>J2HDWX
�y5*BI4

δ(qf , ∗) = qf
/b�QS*4 SIxI:=2I<±[JT <ABI4

δ(q0, qa, {P}) = qf
7
δ(q0, qa, {P,R}) = qf

7
δ(q0, qa, {P,X}) = qa

7
δ(q0, qa, {P,R,X}) = qa

7
δ(q0, qa, {R}) = δ(q0, qa, {R,X}) =

qa
5*BI4

δ(qa, q0,W ) = δ(qa, qa,W ) = δ(qa,W ) = δ(q0, qa,W )
7
W ∈ Pow({P,R,X})

/
st2
BW<?>RT V8>J2*4 u82vBWD(>AFHGIB(>J2v[=@? #>AUWV�UWX

{P,R} } PA:=<?>A@A2HD![JT <ABI4 A = (Q′,Pow({P,R}), F ′,
δ′, S)
7�FHSI2*D

Q′ = {q00, q01, qa0, qa1, qf0, qf1}
7
F ′ = {qa0, qa1}

7
S = {q01, qa1, qf1}

5*BI4
U
δ′
2H@RT �A[�>JBI4 �

δ′({P}) = {qf0, qa1}
7
δ′({P,R}) = {qf0, qa1}

7
δ′({R}) = {q00, q01}5*BI4

δ′(q0i, q0j ,W ) = δ′(q0i,W ) = δ′(W )
7
i, j ∈ {0, 1}

7
W ∈ Pow({P,R})

/��QS*T }V�UWX
δ′(qfi, ∗, ∗) = δ′(∗, qfi, ∗) = δ′(qfi, ∗) = {qf0, qf1}

7
i ∈ {0, 1}

/��QS*4 SIxI:=2W<¬[JT }<ABI4
δ′(q0i, qaj , {P}) = {qf0, qa1}

7
δ′(q0i, qaj , {P,R}) = {qf0, qa1}

7
δ′(q0i, qaj , {R}) =

{qa0, qa1}
5*BI4

δ′(qai, q0j ,W ) = δ′(qai, qaj ,W ) = δ′(qai,W ) = δ(q0i, qaj ,W )
7
i, j ∈

{0, 1}
7
W ∈ Pow({P,R})

/
�

��
 � 
 - _N+�adc*e"fhg�idj�� kIid'®��ad+�k8n jdid��id'��#� �
STAm ,(c*��kI�d��,W� 'b��,bq��"�"q8� $#� �pk8� � mj�� e�k���ad�

¤�[E>J2W<yFH@A2
STA } [=@?O#>A6WV�[J4 X�BW<ABW©"[=@AFHGIBWV8>A[EV8>R4 X�[=@?O#>A6WV�[J4 X�SH2HD;2H@RT �A2W<?>JBI48B(SHFvBWD(>AFHGIB(>JBPA:=<?>A@?OQ<NSH2HD![�S*4 xI:�3�2HDW< �

STAs
��/���SH2RxID(5HxI2I5*F(>AUR>JBN>=2HD!SH@A2WwIxI6WGIBR>J2HX�B(SH2(>RT GIUWV�UWX

STA }[=@?O#>A6WV�[�OQ<ySH[=@R4 3�@A\W©"[�>=BI4�V8>=2v�h[� Q@AUWGIB;SH2HD!B(5*2(xI2HDR�h[=T /
������� ��� � ��� � ��
 � ��������� A KGMO: @ 1 H3> C PRHJI C`K A?Pba >WHJ;!HJI
c 6 C STA S 2NM�� PRVJ; 2X6 IW; 2 T \ C T 698De ;!P 6 c S> 6 : P7\ K]C T F Y P M���Y > K A MO2 a Y5C 2RK`6 1 \ [Z2 aW; 2 E MO:RY A O(s3 · n) � :`K A?\ s 2 a Y5CZ6 A CbM=6 [ > : I P ��Y

ZA�
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8DC P C ;!P e ; 2 ��Y PXA?\ T 2 T AX>+F Y AR\ C \DP5AX> e P5AR\ 8DCZ6
n A CbM=6 [ > : I P ��Y�83: >!@ ��Y PXA?\ T 2 T AX>+F Y A?\;!P 6 c7> 6 : P7\ K A?\ �

� � ������� � ��� L�[�OQ@A2H�WGI[v:=<AB
STA A = (Q,Σ, F, δ, S)

7
Σ = Pow(σ)

7�5*BI4&�h[�OQ@A2H�WGI[v:=<AB
V8>R4 3�GH4 F(>AD(SH2;PADWBWPR4 5*2H�

σ } PA:=<?>A@A2HD T /#CE<A\(xI2(3�BNGI[t>JBNPA�W2;SH@? #>JBywH6WGIB(>=B�>J2HDNB(xW3�2H@RT �hGI2HD>=OQ<
Flum, Frick, Grohe

D(SH2RxI2(3"T �A2W<?>JBI4RV��W<A2(xIB¢S*4 �hBW<? Q<t5*BI4([�S*4 >ADWu8UWGI:=<?OQ<�5*B(>JBWV8>A\WV�[�OQ<
V�[;5*\R�h[N5*FHG(wH2�V�[;:=<AB

bottom-up
5*BI4�:=<AB

top-down
SH:=@ABWV�GIB]>=2HD±PA[=PA2HGI:=<A2HD±PA:=<?>A@A2*D

BW<?>RT V8>=2*4 u8B8/¡|�[E5*\R�h[ESH:=@ABWV�GIB;SH@AB(3�GIB(>=2ISH2*4 2H�W<?>=BI4H3"4 B!5*\R�h[E5*FHG(wH2
O(s3)
D(SH2(xI2(3"4 V�GI2*T /

��4�5*FHG(wH2*48>J2HD
A(T)
[JT <ABI4�B(5*@R4 wI QX�BWD(>J2*T83"4 B;>J2HDWX�2ISH2*T 2HDWX�>J2
V��W<A2RxI2
[�S*4 >ADWu8UWGI:=<?OQ<

5*B(>JBWV8>A\WV�[�OQ<�B(SH2W>A[�xI[JT*D(SH2HV��W<A2(xI2;>J2HD
S
/

♣

|¡>J2 � 0?^��hSHBW@A2HDWV"4 \W�A[�>JBI4IGHT ByB(SH2(>A[�xI[=V�GIB(>R4 5*6�>A[=u8<R4 5*6�3"4 By>=2W<�D(SH2RxI2(3"4 V�GIFN[=@?O#>A6WV�[�OQ<V�[
XML } PA:=<?>A@AB878U!2ISH2*T BywHBWV"T �A[�>JBI48V8>J2W<NB(xW3�FH@R4 �hGI2�B(SH2(>RT GIUWV�UWXE>=OQ< STAs

/
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FISH2HD
>J2
T = (T,ET )
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SpecTreeDecomp(A)
>J2±V��W<A2(xI2
>=OQ<v[J4 PR4 5H Q<vPA[=<?>A@A2HPR4 BWV8SH\WV�[�OQ<!GH4 BWX

PA2HGI6WX
A
5*BI4dGI[

SpecTreeDecompw(A)
>JB
V8>J2*4 u8[JT B�>J2HD

SpecTreeDecomp(A)
SIxI\(>J2HDWX

w
/

ZR�



�*/
MSO � � � ����� 
���� � � � 	 ��
 � ��� � ��� 
 ��
�� � 	 ��
�������� ������� � �

� ��� ��� ��� � � � � � � � stB
block
PR4 BW©"2H@A[�>R4 5H Q<�5*FHG(wIOQ<�>=2HDNPA:=<?>A@A2HDNGH4 BWX¢[J4 PR4 5*6WX¢PA[=<?>A@A2HPR4 \ }V8SHBWV�UWX�[JT <ABI48PADW<AB(>AFW<�<AB;>JBWD(>RT �A2W<?>JBI4 /#9;U(xIBWPA6NPA[=PA2HGI:=<AUWX�GH4 BWX�[J4 PR4 5*6WX�PA[=<?>A@A2HPR4 \WV8SHBWV�UWX
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7&FISH2HD�>J2
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A = {1, 2, 3, 4, 5, 6}
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RA = {(1, 2, 6), (2, 6, 1), (6, 1, 2), (6, 2, 1), (2, 1, 6), (1, 6, 2),

(2, 3, 4), (3, 4, 2), (4, 2, 3), (2, 4, 3), (4, 3, 2), (3, 2, 4),

(4, 5, 6), (5, 6, 4), (6, 4, 5), (4, 6, 5), (6, 5, 4), (5, 4, 6)}.
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7
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n1 : (2, 3, 4)

n2 : (2, 4, 6)

n4 : (1, 2, 6) n5 : (4, 5, 6)

n3 : (2, 2, 2)
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(T , c)
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c : T → Pow({0, 1, 2}2)×Pow({0, 1, 2}2)×
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7�:=u82HDWGI[R�

c(n1) = ({(0, 0), (1, 1), (2, 2)}, ∅,

{(0, 1, 2), (0, 2, 1), (1, 2, 0), (1, 0, 2), (2, 0, 1), (2, 1, 0)}).

c(n2) = ({(0, 0), (1, 1), (2, 2)}, {(0, 0), (1, 2)}, ∅).

c(n3) = ({0, 1, 2}2, {(0, 0), (1, 0), (2, 0)}, ∅).

c(n4) = ({(0, 0), (1, 1), (2, 2)}, {(1, 0), (2, 2)},

{(0, 1, 2), (0, 2, 1), (1, 2, 0), (1, 0, 2), (2, 0, 1), (2, 1, 0)}).

c(n5) = ({(0, 0), (1, 1), (2, 2)}, {(0, 1), (2, 2)},

{(0, 1, 2), (0, 2, 1), (1, 2, 0), (1, 0, 2), (2, 0, 1), (2, 1, 0)}).
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� ��� ��� ��� � � � � � ��� L�[�OQ@A2H�WGI[�:=<AB�V8>J2*4 u8[JT 2
a ∈ A
5*BI4WGH4 B�5HxI[J4 V8>A6�SIxI[J4 \WPAB

(S0, . . . , Sw)
/

CE<
(U0(a), . . . , Uw(a)) ⊆ (S0, . . . , Sw)

78>AF(>A[E3"4 B;5*\R�h[
t ∈ T
5*BI4

0 ≤ i ≤ w
7�:=u82HDWGI[

ati = a
BW<A<

t ∈ Si.

9;U(xIBWPA6]BW<�GH4 B]5HxI[J4 V8>A6
SIxI[J4 \WPAB
S
SH[=@R4 :=u8[J4&>AUW<

U(a)
7�SH2HD]B(SH2(>A[�xI[JTd>AUW<v5HOQPR4 5*2ISH2*T UWV�U

>AUWX¡SH@? #>AUWX�[=GI©"\W<R4 V�UWX¡>J2HD
a
V8>AUW<¢BW<?>RT V8>J2*4 u8UEPA[=<?>R@A2HPR4 \WV8SHBWV�U87ASH[=@R4 :=u8[J4R5HOQPR4 5*2ISH2*4 UWGI:=<A[=X

F(xI[=XE>R4 X�[=GI©"BW<RT V�[J4 X�>=2HD
a
/

◊

� CbMJe T 2X6 c7> C � � ����L�[�OQ@A2H�WGI[Q>J2�PA:=<?>A@A2
T ∗ >J2HDESH@A2HU(3�2H�WGI[=<A2HDtSHBW@ABWPA[JT 3�GIB(>=2HX(/&��T PABWGI[�F(>R4

U(2) = ({t1}, ∅, ∅)
/;�

({t1, t2, t3}, {t3, t4}, {t3})
[JT <ABI4&GH4 B
5HxI[J4 V8>A6�SIxI[J4 \WPABv3"4 B
>J2

T ∗ 7
SH2HD!SH[=@R4 :=u8[J4�>AUW<

U(2)
/¢�EBW@AB(>AUW@A2H�WGI[�FW>R4hBWD(>A6;SH[=@R4 :=u8[J4"F(xI[=X�>R4 Xy[=GI©"BW<RT V�[J4 X�>J2HD
.!V8>AUW<

BW<?>RT V8>=2*4 u8U!PA[=<?>A@A2HPR4 \WV8SHBWV�U8/
�

^I.
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� 
 ��
 � _N��f"�dj���kI��kW+��­��g"��+dc8n &¡j�+����N��ad+�k*,Rgh%(��j���kI��ad+�g���ahgh+h$&e�kIihkW�"'
st2vSH@AFWwIxIUWGIBN5*BI4*>JBNwH6WGIB(>JB;[�S*T xIDWV�UWX¢>J2HD;SH[=@R4 3�@A\W©"2W<?>JBI48V8>J2W<ySHBW@AB(5*\(>=O�S*T <AB(5*B8/

} ��T V�2HPA2HX(� τ } PA2HGI6 A 7 MSO[τ ]} >A�(SH2HX ϕ(X1, . . . , Xk, x1, . . . , xl)
/

} �E@AFWwIxIUWGIB8�Q²ESH2(xI2R3"4 V�GIFHXE>J2HD sat assign(ϕ,A).

0W/E²ESH2(xI2(3"4 V�GIFHXyGH4 BWXN[J4 PR4 5*6WX
w } PA[=<?>A@A2HPR4 \WV8SHBWV�UWX (T , (an)n∈T )

>AUWX
PA2HGI6WX

A
78FISH2HD

w = tw(A)
/

.*/E²ESH2(xI2(3"4 V�GIFHXE>J2HD
Γ(τ,w) }
PA:=<?>A@A2HD

T ∗ /
K8/E²ESH2(xI2(3"4 V�GIFHXE>J2HD

MSO[τ∗] } >A�(SH2HD ϕ∗(X1, . . . , Xk, Y 1, . . . , Y l)
/

��/E²ESH2(xI2(3"4 V�GIFHX
sat assign(ϕ∗, T ∗)

�*/E²ESH2(xI2(3"4 V�GIFHXE>J2HD
sat assign(ϕ, T )

/

� ���	� �#
 � � � �	��
 �
������� � 2 T AX>+F Y HJI > 6 C I τ SUT A5>WVJI A � 8DCZ6+2]Y]: I MSO[τ ] S P?< K AR\ ϕ(X1, . . . ,
Xk, x1, . . . , xl) � \ K]ebM E 2X6 > 6 C ;/\ YRebM PRHJ;!H f : N × N→ N

8DCZ6 F Y5C I C?1 c :�M!6 [ >%A]IQA A K ARa A]I2RK`6 1 < 2X6 PXA KGMO: @ 1 H3> C PRHJI C`K ARPba >WHJ;!HJIQc 6 C PXA Y MSO P?< K A ϕ ;!PRH T AX>WV A ; 2 E MO:]Y A
f(‖ϕ‖, tw(A)) · (|A|+ ‖sat assign(ϕ, T )‖).

� � ������� � ��� �zB(SHFHPA[J4 �AU�B(SH2(>A[�xI[JTIBW<A\(xIDWV�U�>AUWXtSH2(xID(SIxW2I5*F(>AUR>JBWX�>=OQ<EwHUWGI\(>=OQ<¢>J2HDyB(xW3�2 }@RT �dGW2*D!GI[E>AUNwH2*6R�h[J4 By>=OQ<!L�[�OQ@AUWGI\(>=OQ<N.*/ 0�5*BI4�K8/ .y5*BI48>=OQ<N1�UWGIGI\(>�OQ<;�*/ 0�5*BI4"�*/ .*/
♣

^WK
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��
¢�

� �
MSO0

�
ade kIid)
MSO
gh+8�#� $h���pkIid)

MSO0
gh+8�#� $h� ��j�,Rk��%�Qc*�"��i kW+��

ϕ
��, %()*� )*%(+

k���ad+
ϕ′ op��c8n '�adc*��kW+"f���&¡jp� ,('�j�,RkI�8fhg�ihk*%('�
 |�DWu8<A\v5*B(>A\v>AU�GI[�xI:�>AUv>AUWXyGI2W<ABWPR4 BIT BWX

PA[=D(>A[=@A2WwH\R�hGH4 BWX�xI2(3"4 5*6WXyu8@AUWV"4 GI2ISH2*4 2H�WGI[�:=<AB
>A@A2ISH2ISH2*4 UWGI:=<A2
xI2(3"4 5*F±V��WV8>AUWGIB�>J2
2ISH2*T 2
:=u8[J4&>AUW<]T PR4 B±[�5*©"@ABWV8>R4 5*6±PA�W<ABWGIU±GI[N>AUW<

MSO
5*BI4&>J2�2ISH2*T 2
2W<A2HGI\W�A[�>JBI4

MSO0
xI2R3"4 5*6

� 2
V�D(385*[�5*@R4 GI:=<A2HXNV�DWG(wH2RxH4 V�GIFHXy2H©":J4 xI[�>JBI4hV8>J2W<
Thomas

7"wIxI:�SH[ � .W.
����/y� MSO0
xI2(3"4 5*6

:=u8[J4hB(SIxI2H�WV8>A[=@A2
V�DW<?>JB(5H>R4 5*F
V8>J2±2ISH2*T 2�5*B(>JBW@?3�2H�W<?>JBI4�2*4hSH@?O#>=2WwH\R�hGH4 [=XyGI[�>JBRwIxIU(>A:�X�5*BI4
:=u82HDWGI[QGIFW<A2�GI[�>=BRwIxIU(>A:=XQV�DW<AFRxWOQ<I/�� 4 PA:=BE[JT <ABI4R<AB � GI4 GIUR�h2*�WGW[ 	 >JBEV8>J2*4 u8[JT BEGI[#>AU¢wH2H6R�h[J4 BGI2W<A2HV�DW<AF(xWOQ<I/
« �Q>AV"4p3"4 B±SHBW@A\WPA[J4 3�GIB±2

X(x)
�hB
BW<?>R4 5*B(>JBWV8>JBR�h[JT&V8>AUW<

MSO0
B(SHF�>=2I<

{x} ⊆ X
/ � [=<R4 5*F(>A[=@ABN:=u82HDWGI[t>J2HDWX�[ �A6WXE<A:=2HDWX�B(>J2HGH4 5*2H�WXt>A�(SH2HDWX¢3"4 BN>AUW<

MSO0
xI2R3"4 5*6

V�[�u8@?O#GIB(>R4 V�GI:=<ABvPA:=<?>A@AB
T(Γ)
�

X ⊆ Y, Sing(X), Suc1(X,Y ), Suc2(X,Y ), X ⊆ Pγ (γ ∈ Γ)

GI[t>AUW<�SH@A2H©"BW<A6NV�UWGIBWV"T B87HPAU(xIBWPA6�>=2
X
[JT <ABI4HD(SH2HV��W<A2(xI2y>J2HD

Y
7H>J2

X
[JT <ABI4HGI2W<A2HV��W<A2(xI2"7

>JB
X,Y
[JT <ABI4"GI2W<A2HV��W<A2(xIB

{x}, {y}
GI[
S1(x, y), S2(x, y)

5*BI4�>J2
X
[JT <ABI4�D(SH2HV"�W<A2RxI2v>J2HD

Pγ
BW<?>RT V8>J2*4 u8B8/
� GI[�>A\W©"@ABWV�U�B(SHF�>AUW<

MSO
V8>AUW<

MSO0
xI2R3"4 5*6E3"T <A[�>JBI4([=�(5*2(xIBEGI[�[�SHB(38O#3�6�V8>AUW<tSH2 }xID(SIxI2I5*FR>RUR>JB�>=OQ<

MSO} >A�(SIOQ<I/#��4ABW<?>RT V8>J2*4 u82*4J5*BW<AFW<A[=XQGI[�>JB(>A@A2ISH6WXpSH[=@R4 3�@A\W©"2W<?>JBI4?PRT <A2W< }>JBI4JV8>J2W<���T <AB(5*B�0A�*/�¤�[�wH\WV�U�BWD(>J2H�WX�2EPA[=PA2HGI:=<A2HX
MSO} >A�(SH2HX ϕ(X1, . . . , Xl, x1, . . . , xm)GI[�>JB(>A@A:�SH[�>=BI48[=�(5*2(xIBNV�[�:=<ABW<

MSO0 } >A�(SH2 ϕ′(X1, . . . , Xl, Y1, . . . , Ym)
/

MSO } >A�(SH2HX ϕ MSO0 }
>A�(SH2HX

ϕ′

Y (x) Sing(X) ∧X ⊆ Y
x = y Sing(X) ∧ Sing(Y ) ∧X ⊆ Y
Si(x, y) Suci(X,Y )
Pγ(x) Sing(X) ∧X ⊆ Pγ
∃xφ ∃Xφ′

¬φ ¬φ′

φ ∧ ψ φ′ ∧ ψ′

��T <AB(5*BWX;0A�*� ��BW<AFW<A[=X�GI[�>JBWV�u8UWGIB(>R4 V�GI2H�8/

� CbMJe T 2X6 c7> C���� ����� MSO } >A�(SH2HX ∀x(Pγ(x) → ∃y(S1(x, y) ∧ Z(y))
7&GI[�>JBW©"@A\W�A[�>JBI4dV8>J2W<

MSO0 } >A�(SH2"�

∀X(Sing(X) ∧X ⊆ Pγ → ∃Y (Sing(Y ) ∧ Suc1(X,Y ) ∧ Y ⊆ Z).

�

^(�
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�]��� � � 	 �l��� 	 ���
FO Acyclic Conjunctive Queries �

�!�"�#� $&%(']%()*)*+&� ,('�
 � PXA5> 698 ARa/P?< K A 6 � atomic formulas
��6 e PXAX> C (atoms

��2W<A2HGI\W�A2W<?>JBI4*2*4
>A�(SH2*4�>AUWX�SH@?O#>J2WwH\R�hGH4 BWX�xI2R3"4 5*6WX�SH2HD�:=u82HDW<N>AU�GI2H@A©"6

x = y
6
R(x1 . . . xr)

3"4 B!5*\(SH2*4 2
r } GW[�xI:=X¢V��WG(wH2(xI2NV�u8:=V�UWX(/#stB�1D2b8 P 698De � literals �Q[JT <ABI4HB(>=2HGH4 5*2*TI>A�(SH2*4H6yB(>J2HGH4 5*2*TW>A�(SH2*4HGI[\W@A<AUWV�U8/v9;[=PA2HGI:=<A2HD±[=<AFHX;>A�(SH2HD

ϕ
7�>J2�V��W<A2(xI2±>=OQ<
B(>J2HGH4 5H Q<v>A�(SIOQ<vSH2HD][=GI©"BW<RT �A2I<?>=BI4

V8>J2W<
ϕ
7dV�DWG(wH2(xHT �A[�>=BI4"GI[

atoms(ϕ)
/E�¡<? zGI[

var(ϕ)
V�DWG(wH2(xHT �A[�>=BI4�>J2±V��W<A2RxI2
>=OQ<vGI[�>=B }wIxIU(>? Q<�SH2HD;[=GI©"BW<RT �A2W<?>JBI4�V8>=2I<

ϕ
5*BI48GI[

free(ϕ)
>=2�V��W<A2(xI2!>=OQ<N[�xI[=�R�h[=@?OQ<�GI[�>JBRwIxIU(>? Q<

>J2HD
ϕ
/�|�[E5*\R�h[E>A�(SH2

ϕ
BW<?>R4 V8>=2*4 u8[JT8:=<ABWX�D(SH[=@?38@A\W©"2*X

Hϕ = (var(ϕ), {var(α) | α ∈ atoms(ϕ)}),

SH2HD�[JT <ABI4h2 \ K72NM c MJe�
 A]IQP5AR\dP?< K AR\ ϕ /��YD(SH[=@?3�@A\W©"2HX Hϕ :=u8[J4h3"4 B�V��W<A2RxI2
5*2H@ADW©� Q<;>R4 XGI[�>JBRwIxIUR>A:=X�>J2HD�>A�(SH2HD
ϕ
5*BI4h5*\R�h[yD(SH[=@AB(5*GI6!>J2HD
[JT <ABI4">J2
V��W<A2RxI2]>=OQ<vGI[�>JBRwIxIU(>? Q<NSH2HD

[=GI©"BW<RT �A2W<?>JBI4*V�[E5*\(SH2*4 2I<�B(>J2HGH4 5*F;>A�(SH2!>=2HD
ϕ
/Q¤�4 B T 2]Y P M A T 6 e ; K]C ;!H 2]Y]: I
P?< K AR\ ϕ [JT <ABI4GH4 ByPA[=<?>A@A2HPR4 \WV8SHBWV�U�>=2HDND(SH[=@?3�@A\W©"2HD

Hϕ
>J2HD�>A�(SH2HD8/p¤�4 ByPA[=<?>R@A2HPR4 \WV8SHBWV�U

(T , (Xt)t∈T )[=<AFHXE>A�(SH2HD
ϕ
2W<A2HGI\W�A[�>=BI4!C \Z;!PRH M V � strict ��[=\W<�D(SH\W@Au8[J4*:=<ABWX¢5*FHG(wH2HX t ∈ T >J2HD;PA:=<?>A@A2HD

T
>A:�>J2*4 2HX�SH2HD!>=2

block Xt
<AB!SH[=@R4 :=u8[J4�>R4 Xy[�xI[=�R�h[=@A[=X�GI[�>=BRwIxIU(>A:=X�>J2HD!>A�(SH2HD

ϕ
7"PAU(xIBWPA6

>A:�>J2*4 2HX� QV8>A[
free(ϕ) ⊆ Xt

/
¤�4 B ;/\ � 2 \ 8 P 6�8 V 2NM�� PRHJ;!H � conjuctive query

�Q[JT <ABI4H:=<ABWX
FO } >A�(SH2HX�SH2HDy:=u8[J4I>AUW<�[ �A6WXGI2H@A©"68�

∃y1 . . . ∃ym

n�

i=1

αi,

FISH2HD;2*4
α1, . . . , αn

[JT <ABI48B(>J2HGH4 5*2*T*>A�(SH2*4 /

_N+ adc*e"fhg�idj�� kIid'­, �"c*,(��id'¬kI��)b�")*��&¡%(��,(��)b�#� � ���%$*,���$dk8� $&%('�,(c*��kI�d��,W� '�
 � 4 B
5*\R�h[�>A�(SH2

ϕ(x1, . . . , xl) ∈ FO
7W>J2NV��W<A2(xI2

sat assign(ϕ,A)
[JT <ABI4IGH4 B

{x1, . . . , xl}} V�u8:=V�USH\W<?ObV8>J2vV��W<A2(xI2
A
/#��4 PR4 5*F(>A[=@AB87H3"4 BNGHT B;[=@? #>AUWV�U

ϕ(x1, . . . , xl) = ∃y1 . . . ∃ym � ni=1 αi
7

>J2�V��W<A2(xI2
ϕ(x1, . . . , xl)

V�[�GH4 B!PA2HGI6
A
[JT <ABI4

sat assign(ϕ,A) = π{x1,...,xl}(sat assign(α1,A) ./ . . . ./ sat assign(αn,A)).

9;U(xIBWPA6!>J2
SH@AFWwIxIUWGIB;>AUWX�[=�W@A[=V�UWX�>=OQ<!BW<ABR�h:=V�[�OQ<ySH2HD
4 5*BW<A2ISH2*4 2H�W<yGHT B�V�DW�A[=D(5H>R4 5*6
[=@? #>AUWV�U

∃y1 . . . ∃ym � ni=1 αi
7�BW<A\(3�[�>=BI48V8>J2W<ND(SH2(xI2(3"4 V�GIF!>AUWX

{x1, . . . , xl}} V�u8:=V�UWX

π{x1,...,xl}

�
./

1≤i≤n
sat assign(αi,A) � .

) ��g"��e&c8� &¡j�+d'�kI+�� 
 � �")*)*��$#��$hi�
 � [=<R4 5*\t>J2�B(SH2(>A:�xI[=V�GIBtGH4 BWX¡B(582RxI2HDR�dT BWX#B(SHF�SH@A\��A[J4 X
V�DW<A:=<?OQV�UWX�GWSH2H@A[JT"<ABv3"T <A[J4�SH\W@AB!SH2RxI�!GI[�3�\(xI2"/Q« �Q>AV"4"5*B(>A\!>=2I<ND(SH2(xI2(3"4 V�GIF�GH4 BWX�[=@? #>AU }V�UWX

πX( ./
1≤i≤n

Ri)
[JT <ABI4h[�S*4 �hDWGIU(>AF]<AB
B(SH2H©"[=�(3�[�>JBI4 7"FISH2HD�[JT <ABI4dPADW<AB(>AF"7h2
D(SH2RxI2(3"4 V�GIFHX

>AUWXySIxI6W@A2HDWXyV�DW<A:=<?OQV�UWX
./

1≤i≤n
Ri
5*BI4hU]GI[�>A:�SH[J4 >JBvSH@A2WwH2(xI6!SH\W<?OzV8>J2±V��W<A2(xI2

X
/�¤�4 B

B(SH2(>A[�xI[=V�GIB(>R4 5H6±V8>R@AB(>AU(3"4 5*6
B(SH2(>RT GIUWV�UWX(7�SH@A2HX�BWD(>A6±>AUW<
5*B(>A[=�R�hDW<AV�U87�[JT <ABI4�BWD(>A6±5*B(>A\
>AUW<]2ISH2*T B±SHBW@A[=G(wH\(xWxW2W<?>JBI4�D(SH2(xI2R3"4 V�GI2*TpV�DW<A[=<? QV�[�OQ<]5*BI4�SH@A2WwH2(xW Q<]GI[vB(SH2(>A:�xI[=V�GIB
<AB

^I�
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GI[J4  Q<A[�>=BI4�>J2¬GI:�3�[´�h2HX�>=OQ<
[=<APR4 \WGI[=V8OQ<
B(SH2(>A[�xI[=V�GI\(>�OQ<I/¬� SHBW@AB(SH\W<?O�PR4 BWPR4 5*BWV"T B�[JT <ABI4
3�<?OQV8>A6±OQX!D(SH2(xI2(3"4 V�GIFHXN>=OQ< H3> 6 S ;/\ Yb2]Y � ; 2 ��Y f semi-joinsg � wIxI:�SH[N[�S*T V�UWX � .
� ��/�9;[=PA2 }GI:=<AUWXNGH4 BWX

X } V�u8:=V�UWX R 5*BI4dPA[=PA2HGI:=<AUWXNGH4 BWX Y } V�u8:=V�UWX S 7&U
UWGH4 } V�DW<A:=<?OQV�U�>AUWX;V�u8:=V�UWX
R
GI[�>AU�V�u8:=V�U

S
[JT <ABI4

πX(R ./ S).
~�V�u8�W[J4hF(>R4

R ./ S = (πX(R ./ S)) ./ S.
�YB(xW3�F }@R4 �dGW2*Xt>J2HD � 4 BW<A<AB(5*\(5*UEwHBWVhT �A[�>=BI4IV8>AUW<�4 PA:=B�>J2HDyD(SH2RxI2(3"4 V�GI2H��UWGH4 } V�DW<A[=<? QV�[�OQ<�5*B(>A\�>AUW<B(SH2(>RT GIUWV�U;B(5*D(5HxH4 5I Q<yV�DW�A[=D(>R4 5H Q<y[=@?O#>A6WV�[�OQ<I/

�EBW@A2HDWV"4 \W�A2*DWGW[t>JBywHBWV"4 5*\yV�UWGI[JT B;BWD(>=2H�y>J2HDNB(xW3�FH@R4 �hGI2HDy>J2HD � 4 BW<A<AB(5*\(5*U � 1�6WGIGIB(>JB
��/ 0!5*BI4p��/ . ��FISIOQXvBWD(>A\]PRT <A2W<?>JBI4�V8>J2 � 0?K�� /]� 5*[=<?>A@R4 5*6
4 PA:=B±D(SH2(xI2(3"4 V�GI2H�±GH4 BWX!V�DW�A[=D }5H>R4 5*6WXv[=@? #>AUWV�UWX

ϕ
V�[vGH4 B
PA2HGI6

A
[JT <ABI4pU
[ �A6WX(�y�h[�OQ@A2H�WGI[vF(>R4�GWSH2H@A[JTp<AB�D(SH2RxI2(3"4 V8>A[JT

B(SH2(>A[�xI[=V�GIB(>R4 5H\
GHT B�PA[=<?>A@A2HPR4 \WV8SHBWV�U
(T , (Xt)t∈T )

>J2HD
ϕ
7Q5*BI4p3"4 B�5*\R�h[

t ∈ T
7QU

Xt }V�u8:=V�U
Pt = ./

α ∈ atoms(ϕ)
var(α) ⊆ Xt

sat assign(α,A).
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