Diofantikèc exisÿseic kai to 10^o prìblhma tou Hilbert

Diplwmatikă ergasÐa SÔya PolunÐkh Metaptuqiakì prìgramma logikăc kai algorÐjmwn μΠλ∀

MĹrtioc 2002

Perieqìmena

1 Eisagwgă 3

2 ArqikoÐ orismoÐ 5 2.1 To 10^o prìblhma tou Hilbert wc prìblhma apìfashc . . . . . 5 2.2 ’Ena prìblhma anĹlogo me to 10^o prìblhma tou Hilbert . . . 6 2.3 DiofantikĹ sÔnola . . . . . . . . . . . . . . . . . . . . . . . . 7 2.4 Diofantikèc sqèseic kai sunartăseic . . . . . . . . . . . . . . 8 2.5 ParadeÐgmata diofantikÿn sqèsewn kai sunartăsewn. . . . . . 9

3 KĹpoia arijmojewrhtikĹ jewrămata 11

4 H ekjetikìthta eÐnai diofantikă 14 4.1 H ekjetikă sunĹrthsh eÐnai diofantikă . . . . . . . . . . . . . 14 4.2 Ekjetikèc diofantikèc exisÿseic . . . . . . . . . . . . . . . . . 22

5 KwdikopoÐhsh peperasmènwn akoloujiÿn fusikÿn arijmÿn 24 5.1 KwdikopoÐhsh katĹ Cantor . . . . . . . . . . . . . . . . . . . 24 5.2 KwdikopoÐhsh katĹ jèsh ( Positional coding ) . . . . . . . . . 24 5.3 Merikèc diofantikèc sqèseic . . . . . . . . . . . . . . . . . . . 25 5.4 Sqèseic metaxÔ pleiĹdwn fusikÿn arijmÿn . . . . . . . . . . . 27

6 KwdikopoÐhsh diofantikÿn sqèsewn kai sunartăsewn 30 6.1 Kajolikă diofantikă exÐswsh . . . . . . . . . . . . . . . . . . 30 6.2 KwdikopoÐhsh miac diofantikăc exÐswshc . . . . . . . . . . . . 32 6.3 KwdikopoÐhsh twn pijanÿn lÔsewn miac diofantikăc exÐswshc . 33 6.4 KwdikopoÐhsh diofantikÿn sunìlwn . . . . . . . . . . . . . . . 36

7 H lÔsh sto 10^o prìblhma tou Hilbert 40 7.1 H klĹsh twn diofantikÿn sqèsewn eÐnai kleistă wc proc touc fragmènouc posodeÐktec . . . . . . . . . . . . . . . . . . . . . 40 7.2 Anadromikèc sunartăseic . . . . . . . . . . . . . . . . . . . . . 45 7.3 H klĹsh twn diofantikÿn sqèsewn tautÐzetai me thn klĹsh twn S_1 sqèsewn . . . . . . . . . . . . . . . . . . . . . . . . . . 46 7.4 To 10^o prìblhma tou Hilbert èqei arnhtikă apĹnthsh . . . . 48

8 Poluplokìthta twn kajolikÿn diofantikÿn exisÿsewn 51 8.1 SumbolismoÐ−ArqikĹ lămmata . . . . . . . . . . . . . . . . . . 51 8.2 Kataskeuă kajolikăc diofantikăc exÐswshc me 9 agnÿstouc . 53

1 Eisagwgă

To 1900, sto deÔtero diejnèc sunèdrio Majhmatikÿn pou ègine sto ParÐsi o David Hilbert , megĹloc majhmatikìc thc epoqăc, èjese eikositrÐa problămata pou èmelle na paÐxoun spoudaÐo rìlo sthn exèlixh twn majhmatikÿn ton eikostì aiÿna (blèpe [4]).

To dèkato prìblhma zhtoÔse mia diadikasÐa pou na elègqei thn Ôparxh akeraÐwn rizÿn, enìc poluwnÔmou me akèraiouc suntelestèc.

To prÿto băma gia thn apĹnthsh sto prìblhma ègine th dekaetÐa tou ′30 me thn eisagwgă thc jewrÐac anadromikÿn sunartăsewn apì touc Gödel, Turing, Post, Church kai Ĺllouc, kai th diatÔpwsh thc jèshc Church-Turing pou tautÐzei tic algorijmikĹ upologÐsimec sunartăseic me tic anadromikèc.

To epìmeno băma ègine apì ton Martin Davis (blèpe [1]), pou diatÔpwse merikĹ qrìnia argìtera thn eikasÐa ìti oi klĹseic twn diofantikÿn kai twn anadromikĹ aparijmhtÿn sunìlwn sumpÐptoun. Autì apantoÔse sto erÿthma tou Hilbert me trìpo pou o Ðdioc den ja mporoÔse na fantasteÐ, deÐqnontac ìti den mporeÐ na upĹrqei o algìrijmoc pou zhteÐto.

H douleiĹ twn J.Robinson, M.Davis kai H.Putnam h opoÐa faÐnetai sto [3] èdeixe ìti h eikasÐa tou M.Davis ja proèkupte an h ekjetikă sunĹrthsh apodeiknuìntan diofantikă. Wstÿso h J.Robinson , to 1952 eÐqe ădh apodeÐxei ìti h diofantikìthta miac sunĹrthshc ekjetikăc tĹxhc, ja odhgoÔse kai sthn diofantikìthta thc ekjetikăc sunĹrthshc[10]. To 1970 o Y.Matiyasevich sto [7], apèdeixe th diofantikìthta miac sunĹrthshc ekjetikăc tĹxhc odăghse sthn apìdeixh thc eikasÐac tou M.Davis .

Sta epìmena eisĹgoume thn klĹsh twn diofantikÿn sqèsewn kai dÐnoume sqetikĹ paradeÐgmata.

DÐnoume basizìmenoi sto [6], mia tropopoihmènh apìdeixh thc diofantikăc fÔshc thc ekjetikăc sunĹrthshc kai qrhsimopoioÔme to apotèlesma autì gia na emploutÐsoume thn klĹsh twn diofantikÿn sunartăsewn me th diwnumikă, to paragontikì, kajÿc epÐshc kai thn klĹsh twn diofantikÿn sqèsewn me thn Prime .

Qrhsimopoiÿntac katĹllhlec diofantikèc kwdikopoiăseic kai kĹpoia arijmojewrhtikĹ apotelèsmata, apodeiknÔoume thn Ôparxh kajolikăc diofantikăc exÐswshc. MetĹ, kĹnontac apaloifă tou fragmènou kajolikoÔ posodeÐkth, deÐqnoume thn taÔtish thc diofantikìthtac kai thc hmianadromikìthtac. DÐnoume ètsi arnhtikă apĹnthsh sto erÿthma tou Hilbert.

Sto teleutaÐo kefĹlaio, basizìmenoi sto [5] apodeiknÔoume thn Ôparxh kajolikăc diofantikăc exÐswshc me sugkekrimènh poluplokìthta wc proc to bajmì kai to plăjoc twn agnÿstwn.

2 ArqikoÐ orismoÐ

2.1 To 10^o prìblhma tou Hilbert wc prìblhma apìfa- shc Orismìc 2.1 fiDiofantikă exÐswshfl eÐnai mia exÐswsh thc morfăc D(x_1, . . . , x_m) = 0 ìpou D(x_1, . . . , x_m) eÐnai poluÿnumo me akèraiouc suntelestèc.

• Bajmìc tou agnÿstou x_i se mia diofantikă exÐswsh kaleÐtai o mègistoc bajmìc tou x_i sthn exÐswsh.

• Bajmìc monwnÔmou se mia diofantikă exÐswsh kaleÐtai to Ĺjroisma twn bajmÿn twn diaforetikÿn metablhtÿn pou upĹrqoun sto monÿnumo.

• (Olikìc) Bajmìc mia diofantikăc exÐswshc lègetai o megalÔteroc bajmìc twn monwnÔmwn thc diofantikăc exÐswshc.

To 10^o prìblhma tou Hilbert diatupÿnetai wc exăc:

UpĹrqei mia genikă mèjodoc pou na apofasÐzei an mia diofantikă exÐswsh èqei lÔsh ă ìqi stouc akeraÐouc? Paratărhsh 2.1

• To 10^o prìblhma tou Hilbert eÐnai èna prìblhma apìfashc • ’Ena prìblhma apìfashc apoteleÐtai apì arijmăsima pollĹ stigmiìtupa (sth sugkekrimènh perÐptwsh diofantikèc exisÿseic) sta opoÐa prèpei na dojeÐ mia apĹnthsh ’NAI’ ă flOQI’.

Skopìc: na brejeÐ mia genikă mèjodoc pou na qrhsimopoieÐtai gia na lĹboume apĹnthsh se kĹje èna apì ta stigmiìtupa.

• H epilusimìthta enìc problămatoc apìfashc mporeÐ na deiqjeÐ me dÔo trìpouc:

– ’Amesa: DÐnontac th diadikasÐa pou zhtĹme.

– ’Emmesa: AnĹgontac to dedomèno prìblhma se èna Ĺllo tou opoÐou h epilusimìthta èqei deiqjeÐ.

• To anepÐluto enìc problămatoc apìfashc mporeÐ na deiqjeÐ eÐte Ĺmesa eÐte anĹgontac sto dedomèno prìblhma èna Ĺllo, tou opoÐou to anepÐluto èqei deiqjeÐ.

H apĹnthsh sto 10^o prìblhma tou Hilbert eÐnai arnhtikă

2.2 ’Ena prìblhma anĹlogo me to 10^o prìblhma tou Hilbert

Sto 10^o prìblhma tou Hilbert rwtĹme gia thn Ôparxh lÔsewn twn diofantikÿn exisÿsewn stouc akeraÐouc. MporoÔme na jewrăsoume èna parìmoio prìblhma sto opoÐo ja rwtĹme gia thn Ôparxh lÔsewn twn diofantikÿn exisÿsewn stouc fusikoÔc.’Etsi èqoume dÔo problămata ta opoÐa eÐnai diaforetikĹ

PROBLHMA A: Dedomènhc miac diofantikăc exÐswshc na apofasisteÐ an aută eqei lÔsh ă ìqi stouc akeraÐouc.

PROBLHMA B: Dedomènhc miac diofantikăc exÐswshc na apofasisteÐ an aută eqei lÔsh ă ìqi stouc fusikoÔc.

Ta dÔo problămata eÐnai isodÔnama diìti to èna anĹgetai sto Ĺllo.

• To prìblhma A anĹgetai sto prìblhma B: ’Estw D(x_1, . . . , x_m) = 0 diofantikă exÐswsh kai yĹqnoume gia lÔsh stouc akeraÐouc. JewroÔme thn exÐswsh D(y_1 − z_1, . . . , y_m − z_m) = 0.

An oi fusikoÐ arijmoÐ ⟨y_1, . . . , y_m, z_1, . . . , z_m⟩ apoteloÔn lÔsh autăc tìte kai oi akèraioi arijmoÐ x_1 = y_1 − z_1, . . . , x_m = y_m − z_m apoteloÔn lÔsh thc D(x_1, . . . , x_m) = 0.

AntÐstrofa, an oi akèraioi ⟨x_1, . . . , x_m⟩ eÐnai mia lÔsh thc D(x_1, . . . , x_m) = 0 tìte upĹrqoun fusikoÐ arijmoÐ y_1, . . . , y_m, z_1, . . . , z_m ÿste x_1 = y_1 − z_1, . . . , x_m = y_m − z_m.

’Ara oi fusikoÐ arijmoÐ y_1, . . . , y_m, z_1, . . . , z_m apoteloÔn lÔsh thc D(y_1 − z_1, . . . , y_m − z_m) = 0.

• To prìblhma B anĹgetai sto prìblhma A: ’Estw D(x_1, . . . , x_m) = 0 diofantikă exÐswsh kai ⟨x_1, . . . , x_m⟩ mh arnhtikă lÔsh autăc. Me bĹsh to jeÿrhma Lagrange upĹrqoun akèraioi w_i, y_i, z_i, u_i, i = 1, . . . , m ÿste x_i = w^2_i + y^2_i + z^2_i + u^2_i , i = 1, . . . , m.

’Ara h exÐswsh D(w^2_1 +y^2_1 +z^2_1 +u^2_1, . . . , w^2_m +y^2_m +z^2_m +u^2_m) = 0 èqei lÔsh stouc akeraÐouc thn ⟨w_1, . . . , w_m, y_1, . . . , y_m, z_1, . . . , z_m, u_1, . . . , u_m⟩. EpÐshc an h exÐswsh D(w^2_1 +y^2_1 +z^2_1 +u^2_1, . . . , w^2_m +y^2_m +z^2_m +u^2_m) = 0 èqei lÔsh stouc akeraÐouc thn ⟨w_1, . . . , w_m, y_1, . . . , y_m, z_1, . . . , z_m, u_1, . . . , u_m⟩ Jètoume x_i = w^2_i + y^2_i + z^2_i + u^2_i , i = 1, . . . , m. ’Ara oi arijmoÐ ⟨x_1, . . . , x_m⟩ apoteloÔn mh arnhtikă lÔsh thc D(x_1, . . . , x_m) = 0.

’Ara ta dÔo problămata wc problămata apìfashc eÐnai isodÔnama. Wstìso eÐnai pio eÔkolo na asqolhjoÔme me to erÿthma gia thn Ôparxh lÔsewn stouc fusikoÔc.

2.3 DiofantikĹ sÔnola

Orismìc 2.2 ’Ena sÔnolo n−Ĺdwn M kaleÐtai fidiofantikìfl an isqÔei h isodunamÐa: ⟨a_1, . . . , a_n⟩ ∈ M ⇔ ∃x_1, . . . , x_m[D(a_1, . . . , a_n, x_1, . . . , x_m) = 0] ìpou D(a_1, . . . , a_n, x_1, . . . , x_m) = 0 eÐnai diofantikă exÐswsh me n paramètrouc kai m agnÿstouc.

• O arijmìc n kaleÐtai fidiĹstashfl tou sunìlou M.

• H parapĹnw isodunamÐa, kajÿc kai h diofantikă exÐswsh D(a_1, . . . , a_n, x_1, . . . , x_m) = 0 kaleÐtai fidiofantikă anaparĹstashfl tou diofantikoÔ sunìlou M.

Idiìthtec:

• H ènwsh dÔo diofantikÿn sunìlwn thc Ðdiac diĹstashc eÐnai diofantikì sÔnolo.

An D_1(a_1, . . . , a_n, x_1, . . . , x_m) = 0 kai D_2(a_1, . . . , a_n, x_1, . . . , x_m) = 0 eÐnai oi diofantikèc anaparastĹseic twn dÔo sunìlwn tìte h diofantikă exÐswsh D_1(a_1, . . . , a_n, x_1, . . . , x_m) · D_2(a_1, . . . , a_n, x_1, . . . , x_m) = 0 eÐnai h diofantikă anaparĹstash thc ènwsăc touc.

• H tomă dÔo diofantikÿn sunìlwn thc Ðdiac diĹstashc eÐnai diofantikì sÔnolo.

An D_1(a_1, . . . , a_n, x_1, . . . , x_m) = 0 kai D_2(a_1, . . . , a_n, x_1, . . . , x_m) = 0 eÐnai oi diofantikèc anaparastĹseic twn dÔo sunìlwn tìte h diofantikă exÐswsh D^2_1(a_1, . . . , a_n, x_1, . . . , x_m)+D^2(a_1, . . . , a_n, x_1, . . . , x_m) = 0 eÐnai h diofantikă anaparĹstash thc tomăc touc.

To epìmeno lămma ofeÐletai ston Hilary Putnam [9]

Lămma 2.1 ’Ena sÔnolo fusikÿn arijmÿn S eÐnai diofantikì an kai mìno an eÐnai to sÔnolo twn jetikÿn akeraÐwn sto pedÐo timÿn kĹpoiou poluwnÔmou me akèraiouc suntelestèc kai timèc stic metablhtèc tou fusikoÔc arijmoÔc.

Apìdeixh: ’Estw S sÔnolo fusikÿn arijmÿn.Ja deiqjeÐ oti:

S eÐnai diofantikì ⇐⇒ [a ∈ S ⇔ ∃x_0, . . . , x_m[a = P (x_0, . . . , x_m)]]

ìpou P (x_0, . . . , x_m) poluÿnumo me akèraiouc suntelestèc. (=⇒) : ’Estw ìti to S eÐnai diofantikì sÔnolo.Tìte isqÔei: a ∈ S ⇔ ∃x_1, . . . , x_m[D(a, x_1, . . . , x_m) = 0] ìpou D(x_0, . . . , x_m) poluÿnumo me akèraiouc suntelestèc. An h exÐswsh D(a, x_1, . . . , x_m) = 0 èqei lÔsh stouc x_1, . . . , x_m tìte kai h exÐswsh (x_0 + 1)(1 − D^2(x_0, . . . , x_m)) − 1 = a èqei lÔsh stouc x_0, . . . , x_m (gia x_0 = a).

EpÐshc an h exÐswsh (x_0 + 1)(1 − D^2(x_0, . . . , x_m)) − 1 = a èqei lÔsh stouc x_0, . . . , x_m tìte ja prèpei 1 − D^2(x_0, . . . , x_m) > 0 to opoÐo isqÔei mìno ìtan D(x_0, . . . , x_m) = 0. AllĹ tìte ja isqÔei ìti x_0 = a. ’Ara h exÐswsh D(a, x_1, . . . , x_m) = 0 èqei lÔsh stouc x_1, . . . , x_m.

Dhladă a ∈ S ⇔ ∃x_0, . . . , x_m[(x_0 +1)(1−D^2(x_0, . . . , x_m))−1 = a]. Jètontac P (x_0, . . . , x_m) = (x_0 + 1)(1 − D^2(x_0, . . . , x_m)) − 1 èqoume ìti a ∈ S ⇔ ∃x_0, . . . , x_m[a = P (x_0, . . . , x_m)] (⇐=) : ’Estw ìti a ∈ S ⇔ ∃x_0, . . . , x_m[a = P (x_0, . . . , x_m)]. Jètoume D(x, x_0, . . . , x_m) = x − P (x_0, . . . , x_m). Tìte a ∈ S ⇔ ∃x_0, . . . , x_m[D(a, x_0, . . . , x_m) = 0]. ’Ara to S eÐnai diofantikì sÔnolo. □

2.4 Diofantikèc sqèseic kai sunartăseic

Orismìc 2.3 Mia sunĹrthsh f n orismĹtwn kaleÐtai fidiofantikăfl an to grĹfhma thc eÐnai diofantikì sÔnolo, dhladh an isqÔei h isodunamÐa: a = f(a_1, . . . , a_n) ⇔ ∃x_1, . . . , x_m[D(a, a_1, . . . , a_n, x_1, . . . , x_m) = 0] ìpou D(a, a_1, . . . , a_n, x_1, . . . , x_m) = 0 eÐnai diofantikă exÐswsh.

• H parapĹnw isodunamÐa kajÿc epÐshc kai h diofantikă exÐswsh D(a, a_1, . . . , a_n, x_1, . . . , x_m) = 0 kaleÐtai fidiofantikă anaparĹstashfl thc sunĹrthshc f.

H klĹsh twn diofantikÿn sqèsewn eÐnai kleistă wc proc:

uparxiakì posodeÐkth: An R_1(x, a_1, . . . , a_n) eÐnai diofantikă sqèsh tìte kai h sqèsh R(a_1, . . . , a_n) ⇔ ∃xR_1(x, a_1, . . . , a_n) eÐnai diofantikă kai h anaparĹstash autăc eÐnai h D(x, a_1, . . . , a_n, x_1, . . . , x_m) = 0 ìpou D(x, a_1, . . . , a_n, x_1, . . . , x_m) = 0 eÐnai h diofantikă anaparĹstash thc R_1.

diofantikèc antikatastĹseic: An R(t_1, . . . , t_n) diofantikă sqèsh kai t_1, . . . , t_n diofantikoÐ ìroi (ekfrĹseic pou kataskeuĹzontai apì fusikoÔc arijmoÔc, metablhtèc, ta sÔmbola +, −, · kai sÔmbola gia diofantikèc sunartăseic) tìte kai h sqèsh R(t_1, . . . , t_n) eÐnai diofantikă. PrĹgmati: mia exÐswsh thc morfăc P (t_1, . . . , t_n) = 0, ìpou P poluÿnumo me akèraiouc suntelestèc eÐnai diofantikă sqèsh. H exÐswsh P (t_1, . . . , t_n) = 0 mporeÐ na metasqhmatisteÐ se èna isodÔnamo sÔsthma exisÿsewn pou apoteleÐtai apì exisÿseic thc morfăc α = β + γ, α = β · γ, α = f(β_1, · · · , β_n) ìpou α, β, γ, β_1, · · · , β_n metablhtèc ă fusikoÐ arijmoÐ kai f diofantikă sunĹrthsh. Antikajistÿntac tic exisÿseic thc morfăc α = f(β_1, · · · , β_n) me th diofantikă anaparĹstash thc f kai sumptÔsssontac tic exisÿseic tou sustămatoc se mia, prokÔptei diofantikă exÐswsh isodÔnamh me thn P (t_1, . . . , t_n) = 0. Tìte

R(t_1, . . . , t_n) ⇔ ∃t_1, . . . , t_n[R(t_1, . . . , t_n) ∧ t_1 = t_1 ∧ · · · t_n = t_n]

ìpou oi exisÿseic t_i = t_i, i = 1 . . . n mporoÔn na antimetwpistoÔn ìpwc h parapĹnw P (t_1, . . . , t_n) = 0.

2.5 ParadeÐgmata diofantikÿn sqèsewn kai sunartăsewn.

• H sqèsh “ ≠ ” eÐnai diofantikă

a_1 ≠ a_2 ⇔ ∃x[(a_1 − a_2)^2 = x + 1]

• H sqèsh “ ≤ ” eÐnai diofantikă a ≤ b ⇔ ∃x[a + x = b] • H sqèsh “ < ” eÐnai diofantikă a < b ⇔ ∃x[a + x + 1 = b] • H sqèsh “ | ” eÐnai diofantikă a | b ⇔ ∃x[ax = b] • H idiìthta fi o a eÐnai Ĺrtioc fl eÐnai diofantikă Even(a) ⇔ ∃x[a = 2x] • H idiìthta fi o a eÐnai perittìc fl eÐnai diofantikă Odd(a) ⇔ Even(a + 1) • H sunĹrthsh “rem(b, c)” (to upìloipo thc diaÐreshc tou b me to c) eÐnai diofantikă a = rem(b, c) ⇔ a < c ∧ c | b − a • H sunĹrthsh “arem(b, c)” eÐnai diofantikă

ìpou arem(b, c) eÐnai h sunĹrthsh pou orÐzetai wc exăc: arem(b, c) ≡ ±b (mod c)&0 ≤ arem(b, c) ≤^c_2 • H sqèsh “ ∤ ” eÐnai diofantikă

• H sunĹrthsh “b div c” (to phlÐko thc akèraiac diaÐreshc tou b me to c) eÐnai diofantikă

• H sunĹrthsh “b (mod c)” eÐnai diofantikă

• H sunĹrthsh “ gcd(b, c)” (o mègistoc koinìc diairèthc twn jetikÿn akeraÐwn b kai c) eÐnai diofantikă

3 KĹpoia arijmojewrhtikĹ jewrămata

Sthn parĹgrafo aută ja diatupwjoÔn kai ja apodeiqjoÔn dÔo jewrămata apì th jewrÐa arijmÿn ta opoÐa qrhsimopoiăjhkan sthn apìdeixh pou dìjhke gia thn arnhtikă apĹnthsh sto 10^o prìblhma tou Hilbert .

Jeÿrhma 3.1 (jeÿrhma upoloÐpwn kinèzou) ’Estw ìti q_1, . . . , q_n eÐnai prÿtoi anĹ dÔo fusikoÐ arijmoÐ kai a_1, . . . , a_n eÐnai epÐshc fusikoÐ arijmoÐ tètoioi ÿste a_i < q_i, i = 1, . . . , n. Tìte upĹrqei ènac monadikìc arijmìc a ÿste: 0 ≤ a < q_1 · · · q_n kai a_i = rem(a, q_i), i = 1, . . . , n. Apìdeixh Jètoume m = q_1 · · · q_n, kai jewroÔme tic m n−Ĺdec arijmÿn: ⟨rem(0, q_1), . . . , rem(0, q_n)⟩ ⟨rem(1, q_1), . . . , rem(1, q_n)⟩ . . ⟨rem(m − 1, q_1), . . . , rem(m − 1, q_n)⟩ (3.1)

Isqurismìc 1: rem(a, q_i) ≠ rem(b, q_i) gia 0 ≤ b ≤ a < m kai i = 1, . . . , n. An Ðsque ìti rem(a, q_i) = rem(b, q_i) ja eÐqame ìti q_i | a − b, i = 1, . . . , n. ’Omwc epeidă oi q_1, . . . , q_n eÐnai anĹ dÔo prÿtoi ja Ðsque ìti q_1 · · · q_n | a − b, dhladă ìti m | a − b to opoÐo eÐnai Ĺtopo afoÔ a, b < m.

’Ara oi n−Ĺdec (3.1) eÐnai ìlec diaforetikèc metaxÔ touc.

Isqurismìc 2: KĹje n−Ĺda fusikÿn arijmÿn ⟨a_1, . . . , a_n⟩ me a_i < q_i, i = 1, . . . , n eÐnai akribÿc mÐa apì tic m n−Ĺdec (3.1). PrĹgmati, upĹrqoun q_1 · · · q_n n−Ĺdec fusikÿn arijmÿn, ⟨a_1, . . . , a_n⟩ me a_i < q_i, i = 1, . . . , n. EpÐshc gia kĹje n−Ĺda ⟨rem(a, q_1), . . . , rem(a, q_n)⟩ apì tic (3.1), isqÔei ìti rem(a, q_i) < q_i, i = 1, . . . , n.

’Ara dedomènhc thc n−Ĺdac ⟨a_1, . . . , a_n⟩ gia thn opoÐa isqÔei ìti a_i < q_i, i = 1, . . . , n, upĹrqei ènac monadikìc arijmìc a gia ton opoÐo èqoume ìti 0 ≤ a < m kai ìti a_i = rem(a, q_i), i = 1, . . . , n. □

Jeÿrhma 3.2 ( Kummer ) An p eÐnai prÿtoc arijmìc, tìte τ_p(m, n) = deg_p (( m + n m )) . Me τ_p(m, n) sumbolÐzoume ton arijmì twn kratoumènwn katĹ thn prìsjesh twn arijmÿn m, n, ìtan autoÐ grafoÔn wc anaptÔgmata me bĹsh to p, enÿ me deg_p(k) ton ekjèth tou p sto kanonikì anĹptugma tou k se prÿtouc parĹgontec.

Apìdeixh Efìson isqÔei ìti ( m + n m ) = (m + n)! m!n! èpetai ìti deg_p (( m + n m )) = deg_p((m + n)!) − deg_p(m!) − deg_p(n!). (3.2) ’Omwc epeidă metaxÔ twn arijmÿn 1, 2, . . . , k upĹrqoun k div p arijmoÐ pou diairoÔntai me to p, k div p^2 arijmoÐ pou diairoÔntai me to p^2 k.o.k, ja isqÔei ìti: deg_p(k!) = k div p + k div p^2 + . . . . ’Estw ènac arijmìc k > 0, kai èstw ìti diairoÔme touc arijmoÔc m, n, m + n me to p^k. Tìte ja èqoume:

m = (m div p^k)p^k + m^′, ìpou m^′ < p^k

n = (n div p^k)p^k + n^′, ìpou n^′ < p^k Tìte ja èqoume ìti m^′ + n^′ < 2p^k. ’Ara to (m^′ + n^′) div p^k ja eÐnai eÐte 0 eÐte 1 anĹloga an upĹrqei kratoÔmeno katĹ thn prìsjesh twn k − 1 yhfÐwn twn m kai n. ’Ara ja isqÔei ìti: τ_p(m, n) = ∑ k≥1 (m^′ + n^′) div p^k (3.3)

’Omwc isqÔei ìti:

m + n = (m div p^k + n div p^k)p^k + (m^′ + n^′) kai diairÿntac me to p^k, prokÔptei ìti: (m + n) div p^k = m div p^k + n div p^k + (m^′ + n^′) div p^k. ’Ara (m^′ + n^′) div p^k = (m + n) div p^k − m div p^k − n div p^k. Tìte apì tic sqèseic (3.2) kai (3.3) èpetai ìti τ_p(m, n) = deg_p (( m + n m )) . □ To jeÿrhma autì grĹfthke to 1852 apì ton E.E.Kummer kai dhmosieÔthke se èna Germanikì majhmatikì periodikì. Mia apìdeixh gia to jeÿrhma autì mporeÐ na brejeÐ epÐshc sto [11].

4 H ekjetikìthta eÐnai diofantikă

4.1 H ekjetikă sunĹrthsh eÐnai diofantikă

Sthn parĹgrafo aută ja apodeiqjeÐ oti h ekjetikă sunĹrthsh f(b, c) = b^c eÐnai diofantikă. ArkeÐ na apodeiqjeÐ oti to sÔnolo M = {< a, b, c >| a = b^c} eÐnai diofantikì.

Orismìc 4.1 OrÐzoume thn anadromikă akoloujÐa fusikÿn arijmÿn a_b(n) wc exăc: a_b(0) = 0 a_b(1) = 1 a_b(n + 2) = ba_b(n + 1) − a_b(n)

Paratărhsh 4.1 Gia thn akoloujÐa a_b(n) isqÔoun ta exăc:

1. H akoloujÐa a_b(n) eÐnai gnhsÐwc aÔxousa.

Dhladă isqÔei: 0 = a_b(0) < a_b(1) < · · · < a_b(n) < a_b(n + 1) < · · ·

PrĹgmati: ’Estw ìti isqÔei h sqèsh a_b(k) < a_b(k + 1) gia kĹje k < n. IsqÔei a_b(n + 1) = ba_b(n) − a_b(n − 1). Tìte apì thn epagwgikă upìjesh èqoume ìti:

a_b(n + 1) > ba_b(n) − a_b(n) = (b − 1)a_b(n) ≥ a_b(n) paÐrnontac b ≥ 2

’Ara gia b ≥ 2 kai gia kĹje n isqÔei: a_b(n) < a_b(n + 1).

2. a_2(n) = n to opoÐo apodeiknÔetai epÐshc me epagwgă.

3. An isqÔei ìti b_1 ≡ b_2 (mod q) tìte isqÔei ìti a_{b1} (n) ≡ a_{b2} (n) (mod q)

PrĹgmati: ’Estw ìti isqÔei gia kĹje k < n to exăc: b_1 ≡ b_2 (mod q) → a_{b1} (k) ≡ a_{b2} (k) (mod q). Tìte èpetai ìti:

a_{b1} (n) = b_1a_{b1} (n − 1) − a_{b1} (n − 2) ≡ b_2a_{b2} (n − 1) − a_{b2} (n − 2) (mod q) ≡ a_{b2} (n) (mod q) ’Ara gia kĹje n isqÔei: b_1 ≡ b_2 (mod q) → a_{b1} (n) ≡ a_{b2} (n) (mod q).

4. a_b(n) ≡ n (mod b − 2) to opoÐo èpetai apì tic parathrăseic 4.1(2) kai 4.1(3).

Orismìc 4.2 OrÐzoume thn akoloujÐa pinĹkwn A_b(n) wc exăc:

A_b(n) = ( a_b(n + 1) −a_b(n) a_b(n) −a_b(n − 1) ) , paÐrnontac a_b(−1) = −1

Paratărhsh 4.2

1. Oi pÐnakec A_b(n), n = 0, 1, 2, . . . orÐzontai anadromikĹ wc exăc:

A_b(0) = I_2 A_b(n + 1) = A_b(n)L_b

ìpou I_2 = ( 1 0 0 1 ) kai L_b = ( b −1 1 0 ) . 2. A_b(n) = L^n_b

3. det (A_b(n)) = 1

Lămma 4.1 x^2 − bxy + y^2 = 1, ìpou x, y ∈ N kai y < x, an kai mìno an upĹrqei m tètoio pou x = a_b(m + 1) kai y = a_b(m).

Apìdeixh

(⇐=) : ’Estw oti upĹrqei m tètoio pou x = a_b(m+1) kai y = a_b(m).Tìte lìgw thc paratărhshc 4.1(1) èpetai ìti y < x. EpÐshc det (A_b(m + 1)) = 1 kai epeidă det (A_b(m + 1)) = a^2_b (m + 1) − a_b(m + 2)a_b(m) èpetai ìti x^2 − bxy + y^2 = 1.

(=⇒) : ’Estw ìti isqÔoun x^2 − bxy + y^2 = 1 kai y < x. Me epagwgă sto y ja apodeÐqjeÐ ìti upĹrqei m tètoio pou x = a_b(m + 1) kai y = a_b(m). y = 0: tìte afoÔ isqÔei x^2 − bxy + y^2 = 1 èpetai ìti x = 1. Dhladă y = a_b(0) kai x = a_b(1) pou shmaÐnei ìti m = 0. y > 0: x^2 − bxy + y^2 = 1 ⇒ x^2 = bxy + 1 − y^2 ⇒ ⇒ { x = by +^{1−y2}_x ≤ by x = by +^1_x −^{y2}_x > by +^1_x − y > by − y Jètontac x_1 = y kai y_1 = by − x èpetai ìti y_1 < y kai y_1 < x_1

EpÐshc x^2_1 − bx_1y_1 + y^2_1 = y^2 − by(by − x) + (by − x)^2 = y^2 − b^2y^2 + bxy + b^2y^2 − 2bxy + x^2 = x^2 − bxy + y^2 = 1 Ara apì epagwgikă upìjesh upĹrqei m_1 tètoio pou x_1 = a_b(m_1 + 1) kai y_1 = a_b(m_1). Jètontac m = m_1 + 1 èpetai ìti y = x_1 = a_b(m) kai x = by − y_1 = ba_b(m) − a_b(m − 1) = a_b(m + 1). Dhladă upĹrqei m: x = a_b(m + 1) kai y = a_b(m). □

Lămma 4.2 An m = kl tìte a_b(m) ≡ (−1)^{l−1}la_b(k)a^l_b(k − 1) (mod a^2_b (k)).

Apìdeixh A_b(m) = L^m_b

= (L^k_b )^l = A^l_b(k) = [a_b(k)L_b − a_b(k − 1)I_2]^l = l∑ i=0 a^i_b(k)L^i_b(−1)^{l−i}a^{l−i}_b (k − 1)I^{l−i}_2 Tìte ja èqoume ìti:

A_b(m) ≡ (−1)^la^l_b(k − 1)I_2 + (−1)^{l−1}la_b(k)a^{l−1}_b (k − 1)L^b (mod a^2_b (k))

kai epeidă A_b(m) = ( a_b(m + 1) −a_b(m) a_b(m) −a_b(m − 1) ) ja isqÔei ìti:

a_b(m) ≡ (−1)^{l−1}la_b(k)a^l_b(k − 1) (mod a^2_b (k)). □ Lămma 4.3 ’An a^2_b (k) | a_b(m) tìte a_b(k) | m. Apìdeixh Apì ton algìrijmo thc eukleÐdeiac diaÐreshc isqÔei m = kl + n, 0 ≤ n < k. Tìte A_b(m) = L^m_b = L^{kl+n}_b = (L^k_b )^lL^n_b = A^l_b(k)A_b(n) ’Ara ( a_b(m + 1) −a_b(m) a_b(m) −a_b(m − 1) )

≡ ( a_b(n + 1) −a_b(n) a_b(n) −a_b(n − 1) ) ( a_b(k + 1) 0 0 −a_b(k − 1) )_l (mod a_b(k)) pou shmaÐnei ìti a_b(m) ≡ a_b(n)a^l_b(k + 1) (mod a_b(k)) Apì thn paratărhsh 4.2.3 èpetai ìti a^2_b (k) − a_b(k + 1)a_b(k − 1) = 1 pou shmaÐnei ìti:

Oi a_b(k), a_b(k + 1) eÐnai sqetikĹ prÿtoi kai oi a_b(k), a_b(k − 1) eÐnai sqetikĹ prÿtoi epÐshc. IsqÔei a^2_b (k) | a_b(m) kai Ĺra a_b(k) | a_b(m).

Autì shmaÐnei ìti a_b(k) | a_b(n)a^l_b(k+1) kai epeidă a_b(k), a_b(k+1) eÐnai sqetikĹ prÿtoi èpetai ìti a_b(k) | a_b(n).

’Omwc n < k ⇒ a_b(n) < a_b(k) (lìgw thc paratărhshc 4.1(1) kai Ĺra a_b(n) = 0 pou shmaÐnei ìti n = 0.

’Ara m = kl. Tìte apì to Lhmma 4.2 èpetai ìti:

a_b(m) ≡ (−1)^{l−1}la_b(k)a^l_b(k − 1) (mod a^2_b (k)).

Apì upìjesh èqoume ìti a^2_b (k) | a_b(m). ’Ara a^2_b (k) | (−1)^{l−1}la_b(k)a^l_b(k − 1).

Dhladă a_b(k) | la^l_b(k−1) kai epeidă a_b(k), a_b(k−1) eÐnai sqetikĹ prÿtoi èpetai ìti a_b(k) | l. ’Ara a_b(k) | kl. Dhladă a_b(k) | m. □

Jeÿrhma 4.1 To sÔnolo N = {< a, b, c >| b ≥ 4 & a = a_b(c)} eÐnai diofantikì.

Apìdeixh Autì pou ja deiqjeÐ eÐnai ìti to sÔsthma:

b ≥ 4 (4.1)

u^2 − but + t^2 = 1 (4.2)

s^2 − bsr + r^2 = 1 (4.3)

r < s (4.4)

u^2 | s (4.5)

v = bs − 2r (4.6) v | w − b (4.7) u | w − 2 (4.8)

w > 2 (4.9) x^2 − wxy + y^2 = 1 (4.10)

2a < u (4.11) a = arem(x, v) (4.12) c = arem(x, u) (4.13) èqei lÔsh wc proc u, t, s, r, v, w, x, y an kai mìno an b ≥ 4 & a = a_b(c) Tìte to sÔnolo N profanÿc ja eÐnai diofantikì.

(=⇒) : ’Estw ìti to parapĹnw sÔsthma èqei lÔsh. Apì tic sqèseic (4.1), (4.2) kai lìgw tou Lămmatoc 4.1 èpetai ìti upĹrqei k ÿste u = a_b(k). EpÐshc apì tic sqèseic (4.1), (4.2), (4.3) kai lìgw tou Lămmatoc 4.1 èpetai ìti upĹrqei m ÿste s = a_b(m), r = a_b(m − 1).

Apì th sqèsh (4.5) kai lìgw tou Lămmatoc 4.3 èpetai ìti a_b(k) | a_b(m) dhladă ìti u | a_b(m).

Apì th sqèsh (4.6) èqoume ìti v = a_b(m + 1) − a_b(m − 1). Lìgw twn sqèsewn(4.9), (4.10) kai tou Lămmatoc 4.1 prokÔptei ìti ÔpĹrqei n tètoio pou x = a_w(n).

Apì th sqèsh (4.7) èqoume ìti w ≡ b (mod v) kai me bĹsh thn Paratărhsh 4.1(3) èpetai ìti a_w(n) ≡ a_b(n) (mod v), dhladă x ≡ a_b(n) (mod v).

EpÐshc apì thn (4.8) èqoume ìti w ≡ 2 (mod u) kai lìgw thc Paratărhshc 4.1(3) èpetai ìti a_w(n) ≡ n (mod u), dhladă x ≡ n (mod u). Apì ton algìrijmo thc eukleÐdiac diaÐreshc èqoume: n = 2ml ± j ìpou j ≤ m. Tìte A_b(n) = L^n_b = L^{2ml±j}_b = [(L^m_b )^2]^l(L_b)^{±j} = [A^2_b (m)]^l[A_b(j)]^{±1}. ’Omwc isqÔei

A_b(m) = ( a_b(m + 1) −a_b(m) a_b(m) −a_b(m − 1) )

≡ − ( −a_b(m − 1) a_b(m) −a_b(m) a_b(m + 1) ) (mod v)

≡ −[A_b(m)]^{−1} (mod v).

’Ara A^2_b (m) ≡ −I_2 (mod v).

Sunepÿc A_b(n) ≡ ±[A_b(j)]^{±1} (mod v).

EpÐshc A_b(j) ≡ −[A_b(j)]^{−1} (mod v).

’Ara a_b(n) ≡ ±a_b(j) (mod v).

’Ara x ≡ ±a_b(j) (mod v), j ≤ m. EpÐshc èqoume ìti

2a_b(j) < 2a_b(m) ≤ (b − 2)a_b(m) = ba_b(m) − 2a_b(m) ≤ ba_b(m) − 2a_b(m − 1) = v. ’Ara arem(x, v) = a_b(j), j ≤ m. Dhladă a = a_b(j), j ≤ m lìgw thc (4.12). EpÐshc 2j ≤ 2a_b(j) = 2a < u (lìgw thc (4.11)). ’Ara arem(x, u) = arem(n, u) kai epeidă isqÔoun: n = 2ml ± j u | m 2j < u èpetai ìti arem(x, u) = j. ’Ara lìgw thc (4.13) èpetai ìti c = j pou shmaÐnei ìti a = a_b(c).

(⇐=) : ’Estw a,b, c gia ta opoÐa isqÔei ìti: b ≥ 4 & a = a_b(c).

Ja deiqjeÐ ìti ∃s, r, t, u, v, w pou ikanopoioÔn tic sqèseic (4.1) − (4.13). Dialègw èna k ÿste u = a_b(k): perittìc kai 2a < u. Jètontac t = a_b(k + 1), lìgw tou Lămmatoc 4.1, prokÔptei ìti u^2 − but + t^2 = 1.

Dialègw m = uk (dhladă dialègw èna pollaplĹsio tou k). Jètontac s = a_b(m) kai r = a_b(m − 1) apì to Lămma 4.1 prokÔptei ìti s^2 − bsr + r^2 = 1 kai r < s.

Tìte apì to Lămma 4.2 èpetai ìti s ≡ (−1)^{u−1}ua_b(k)a^{u−1}_b (k−1) (mod u^2) pou shmaÐnei ìti u^2 | s. Jètoume v = bs − 2r.

IsqÔei: bs − 2r ≥ 4a_b(m) − 2a_b(m − 1) > 2a_b(m)

Dhladă v > 2a_b(m).

EpÐshc u, v eÐnai sqetikĹ prÿtoi, diìti:

’Estw d | u kai d | v. Tìte d | u^2 kai u^2 | s. ’Ara d | s kai d | bs − 2r. ’Ara d | r kai epomènwc d | s^2 − bsr + r^2. Autì shmaÐnei ìti d | 1. ’Ara d = 1.

Apì to kinèziko jeÿrhma upoloÐpwn èpetai ìti upĹrqei w tètoio pou:

w ≡ b (mod v)

w ≡ 2 (mod u) w > 2 Jètontac x = a_w(c) kai y = a_w(c+1) lìgw tou Lămmatoc 4.2 prokÔptei ìti x^2 − wxy + y^2 = 1 Lìgw thc Paratărhshc 4.1(3) èqoume ìti:

x = a_w(c) ≡ a_b(c) (mod v) = a (mod v) kai epeidă v > 2a_b(m) > 2a èpetai ìti arem(x, v) = a.

Epeidă w ≡ 2 (mod u) kai lìgw thc Paratărhshc 4.1(3) èqoume ìti x = a_w(c) ≡ c (mod u). EpÐshc isqÔei: 2c ≤ 2a_b(c) = 2a < u. ’Ara arem(x, u) = c. ’Ara ìlec oi exisÿseic (4.1) − (4.13) ikanopoioÔntai. □

Jeÿrhma 4.2 H ekjetikă sunĹrthsh eÐnai diofantikă.

Apìdeixh Kat’ arqăn orÐzoume ìti: 0^0 = 1 Me epagwgă apodeiknÔetai ìti isqÔei: (b − 1)^n ≤ a_b(n + 1) ≤ b^n.

PrĹgmati: H parapĹnw sqèsh isqÔei gia n = 0. ’Estw ìti isqÔei (b − 1)^n ≤ a_b(n + 1) ≤ b^n.

Tìte a_b(n + 2) = ba_b(n + 1) − a_b(n) ≤ ba_b(n + 1) ≤ bb^n = b^{n+1} (lìgw thc epagwgikăc upìjeshc). EpÐshc

a_b(n + 2) = ba_b(n + 1) − a_b(n) ≥ ba_b(n + 1) − a_b(n + 1) = (b − 1)a_b(n + 1) ≥ (b − 1)(b − 1)^n = (b − 1)^{n+1}.

’Ara isqÔei (b − 1)^{n+1} ≤ a_b(n + 2) ≤ b^{n+1}.

Ja deiqjeÐ ìti gia stajerì b kai arketĹ megĹlec timèc tou x isqÔei:

b^c = a_{bx+4}(c + 1) div a_x(c + 1)

PrĹgmati:

a_{bx+4}(c + 1) a_x(c + 1) ≥ (bx + 3)^c x^c = ( b + 3 x )_c ≥ b^c • b = 0

– c = 0

EÐnai b^c = 1. EpÐshc a_{bx+4}(c + 1) a_x(c + 1) = a_4(1) a_x(1)

= 1.

’Ara a_{bx+4}(c + 1) div a_x(c + 1) = 1. – c ≠ 0, x > 4 EÐnai b^c = 0. EpÐshc a_{bx+4}(c + 1) a_x(c + 1) = a_4(c + 1) a_x(c + 1)

< 1 lìgw thc Paratărhshc 4.1(1). ’Ara a_{bx+4}(c + 1) div a_x(c + 1) = 0. • b > 0, c > 0, x > 16c a_{bx+4}(c + 1) a_x(c + 1) ≤ (bx + 4)^c (x − 1)^c ≤ ( 1 +^4_x )_c ( 1 −^1_x )_c b^c ≤ b^c ( 1 −^1_x )_c ( 1 −^4_x )_c ≤ b^c ( 1 −^4_x )_{2c} ≤ b^c 1 −^{8c}_x ≤ b^c ( 1 + 16c x ) .

’Ara, efìson isqÔei b^c ≤ a_{bx+4}(c + 1) a_x(c + 1) gia ìla ta x gia na isqÔei

b^c = a_{bx+4}(c + 1) div a_x(c + 1) ja prèpei b^c 16c x < 1, dhladă arkeÐ x > 16 c b^c.

’Ara gia x > 16 c b^c isqÔei ìti b^c = a_{bx+4}(c + 1) div a_x(c + 1).

PaÐrnontac x = 16(c + 1)a_{b+4}(c + 1) èqoume ìti b^c = a_{bx+4}(c + 1) div a_x(c + 1). H sunĹrthsh g(b, c) = a_b(c) eÐnai diofantikă (jeÿrhma 4.1)kajÿc epÐshc kai h sunĹrthsh “div” (kefĹlaio 1), kai epeidă ìpwc apodeÐqthke sto kefĹlaio 1 h klĹsh twn diofantikÿn sunarăsewn eÐnai kleistă kĹtw apì diofantikèc antikatastĹseic, èpetai ìti h ekjetikă sunĹrthsh f(b, c) = b^c eÐnai epÐshc diofantikă.

4.2 Ekjetikèc diofantikèc exisÿseic

Orismìc 4.3 fiEkjetikă diofantikă exÐswshfl eÐnai mia exÐswsh thc morfăc E_L(x_1, . . . , x_m) = E_R(x_1, . . . , x_m) ìpou E_L, E_R eÐnai ekfrĹseic pou kataskeuĹzontai apì metablhtèc kai fusikoÔc arijmoÔc qrhsimopoiÿntac prìsjesh, pollaplasiasmì kai ekjetikìthta.

Jeÿrhma 4.3 H klĹsh twn sqèsewn (sunìlwn, sunartăsewn, idiotătwn) pou h anaparĹstasă touc eÐnai mia ekjetikă diofantikă exÐswsh tautÐzetai me thn klĹsh twn diofantikÿn sqèsewn (sunìlwn, sunartăsewn, idiotătwn).

Apìdeixh Sto Jeÿrhma 4.2 èqei deiqjeÐ ìti h ekjetikă sunĹrthsh eÐnai diofantikă. ’Ara sÔmfwna me thn parĹgrafo 2.4 kĹje ekjetikă diofantikă exÐswsh P (t_1, . . . , t_n) = 0 metasqhmatÐzetai se mia aplă diofantikă exÐswsh.

To teleutaÐo Jeÿrhma tou Fermat :

H exÐswsh (p + 1)^{s+3} + (q + 1)^{s+3} = (r + 1)^{s+3} den èqei lÔsh stouc agnÿstouc p, q, r, s. H sqèsh R(p, q, r, s) ⇔ (p+1)^{s+3}+(q+1)^{s+3} = (r+1)^{s+3} eÐnai diofantikă (diìti oi diofantikèc sqèseic eÐnai kleistèc kĹtw apì diofantikèc antikatastĹseic kai h ekjetikă sunĹrthsh eÐnai diofantikă). ’Ara mporoÔme na kataskeuĹsoume poluÿnumo F me akèraiouc suntelestèc ÿste:

(p+1)^{s+3} +(q+1)^{s+3} = (r+1)^{s+3} ⇔ ∃x_1, . . . , x_m[F (p, q, r, s, x_1, . . . , x_m) = 0].

’Ara to teleutaÐo Jeÿrhma tou Fermat eÐnai isodÔnamo me to exăc: h exÐswsh F (p, q, r, s, x_1, . . . , x_m) = 0 den èqei lÔsh stouc agnÿstouc p, q, r, s, x_1, . . . , x_m.

5 KwdikopoÐhsh peperasmènwn akoloujiÿn fusikÿn arijmÿn

5.1 KwdikopoÐhsh katĹ Cantor

Orismìc 5.1 fiO kwdikìc Cantor fl enìc zeÔgouc fusikÿn arijmÿn ⟨a, b⟩ eÐnai: Cantor(a, b) = (a + b)^2 + 3a + b 2 . Orismìc 5.2 O kwdikìc Cantor miac n−Ĺdac fusikÿn arijmÿn ⟨a_1, . . . , a_n⟩ orÐzetai anadromikĹ wc exăc: Cantor_1(a_1) = a_1 Cantor_{n+1}(a_1, . . . , a_n, a_{n+1}) = Cantor_n(a_1, . . . , a_n, Cantor(a_{n−1}, a_n)) Paratărhsh 5.1

• SumbolÐzoume me El_{n,m}(c) th sunĹrthsh h opoÐa dÐnei to m−ostì stoiqeÐo miac n−Ĺdac fusikÿn arijmÿn thc opoÐac o kwdikìc katĹ Cantor eÐnai c. Tìte isqÔei: El_{n,m}(c) = a ⇔ ∃x_1, . . . , x_{m−1}, x_{m+1}, . . . , x_n [2^{2n} Cantor_n(x_1, . . . , x_{m−1}, a, x_{m+1}, . . . , x_n) = 2^{2n} c] ’Ara h sunĹrthsh El_{n,m}(c) wc sunĹrthsh tou c eÐnai diofantikă.

• KĹje peperasmènh akoloujÐa fusikÿn arijmÿn èqei èna mìno kwdikì katĹ Cantor .

5.2 KwdikopoÐhsh katĹ jèsh ( Positional coding )

Orismìc 5.3 H triĹda ⟨a, b, c⟩ lègetai fikwdikìc katĹ jèshfl miac n−Ĺdac fusikÿn arijmÿn ⟨a_1, . . . , a_n⟩ an: c = n b > a_i, i = 1, . . . , n a = a_nb^{n−1} + · · · + a_1b^0

• a: kwdikìc thc ⟨a_1, . . . , a_n⟩, b: bĹsh kai c: măkoc.

• H triĹda ⟨0, b, 0⟩ eÐnai o kwdikìc katĹ jèsh thc kenăc pleiĹdac.

Paratărhsh 5.2

• Me thn kwdikopoÐhsh katĹ jèsh mporoÔme na kwdikopoioÔme akoloujÐec fusikÿn arijmÿn aprosdiìristou măkouc.

• KĹje pleiĹda èqei Ĺpeira polloÔc kwdikoÔc katĹ jèsh. ’Ena gia kĹje bĹsh.

• Mia triĹda ⟨a, b, c⟩ den eÐnai pĹnta kwdikìc katĹ jèsh miac pleiĹdac fusikÿn arijmÿn. JewroÔme th sqèsh:

Code(a, b, c): h triĹda ⟨a, b, c⟩ eÐnai kwdikìc katĹ jèsh miac pleiĹdac arijmÿn.

IsqÔei Code(a, b, c) ⇔ b ≥ 2 & a < b^c pou shmaÐnei ìti h sqèsh Code(a, b, c) eÐnai diofantikă.

• SumbolÐzoume me El(a, b, i) th sunĹrthsh pou dÐnei to i−ostì stoiqeÐo thc pleiĹdac me kwdikì a wc proc th bĹsh b. Tìte isqÔei: a_i = El(a, b, i) ⇔ ∃ x, y, z[i = z+1 ∧ a = xb^i+a_ib^z+y ∧ a_i < b ∧ y < b^z] ’Ara h sunĹrthsh El(a, b, i) eÐnai diofantikă.

5.3 Merikèc diofantikèc sqèseic

Jeÿrhma 5.1 H sunĹrthsh f(n, m) = ( n m ) eÐnai diofantikă.

Apìdeixh IsqÔei (b + 1)^n = ( n 0 ) b^0 + ( n 1 ) b^1 + · · · + ( n n ) b^n.

’Ara h triĹda ⟨(b + 1)^n, b, n + 1⟩ eÐnai kwdikìc katĹ jèsh thc n + 1−Ĺdac ⟨ ( n 0 ) , ( n 1 ) , . . . , ( n n ) ⟩ wc proc th bĹsh b (gia arketĹ megĹlo b).

PaÐrnontac b = 2^n + 1 ( 2^n = ( n 0 ) + ( n 1 ) + · · · + ( n n )) prokÔptei ìti c = ( n m ) ⇔ c = El((2^n + 1)^n, 2^n, m + 1) kai epeidă h sunĹrthsh El eÐ-

nai diofantikă èpetai ìti kai h sunĹrthsh f(n, m) = ( n m ) eÐnai diofantikă. □

Jeÿrhma 5.2 H sunĹrthsh g(m) = m! eÐnai diofantikă.

Apìdeixh IsqÔei ìti ( n m ) = n! m! (n − m)! · ’Ara m! = n! (_n m ) (n − m)! = [n − (m − 1)] . . . (n − 1)n (_n m ) = n^m (_n m ) ( 1 − m − 1 n ) · · · 1 ≤ n^m (_n m ) EpÐshc n^m (_n m ) = n^mm!(n − m)! n! = m!n^m [n − (m − 1)] . . . (n − 1)n = m! ( 1 −^{m−1}_n ) ( 1 −^1_n ) ≤ m! ( 1 −^m_n )_m ≤ m! ( 1 + 2m^2 n )

’Ara gia arketĹ megĹlo n, ìpwc gia parĹdeigma gia n = 2m^{m+2} + 1, èqoume ìti: m! = (2m^{m+2} +1)^m div ( 2m^{m+2} + 1 m ) . Epeidă oi diwnumikoÐ suntelestèc kai h sunĹrthsh “div” eÐnai diofantikèc èpetai ìti kai h sunĹrthsh paragontikì eÐnai diofantikă. □

Jeÿrhma 5.3 H idiìthta P rime(a): fio a eÐnai prÿtoc arijmìcfl eÐnai diofantikă.

Apìdeixh P rime(a) ⇔ a > 1 & gcd(a, (a − 1)!) = 1

H sunĹrthsh gcd kajÿc epÐshc kai to paragontikì eÐnai diofantikèc kai Ĺra h idiìthta “P rime(a)” eÐnai diofantikă. □

5.4 Sqèseic metaxÔ pleiĹdwn fusikÿn arijmÿn

MetaxÔ dÔo pleiĹdwn fusikÿn arijmÿn orÐzontai oi sqèseic “Equal”, “NotGreater”, “Small” wc exăc: • Equal(a_1, b_1, c_1, a_2, b_2, c_2) ⇔< a_1, b_1, c_1 > kai < a_2, b_2, c_2 > eÐnai kwdikoÐ thc idiac pleiĹdac arijmÿn • NotGreater(a_1, b_1, a_2, b_2) ⇔ ∃c [ Code(a_1, b_1, c) & Code(a_2, b_2, c) & ∀k ≤ c [El(a_1, b_1, k) ≤ El(a_2, b_2, k)] ] • Small(a, b, c, e) ⇔ Code(a, b, c) & ∀k ≤ c [El(a, b, k) ≤ e] Ja apodeÐxoume ìti oi parapĹnw sqèseic eÐnai diofantikèc. Gia na to deÐxoume autì ja qrhsimopoiăsoume tic sqèseic “P NotGreater”, “P Small”, “Eq” kai th sunĹrthsh “Repeat” oi opoÐec orÐzontai wc exăc: • P NotGreater(a_1, a_2, b) ⇔ P rime(b) & NotGreater(a_1, b, a_2, b) Apì to jeÿrhma tou Kummer (3.2) isqÔei ìti: P NotGreater(a_1, a_2, b) ⇔ P rime(b) ∧ b ∤ ( a_2 a_1 ) Epeidă h idiìthta “P rime” kai h sqèsh “ ∤ ” eÐnai diofantikèc èpetai ìti kai h sqèsh “P NotGreater” eÐnai diofantikă.

• H sunĹrthsh Repeat(p, q, r) dÐnei ton kwdikì thc pleiĹdac ⟨p, . . . , p⟩ măkouc r wc proc th bĹsh q ìpou isqÔei p < q. IsqÔei ìti Repeat(p, q, r) = p (q^r − 1) q − 1 . Epeidă h ekjetikă sunĹrthsh eÐnai diofantikă, èpetai ìti kai h sunĹrthsh Repeat(p, q, r) eÐnai diofantikă. • P Small(a, b, c, e) ⇔ P rime(b) & Small(a, b, c, e) P Small(a, b, c, e) ⇔ P rime(b) & Code(a, b, c) & ∀k ≤ c [El(a, b, k) ≤ e] ⇔ P rime(b) & b ≤ e ă P NotGreater(a, Repeat(e, b, c), b)

’Ara P Small(a, b, c, e) ⇔ P rime(b) & [b ≤ e ∨ P NotGreater(a, Repeat(e, b, c), b)] ’Ara h sqèsh P Small(a, b, c, e) eÐnai diofantikă.

• Eq(a_1, b_1, c_1, a_2, b_2, c_2) ⇔ Code(a_1, b_1, c_1) & c_1 = c_2 & P Small(a_2, b_2, c_2, b_1 − 1) &

b^{c1}_1 + b_1 < b_2 & a_1 ≡ a_2 (mod b_2 − b_1) ParathroÔme ìti h sqèsh Eq(a_1, b_1, c_1, a_2, b_2, c_2) eÐnai diofantikă.

Lămma 5.1 An ⟨a_2, b_2, c⟩ eÐnai o kwdikìc katĹ jèsh kĹpoiac pleiĹdac fusikÿn arijmÿn, thc opoÐac kĹje stoiqeÐo eÐnai mikrìtero apì to b_1 kai a_1 eÐnai o kwdikìc thc Ðdiac pleiĹdac wc proc th bĹsh b_1. Tìte:

a_1 ≡ a_2 (mod b_2 − b_1) a_1 < b^c_1 (5.1)

Apìdeixh EÐnai a_2 = e_cb^{c−1}_2 + · · · + e_1b^0_2 kai a_1 = e_cb^{c−1}_1 + · · · + e_1b^0_1. Profanÿc isqÔei a_1 < b^c_1. Tìte a_2 − a_1 = e_c(b^{c−1}_2 − b^{c−1}_1 ) + · · · + e_2(b_2 − b_1). ’Ara b_2 − b_1 | a_2 − a_1 pou shmaÐnei ìti a_1 ≡ a_2 (mod b_2 − b_1). □

Paratărhsh 5.3 An b^c_1 < b_2 − b_1, pou shmaÐnei ìti to b_2 eÐnai arketĹ megĹlo, tìte to a_1 orÐzetai monadikĹ apì tic sqèseic 5.1

SÔmfwna me to Lămma 5.1 h sqèsh Eq(a_1, b_1, c_1, a_2, b_2, c_2) ekfrĹzei to exăc:

H triĹda ⟨a_1, b_1, c_1⟩ eÐnai kwdikìc katĹ jèsh pleiĹdac, thc opoÐac kai h triĹda ⟨a_2, b_2, c_2⟩, ìpou b_2 prÿtoc, eÐnai epÐshc kwdikìc katĹ jèsh. Profanÿc isqÔei: Eq(a_1, b_1, c_1, a_2, b_2, c_2) ⇒ Equal(a_1, b_1, c_1, a_2, b_2, c_2).

’Eqontac deÐxei ìti oi parapĹnw sqèseic eÐnai diofantikèc eÔkola apodeiknÔetai ìti kai oi sqèseic “Equal”, “NotGreater”, “Small” eÐnai epÐshc diofantikèc.

PrĹgmati:

Equal(a_1, b_1, c_1, a_2, b_2, c_2) ⇔ ∃x, y, z[Eq(a_1, b_1, c_1, x, y, z) ∧ Eq(x, y, z, a_2, b_2, c_2)]

NotGreater(a_1, b_1, a_2, b_2) ⇔ ∃x_1, x_2, y, z[Equal(a_1, b_1, z, x_1, y, z) ∧ Equal(a_2, b_2, z, x_2, y, z) ∧ P NotGreater(x_1, x_2, y)]

Small(a, b, c, e) ⇔ ∃x, y, z[Equal(a, b, c, x, y, z) ∧ P Small(x, y, z, e)]

6 KwdikopoÐhsh diofantikÿn sqèsewn kai sunartăsewn

6.1 Kajolikă diofantikă exÐswsh

Orismìc 6.1 fiKajolikă diofantikă exÐswshfl eÐnai mia diofantikă exÐswsh thc morfăc U(a_1, . . . , a_n, k_1, . . . , k_l, y_1, . . . , y_w) = 0, ìpou a_1, . . . , a_n, k_1, . . . , k_l eÐnai parĹmetroi kai y_1, . . . , y_w eÐnai Ĺgnwstoi, tètoia pou gia kĹje diofantikă exÐswsh D(a_1, . . . , a_n, x_1, . . . , x_m) = 0 me n paramètrouc kai aujaÐreto arijmì agnÿstwn, upĹrqoun arijmoÐ k^D_1 , . . . , k^D_l ÿste h exÐswsh D(a_1, . . . , a_n, x_1, . . . , x_m) = 0 èqei lÔsh stouc agnÿstouc x_1, . . . , x_m gia ekeÐna ta a_1, . . . , a_n gia ta opoÐa h exÐswsh U(a_1, . . . , a_n, k_1, . . . , k_l, y_1, . . . , y_w) = 0 èqei lÔsh stouc agnÿstouc y_1, . . . , y_w.

Oi parĹmetroi a_1, . . . , a_n lègontai fiparĹmetroi stoiqeÐwnfl. Oi parĹmetroi k_1, . . . , k_l lègontai fiparĹmetroi kwdikÿnfl.

Paratărhsh 6.1 ’Estw M diofantikì sÔnolo diĹstashc n kai D(a_1, . . . , a_n, x_1, . . . , x_m) = 0 h diofantikă exÐswsh pou to orÐzei. An U(a_1, . . . , a_n, k_1, . . . , k_l, y_1, . . . , y_w) = 0 eÐnai kajolikă diofantikă exÐswsh me n paramètrouc stoiqeÐwn apì ton orismì 6.4 èqoume ìti upĹrqoun arijmoÐ k^D_1 , . . . , k^D_l ÿste: ⟨a_1, . . . , a_n⟩ ∈ M ⇔ ∃x_1, . . . , x_m[D(a_1, . . . , a_n, x_1, . . . , x_m) = 0] ⇔ ∃y_1, . . . , y_w[U(a_1, . . . , a_n, k^D_1 , . . . , k^D_l , y_1, . . . , y_w) = 0] Dhladă to M anaparÐstatai apì thn kajolikă diofantikă exÐswsh U(a_1, . . . , a_n, k_1, . . . , k_l, y_1, . . . , y_w) = 0, kai h pleiĹda ⟨k^D_1 , . . . , k^D_l ⟩ eÐnai kwdikìc tou diofantikoÔ sunìlou M.

Lămma 6.1 An U(a_1, . . . , a_n, k_1, . . . , k_l, y_1, . . . , y_w) = 0 eÐnai kajolikă diofantikă exÐswsh me n paramètrouc stoiqeÐwn, l paramètrouc kwdikÿn kai w agnÿstouc, tìte kai h exÐswsh V (a_1, . . . , a_n, k, k_1, . . . , k_l, y_1, . . . , y_w) = 0 ìpou V (a_1, . . . , a_n, k, k_1, . . . , k_l, y_1, . . . , y_w) = U^2(a_1, . . . , a_n, k_1, . . . , k_l, y_1, . . . , y_w) + [k − 2^{2l} Cantor_l(k_1, . . . , k_l)]^2 eÐnai kajolikă diofantikă exÐswsh me n paramètrouc stoiqeÐwn, 1 parĹmetro kwdikoÔ kai l + w agnÿstouc.

Apìdeixh ’Estw D(a_1, . . . , a_n, x_1, . . . , x_m) = 0 diofantikă exÐswsh me n paramètrouc. Efìson U(a_1, . . . , a_n, k_1, . . . , k_l, y_1, . . . , y_w) = 0 eÐnai kajolikă diofantikă exÐswsh me n paramètrouc stoiqeÐwn, upĹrqoun arijmoÐ k^D_1 , . . . , k^D_l ÿste: ∃x_1, . . . , x_m[D(a_1, . . . , a_n, x_1, . . . , x_m) = 0] ⇔ ∃y_1, . . . , y_w[U(a_1, . . . , a_n, k^D_1 , . . . , k^D_l , y_1, . . . , y_w) = 0] Isqurismìc: UpĹrqei o arijmìc k^D = 2^{2l} Cantor_l(k^D_1 , . . . , k^D_l ) ÿste: ∃y_1, . . . , y_w[U(a_1, . . . , a_n, k^D_1 , . . . , k^D_l , y_1, . . . , y_w) = 0] ⇔ ∃k_1, . . . , k_l, y_1, . . . , y_w[V (a_1, . . . , a_n, k^D, k_1, . . . , k_l, y_1, . . . , y_w) = 0] PrĹgmati:

• An ∃y_1, . . . , y_w[U(a_1, . . . , a_n, k^D_1 , . . . , k^D_l , y_1, . . . , y_w) = 0] tìte ∃k_1, . . . , k_l, y_1, . . . , y_w[V (a_1, . . . , a_n, k^D, k_1, . . . , k_l, y_1, . . . , y_w) = 0] • An ∃k_1, . . . , k_l, y_1, . . . , y_w[V (a_1, . . . , a_n, k^D, k_1, . . . , k_l, y_1, . . . , y_w) = 0] tìte ∃k_1, . . . , k_l, y_1, . . . , y_w[U(a_1, . . . , a_n, k_1, . . . , k_l, y_1, . . . , y_w) = 0] kai k^D = 2^{2l} Cantor_l(k_1, . . . , k_l). ’Omwc k^D = 2^{2l} Cantor_l(k^D_1 , . . . , k^D_l ) kai Ĺra k_1 = k^D_1 , . . . , k_l = k^D_l .

’Ara ∃y_1, . . . , y_w[U(a_1, . . . , a_n, k^D_1 , . . . , k^D_l , y_1, . . . , y_w) = 0]. ’Ara upĹrqei arijmìc k^D ÿste: ∃x_1, . . . , x_m[D(a_1, . . . , a_n, x_1, . . . , x_m) = 0] ⇔ ∃k_1, . . . , k_l, y_1, . . . , y_w[V (a_1, . . . , a_n, k^D, k_1, . . . , k_l, y_1, . . . , y_w) = 0] Dhladă h diofantikă exÐswsh V (a_1, . . . , a_n, k, k_1, . . . , k_l, y_1, . . . , y_w) = 0 eÐnai kajolikă.

Paratărhsh 6.2 ’An M diofantikì sÔnolo diĹstashc n kai ⟨k^D_1 , . . . , k^D_l ⟩ o kwdikìc autoÔ, tìte to M mporeÐ na anaparastajeÐ apì mia kajolikă diofantikă exÐswsh me n paramètrouc stoiqeÐwn kai 1 parĹmetro kwdikoÔ kai o kwdikìc tou wc proc aută thn anaparĹstash eÐnai k^D = 2^{2l} Cantor_l(k^D_1 , . . . , k^D_l ). □

6.2 KwdikopoÐhsh miac diofantikăc exÐswshc

’Estw D(x_0, . . . , x_m) = 0 mia diofantikă exÐswsh. IsqÔei: D(x_0, . . . , x_m) = C_L(x_0, . . . , x_m) − C_R(x_0, . . . , x_m) ìpou C_L, C_R eÐnai poluÿnuma me suntelestèc fusikoÔc arijmoÔc. ⟨b, c, d, e, f⟩ eÐnai kwdikìc enìc poluwnÔmou C(x_0, . . . , x_m) me suntelestèc fusikoÔc arijmoÔc an:

• e eÐnai o arijmìc twn agnÿstwn sto poluÿnumo C. • d eÐnai ènac arijmìc megalÔteroc apì ton olikì bajmì tou C. • f = 2^{d1} + · · · + 2^{de} .

• c einai o kwdikìc tou poluwnÔmou C wc proc th bĹsh b.

Dhladă an c_{i0...im} eÐnai o suntelestăc tou ìrou x^{i0}_0 · · · x^{im}_m sto poluÿnumo C tìte: c = ∑ i_0+···+i_m<d i_0! · · · i_m!(d − 1 − i_0 − · · · − i_m)!c_{i0...im} b^{dm+1−i0d0−···−imdm} . • b > d! max{c_{i0...im} }. ⟨b, c_L, c_R, d, e, f⟩ eÐnai kwdikìc thc diofantikăc exÐswshc D(x_0, . . . , x_m) = 0 an:

• ⟨b, c_L, d, e, f⟩ eÐnai kwdikìc tou poluwnÔmou C_L. • ⟨b, c_R, d, e, f⟩ eÐnai kwdikìc tou poluwnÔmou C_R.

Paratărhsh 6.3

• H triĹda ⟨d, e, f⟩ kaleÐtai fimorfăfl thc diofantikăc exÐswshc D(x_0, . . . , x_m) = 0.

• OrÐzoume th sqèsh: F ormat(d, e, f) ⇔ f = 2^{d1} + · · · + 2^{de}

• OrÐzoume th sqèsh: ECode(b, c_L, c_R, d, e, f) ⇔ ⟨b, c_L, c_R, d, e, f⟩eÐnai kwdikìc miac diofantikăc exÐswshc Oi sqèseic “F ormat” kai“ECode” eÐnai diofantikèc.

6.3 KwdikopoÐhsh twn pijanÿn lÔsewn miac diofantikăc exÐswshc

⟨d, e, f, g, h⟩ eÐnai kwdikìc miac pijanăc lÔshc ⟨x_1, . . . , x_m⟩ miac diofantikăc exÐswshc D(a_1, . . . , a_n, x_1, . . . , x_m) = 0 an:

• ⟨d, e, f⟩ eÐnai fimorfăfl thc diofantikăc exÐswshc D(a_1, . . . , a_n, x_1, . . . , x_m) = 0. • g eÐnai arijmìc megalÔteroc apì touc 1, x_1, . . . , x_m. • h = x_1g^{d1} + · · · + x_mg^{dm} OrÐzoume tic sqèseic: SCode(d, e, f, g, h) ⇔ ⟨d, e, f, g, h⟩ eÐnai kwdikìc miac pijanăc lÔshc miac diofantikăc exÐswshc

SC(d, e, f, g, h) ⇔ ∃t[Equal(f, 2, d^e + 1, t, g, d^e + 1) ∧ NotGreater(h, (g − 1)t, g)] Profanÿc h sqèsh “SC” eÐnai diofantikă.

Lămma 6.2 F ormat(d, e, f) =⇒ [SC(d, e, f, g, h) ⇔ SCode(d, e, f, g, h)] Apìdeixh An isqÔei h sqèsh F ormat(d, e, f) tìte f = 2^{d1} + · · · + 2^{de} .

(=⇒): An isqÔei SC(d, e, f, g, h) tìte upĹrqei t tètoio ÿste t = g^{d1} +· · ·+g^{de} kai epeidă isqÔei h sqèsh NotGreater(h, (g − 1)t, g) èpetai ìti h = x_1g^{d1} + · · · + x_eg^{de} ìpou x_i < g, i = 1, . . . , e. ’Ara ⟨d, e, f, g, h⟩ eÐnai kwdikìc thc pijanăc lÔshc x_1, . . . , x_e thc diofantikăc exÐswshc D(a_1, . . . , a_n, x_1, . . . , x_e) = 0. ’Ara isqÔei h sqèsh SCode(d, e, f, g, h). (⇐=): ’Estw ìti isqÔei h sqèsh SCode(d, e, f, g, h).

Tìte h = x_1g^{d1} + · · · + x_eg^{de} kai g > 1, x_1, . . . , x_e. EpÐshc upĹrqei t ÿste na isqÔei h sqèsh Equal(f, 2, d^e + 1, t, g, d^e + 1) kai autì eÐnai to t = g^{d1} + · · · + g^{de} . ’Ara isqÔei kai ìti NotGreater(h, (g − 1)t, g), pou shmaÐnei ìti isqÔei h sqèsh SC(d, e, f, g, h). □

Lămma 6.3 An ⟨b, c, d, e, f⟩ eÐnai kwdikìc tou poluwnÔmou C(a, x_1, . . . , x_m) kai ⟨d, e, f, g, h⟩ o kwdikìc miac pijanăc lÔshc tou ⟨y_1, . . . , y_m⟩, tìte upĹrqei w > (1 + a + h)^{d−1}c kai s, t ÿste: C(a, y_1, . . . , y_m) = El ((1 + aw + t)^{d−1}s, w, d^e + 1) (d − 1)!

Apìdeixh ⟨b, c, d, e, f⟩: kwdikìc tou poluwnÔmou C(a, x_1, . . . , x_m) ⟨d, e, f, g, h⟩: kwdikìc miac pijanăc lÔshc ⟨y_1, . . . , y_m⟩ ’Estw w ènac arketĹ megĹloc arijmìc. Qrhsimopoiÿntac wc bĹsh to w paÐrnoume: s = ∑ i_0+···+i_m<d i_0! · · · i_m!(d − 1 − i_0 − · · · − i_m)! c_{i0...im} w^{dm+1−i0d0−···−imdm} t = y_1w^{d1} + · · · + y_mw^{dm} Tìte isqÔoun oi sqèseic: Equal (c, b, d^{e+1} + 1, s, w, d^{e+1} + 1) kai Equal (h, g, d^e + 1, t, g, d^e + 1). EpÐshc ⟨w, s, d, e, f⟩ eÐnai kwdikìc tou poluwnÔmou C(a, x_1, . . . , x_m) kai ⟨d, e, f, w, t⟩ eÐnai kwdikìc thc pijanăc lÔshc ⟨y_1, . . . , y_m⟩.

IsqÔei: (1 + aw + t)^{d−1} = (1 + aw^{d0} + y_1w^{d1} + · · · + y_mw^{dm} )^{d−1} = ∑ i_0+···+i_m<d ( d − 1 i_0 · · · i_m ) a^{i0} y^{i1}_1 · · · y^{im}_m w^{i0d0+···+imdm}

Tìte: (1 + aw + t)^{d−1}s =

2d^{m+1}−1 ∑ k=0 C_k w^k, ìpou C_k eÐnai ekfrĹseic pou perièqoun ta a, y_1, . . . , y_m, c_{i0...im} . Tìte:

C_de+1 = ∑ i_0+···+i_m<d i_0! · · · i_m! ( d − 1 i_0 · · · i_m ) c_{i0...im} a^{i0} y^{i1}_1 · · · y^{im}_m = (d − 1)! C(a, y_1, . . . , y_m) An w > C_0, C_1, . . . , C_{2d}m+1_{−1} tìte: C(a, y_1, . . . , y_m) = El ((1 + aw + t)^{d−1}s, w, d^e + 1)

(d − 1)!

’Ara, an w > (1 + a + h)^{d−1}c tìte: C(a, y_1, . . . , y_m) = El ((1 + aw + t)^{d−1}s, w, d^e + 1)

(d − 1)! □ Orismìc 6.2 OrÐzoume th sqèsh: Solution(a, b, c_L, c_R, d, e, f, g, h) ⇔ SC(d, e, f, g, h) ∧ ∃s_L, s_R, t, w [w > (1 + a + h)^{d−1}(c_L + c_R) ∧ Equal (c_L, b, d^{e+1} + 1, s_L, w, d^{e+1} + 1) ∧ Equal (c_R, b, d^{e+1} + 1, s_R, w, d^{e+1} + 1) ∧ Equal (h, g, d^e + 1, t, w, d^e + 1) ∧ El ((1 + aw + t)^{d−1}s_L, w, d^e + 1) = El ((1 + aw + t)^{d−1}s_R, w, d^e + 1)] H sqèsh “Solution” eÐnai diofantikă. Lămma 6.4 ECode(b, c_L, c_R, d, e, f) =⇒ [ ∃g, h[SCode(d, e, f, g, h) ∧ Solution(a, b, c_L, c_R, d, e, f, g, h)] ⇔ ∃x_1, . . . , x_m[D_{b,cL,cR,d,e,f} (a, x_1, . . . , x_m) = 0] ]

ìpou D_{b,cL,cR,d,e,f} (a, x_1, . . . , x_m) = 0 eÐnai h diofantikă exÐswsh me kwdikì ⟨b, c_L, c_R, d, e, f⟩. Apìdeixh IsqÔei h sqèsh ECode(b, c_L, c_R, d, e, f), Ĺra kai h F ormat(d, e, f). ’Estw h diofantikă exÐswsh D_{b,cL,cR,d,e,f} (a, x_1, . . . , x_m) = 0 me kwdikì ⟨b, c_L, c_R, d, e, f⟩.

(=⇒): ’Estw ìti upĹrqoun g, h ÿste na isqÔoun oi sqèseic SCode(d, e, f, g, h) kai Solution(a, b, c_L, c_R, d, e, f, g, h). Tìte ⟨d, e, f, g, h⟩ kwdikìc miac pi- janăc lÔshc thc exÐswshc D_{b,cL,cR,d,e,f} (a, x_1, . . . , x_m) = 0 kai lìgw tou orismoÔ 6.2 kai tou lămmatoc 6.3, èpetai ìti upĹrqoun x_1, . . . , x_m ÿste D_{b,cL,cR,d,e,f} (a, x_1, . . . , x_m) = 0. (⇐=): ’Estw ìti h exÐswsh D_{b,cL,cR,d,e,f} (a, x_1, . . . , x_m) = 0 èqei lÔsh stouc x_1, . . . , x_m. Tìte upĹrqoun g, h ÿste ⟨d, e, f, g, h⟩ na eÐnai kwdikìc thc lÔshc autăc kai Ĺra isqÔei h sqèsh SCode(d, e, f, g, h) kai epeidă isqÔei epÐshc h F ormat(d, e, f) èpetai ìti isqÔei kai h SC(d, e, f, g, h). EpÐshc apì to lămma 6.3 èpetai ìti upĹrqoun s_L, s_R, t, w ÿste: w > (1 + a + h)^{d−1}(c_L + c_R) Equal (c_L, b, d^{e+1} + 1, s_L, w, d^{e+1} + 1) Equal (c_R, b, d^{e+1} + 1, s_R, w, d^{e+1} + 1) Equal (h, g, d^e + 1, t, w, d^e + 1) kai epeidă C_L(a, x_1, . . . , x_m) = C_R(a, x_1, . . . , x_m) èpetai ìti: El ((1 + aw + t)^{d−1}s_L, w, d^e + 1) = El ((1 + aw + t)^{d−1}s_R, w, d^e + 1) ’Ara isqÔei kai h sqèsh Solution(a, b, c_L, c_R, d, e, f, g, h). □ 6.4 KwdikopoÐhsh diofantikÿn sunìlwn

Lămma 6.5 UpĹrqei mia kajolikă diofantikă exÐswsh U_1(a, k, y_1, . . . , y_m) = 0 me 1 parĹmetro stoiqeÐwn, 1 parĹmetro kwdikÿn kai m agnÿstouc (m:stajerì). Apìdeixh Băma 1. Kataskeuă miac kajolikă diofantikăc exÐswshc me 1 parĹmetro stoiqeÐwn, 6 paramètrouc kwdikÿn kai m − 6 agnÿstouc. H sqèsh Solution(a, b, c_L, c_R, d, e, f, g, h) eÐnai diofantikă, kai èstw U(a, b, c_L, c_R, d, e, f, g, h, y_9, . . . , y_m) = 0 h diofantikă exÐswsh pou thn orÐzei. Tìte: Solution(a, b, c_L, c_R, d, e, f, g, h) ⇔ ∃y_9, . . . , y_m[U(a, b, c_L, c_R, d, e, f, g, h, y_9, . . . , y_m) = 0]

’Estw D(a, x_1, . . . , x_w) = 0 diofantikă exÐswsh me 1 parĹmetro, kai ⟨b^D, c^D_L , c^D_R , d^D, e^D, f^D⟩ o kwdikìc autăc.

Tìte isqÔei h sqèsh ECode(b^D, c^D_L , c^D_R , d^D, e^D, f^D). Apì to lămma 6.4 èpetai ìti: ∃g, h [ SCode(d^D, e^D, f^D, g, h) ∧ Solution(a, b^D, c^D_L , c^D_R , d^D, e^D, f^D, g, h) ] ⇔ ∃x_1, . . . , x_w [D(a, x_1, . . . , x_w) = 0] Dhladă, ∃g, h [ SCode(d^D, e^D, f^D, g, h) ∧ ∃y_9, . . . , y_m[U(a, b^D, c^D_L , c^D_R , d^D, e^D, f^D, g, h, y_9, . . . , y_m) = 0] ] ⇔ ∃x_1, . . . , x_w [D(a, x_1, . . . , x_w) = 0] ’Ara: ∀a [ ∃y_7, . . . , y_m[U(a, b^D, c^D_L , c^D_R , d^D, e^D, f^D, y_7, . . . , y_m) = 0] ⇔ ∃x_1, . . . , x_w [D(a, x_1, . . . , x_w) = 0] ]

Sunepÿc h diofantikă exÐswsh U(a, b, c_L, c_R, d, e, f, y_7, . . . , y_m) = 0 eÐnai kajolikă, me 1 parĹmetro stoiqeÐwn, 6 paramètrouc kwdikÿn kai m − 7 agnÿstouc.

Băma 2. Kataskeuă miac kajolikă diofantikăc exÐswshc me 1 parĹmetro stoiqeÐwn, 1 parĹmetro kwdikÿn kai m agnÿstouc.

Jètoume U_1(a, k, y_1, . . . , y_m) = U^2(a, b, c_L, c_R, d, e, f, y_7, . . . , y_m) + [ k − 2^{26} Cantor_6(b, c_L, c_R, d, e, f) ] Tìte apì to lămma 6.1 èpetai ìti h U_1(a, y_1, . . . , y_m) eÐnai kajolikă diofantikă exÐswsh me 1 parĹmetro stoiqeÐwn, 1 paramètro kwdikÿn kai m agnÿstouc. □

Pìrisma 6.1 KĹje diofantikì sÔnolo diĹstashc 1 mporeÐ na anaparastajeÐ apì thn kajolikă diofantikă exÐswsh U_1(a, k, y_1, . . . , y_m) = 0 kai o kwdikìc tou eÐnai o k^D = 2^{26} Cantor_6(b, c_L, c_R, d, e, f) ìpou ⟨b, c_L, c_R, d, e, f⟩ o kwdikìc thc exÐswshc pou to orÐzei.

Jeÿrhma 6.1 UpĹrqei m (stajerì) ÿste gia kĹje n upĹrqei kajolikă diofantikă exÐswsh U_n(a_1, . . . , a_n, k, y_1, . . . , y_m) = 0 me n paramètrouc stoiqeÐwn, 1 parĹmetro kwdikÿn kai m agnÿstouc.

Apìdeixh Gia n = 1 to jeÿrhma isqÔei efìson èqei deiqjeÐ sto lămma 6.5 ìti upĹrqei h kajolikă diofantikă exÐswsh U_1(a, k, y_1, . . . , y_m) = 0 me 1 parĹmetro stoiqeÐwn, 1 paramètro kwdikÿn kai m agnÿstouc, h opoÐa kwdikopoieÐ ta diofantikĹ sÔnola diĹstashc 1. ’Estw ìti n > 1. Jètoume U_n(a_1, . . . , a_n, k, y_1, . . . , y_m) = U_1(2^{2n} Cantor_n(a_1, . . . , a_n), k, y_1, . . . , y_m) H exÐswsh U_n(a_1, . . . , a_n, k, y_1, . . . , y_m) = 0 eÐnai kajolikă.

PrĹgmati: ’Estw D(a_1, . . . , a_n, x_1, . . . , x_w) = 0 mia diofantikă exÐswsh me n paramètrouc. JewroÔme th diofantikă exÐswsh: D_1(a, z_1, . . . , z_n, x_1, . . . , x_w) = D^2(z_1, . . . , z_n, x_1, . . . , x_w) + [ a − 2^{2n} Cantor_n(z_1, . . . , z_n) ] . Efìson h U_1(a, k, y_1, . . . , y_m) = 0 eÐnai kajolikă èpetai ìti upĹrqei k^{D1} ÿste h exÐswsh D_1(a, z_1, . . . , z_n, x_1, . . . , x_w) = 0 èqei lÔsh gia ekeÐna ta a gia ta opoÐa h exÐswsh U_1(a, k^{D1} , y_1, . . . , y_m) = 0 èqei lÔsh stouc y_1, . . . , y_m. ’Omwc isqÔei ìti: ∃x_1, . . . , x_w [ D_1(2^{2n} Cantor_n(a_1, . . . , a_n), a_1, . . . , a_n, x_1, . . . , x_w) = 0 ] ⇔ ∃x_1, . . . , x_w [ D(a_1, . . . , a_n, x_1, . . . , x_w) = 0 ] . ’Ara isqÔei: ∃x_1, . . . , x_w [ D(a_1, . . . , a_n, x_1, . . . , x_w) = 0 ] ⇔ ∃y_1, . . . , y_m [ U_1(2^{2n} Cantor_n(a_1, . . . , a_n), k^{D1} , y_1, . . . , y_m) = 0 ] ⇔ ∃y_1, . . . , y_m [ U_n(a_1, . . . , a_n, k^{D1} , y_1, . . . , y_m) = 0 ] .

’Ara h diofantikă exÐswsh U_n(a_1, . . . , a_n, k, y_1, . . . , y_m) = 0 eÐnai kajolikă.

Gia n = 0, jètoume: U_0(k, y_1, . . . , y_m) = U_1(0, k, y_1, . . . , y_m). ’Estw h diofantikă exÐswsh D(a, x_1, . . . , x_w) = 0.

Efìson h U_1(a, k, y_1, . . . , y_m) = 0 eÐnai kajolikă èpetai ìti upĹrqei k^D ÿste:

∃x_1, . . . , x_w[D(0, x_1, . . . , x_w) = 0] ⇔ ∃y_1, . . . , y_m[U_1(0, k^D, y_1, . . . , y_m) = 0] ⇔ ∃y_1, . . . , y_m[U_0(k^D, y_1, . . . , y_m) = 0]

’Ara h U_0(k, y_1, . . . , y_m) = 0 eÐnai kajolikă. □ Pìrisma 6.2 KĹje diofantikì sÔnolo M_i diĹstashc n kwdikopoieÐtai me ènan arijmì k_i tètoion pou: ⟨a_1, . . . , a_n⟩ ∈ M_i ⇔ ∃y_1, . . . , y_m[U_n(a_1, . . . , a_n, k_i, y_1, . . . , y_m) = 0] Jeÿrhma 6.2 H klĹsh twn diofantikÿn sqèsewn k.o.k. den eÐnai kleistă wc proc thn Ĺrnhsh ¬ .

Apìdeixh JewroÔme to sÔnolo M = {a | ∃y_1, . . . , y_m[U_1(a, a, y_1, . . . , y_m) = 0]} to opoÐo eÐnai diofantikì. SumbolÐzoume me M to sumplărwma tou M. ’Estw ìti to M eÐnai diofantikì sÔnolo kai èstw k^M o kwdikìc tou. Tìte:

β ∈ M ⇔ ∃y_1, . . . , y_m[U_1(β, k^M, y_1, . . . , y_m) = 0] (6.1)

• ’Estw ìti upĹrqoun y_1, . . . , y_m ÿste na isqÔei

U_1(k^M, k^M, y_1, . . . , y_m) = 0.

Tìte apì ton orismì tou sunìlou M èpetai ìti k^M ∈ M. EpÐshc apì th sqèsh (6.1) èpetai ìti k^M ∈ M to opoÐo èrqetai se antÐfash me to prohgoÔmeno.

• ’Estw ìti den upĹrqoun y_1, . . . , y_m ÿste na isqÔei U_1(k^M, k^M, y_1, . . . , y_m) = 0. Tìte apì ton orismì tou sunìlou M èpetai ìti k^M /∈ M. Dhladă k^M ∈ M. EpÐshc apì th sqèsh (6.1) èpetai ìti k^M /∈ M to opoÐo eÐnai Ĺtopo.

’Ara to sumplărwma tou M den eÐnai diofantikì sÔnolo. □ Paratărhsh 6.4 SumbolÐzoume me M^n_i to diofantikì sÔnolo diĹstashc n me kwdikì ton arijmì i.

7 H lÔsh sto 10^o prìblhma tou Hilbert

7.1 H klĹsh twn diofantikÿn sqèsewn eÐnai kleistă wc proc touc fragmènouc posodeÐktec

Jeÿrhma 7.1 An R(a_1, . . . , a_n) eÐnai diofantikă sqèsh, tìte:

1. H sqèsh R_1(a_1, . . . , a_n) ⇔ ∃y < a_n R(a_1, . . . , a_{n−1}, y) eÐnai diofantikă. 2. H sqèsh R_2(a_1, . . . , a_n) ⇔ ∀y < a_n R(a_1, . . . , a_{n−1}, y) eÐnai diofantikă.

Apìdeixh To jeÿrhma ja apodeiqjeÐ gia thn perÐptwsh ìpou n = 2. Dhladă ja apodeiqjeÐ ìti an R(a, b) eÐnai diofantikă sqèsh tìte:

1. H sqèsh R_1(a, b) ⇔ ∃y < b R(a, y) eÐnai diofantikă. 2. H sqèsh R_2(a, b) ⇔ ∀y < b R(a, y) eÐnai diofantikă.

Efìson R(a, b) eÐnai diofantikă sqèsh, èpetai ìti: R(a, b) ⇔ ∃x_1, . . . , x_m[D(a, b, x_1, . . . , x_m) = 0] (7.1) ìpou D(a, b, x_1, . . . , x_m) = 0 eÐnai h diofantikă exÐswsh pou orÐzei th sqèsh R(a, b). 1. Apì th sqèsh (7.1) èpetai ìti: R_1(a, b) ⇔ ∃y < b ∃x_1, . . . , x_m[D(a, y, x_1, . . . , x_m) = 0] Dhladă R_1(a, b) ⇔ ∃y, x_1, . . . , x_m[y < b ∧ D(a, y, x_1, . . . , x_m) = 0] pou shmaÐnei ìti h sqèsh R_1(a, b) eÐnai diofantikă.

2. Lìgw thc sqèshc (7.1) isqÔei ìti: R_2(a, b) ⇔ ∀y < b ∃x_1, . . . , x_m[D(a, y, x_1, . . . , x_m) = 0].

Sth sunèqeia ja apodeiqjeÐ ìti: ∀y < b ∃x_1, . . . , x_m[D(a, y, x_1, . . . , x_m) = 0] ⇔ ∃q, w, z_0, . . . , z_m [ b!(b + w + B(a, b, w))! | q + 1 ∧ z_0 = q ∧ ( q b )| | | ( z_i w ) , i = 0, . . . , m ∧ D(a, z_0, . . . , z_m) ≡ 0 (mod ( q b ) ) ]

ìpou B(a, b, w) eÐnai to poluÿnumo pou prokÔptei apì to poluÿnumo D(a, b, x_1, . . . , x_m) me antikatĹstash ìlwn twn agnÿstwn x_i apì to w.

(=⇒): ’Estw ìti ∀y < b ∃x_1, . . . , x_m[D(a, y, x_1, . . . , x_m) = 0]. Dhladă ∃x_{1y}, . . . , x_{my}[D(a, y, x_{1y}, . . . , x_{my}) = 0] gia kĹje y < b. Autì shmaÐnei ìti upĹrqoun b ton arijmì lÔseic ⟨x_{1y}, . . . , x_{my}⟩ gia y = 0, . . . , b − 1 thc exÐswshc D(a, y, x_1, . . . , x_m) = 0. Epilègoume ènan arijmì w tètoion ÿste x_{iy} < w gia kĹje i = 1, . . . , m kai gia kĹje y = 0, . . . , b − 1.

EpÐshc dialègoume ènan arijmì q ÿste: b!(b+w+B(a, b, w))! | q+1. Jètoume: q_y = q + 1 y + 1 − 1, y = 0, . . . , b − 1. Tìte isqÔei ìti: q_0 · · · q_{b−1} = ∏_{b−1} y=0 q − y y + 1 = ( q b ) . Isqurismìc 1: Oi q_0, . . . , q_{b−1} eÐnai sqetikĹ prÿtoi. PrĹgmati: ’Estw 0 ≤ l ≤ k < b kai èstw ìti d|q_k kai d|q_l. Tìte d | | | q + 1 k + 1

− 1 kai d | | | q + 1 l + 1

− 1 pou shmaÐnei ìti d | | | q + 1 ( 1 k + 1 − 1 l + 1 ) . Dhladă d | | | q + 1 (k + 1)(l + 1) (l − k). Efìson d | | q + 1 k + 1

− 1 èpetai ìti gcd(d, q + 1 k + 1

) = 1, pou shmaÐnei

ìti d ∤ q + 1 k + 1

. ’Omoia d ∤ q + 1 l + 1 kai q + 1 = λb!(b + w + B(a, b, w))!.

’Ara d ∤ q + 1 (k + 1)(l + 1) pou shmaÐnei ìti d| l − k.

Dhladă d < l − k < b kai epeidă d ∤ q + 1 k + 1 èpetai ìti d ∤ 2, . . . , d ∤ b − 1. ’Ara d = 1.

Isqurismìc 2: q_y, w! eÐnai sqetikĹ prÿtoi gia y = 0, . . . , b − 1. PrĹgmati: ’Estw d|q_y kai d|w!. Tìte èpetai ìti d ∤ q + 1 y + 1 kai epei-

dă q + 1 = λb!(b + w + B(a, b, w))! an d|w! tìte d | | q + 1 y + 1

, to opoÐo eÐnai Ĺtopo.

Efìson oi q_0, . . . , q_{b−1} eÐnai sqetikĹ prÿtoi, apì to jeÿrhma upoloÐpwn tou kinèzou, èpetai ìti upĹrqoun z_1, . . . , z_m tètoia ÿste: x_{iy} = rem(z_i, q_y), i = 1, . . . , m, y = 0, . . . , b − 1. Gia ton Ðdio lìgo upĹrqei z_0 ÿste: y = rem(z_0, q_y), y = 0, . . . , b − 1. Tìte èpetai ìti: D(a, y, x_{1y}, . . . , x_{my}) ≡ D(a, y, z_0, . . . , z_m) (mod q_y) kai epeidă D(a, y, x_{1y}, . . . , x_{my}) = 0 gia y = 0, . . . , b − 1 èpetai ìti: ∀y < b[D(a, y, x_{1y}, . . . , x_{my}) = 0] ⇔ ∀y < b[D(a, y, z_0, . . . , z_m) ≡ 0 (mod q_y)] ⇔ D(a, y, z_0, . . . , z_m) ≡ 0 (mod q_0 · · · q_{b−1}) ⇔ D(a, y, z_0, . . . , z_m) ≡ 0 (mod ( q b ) ). IsqÔei ìti y = rem(q, q_y) kai Ĺra jètontac z_0 = q èpetai ìti y = rem(z_0, q_y). Gia i = 1, . . . , m kai y = 0, . . . , b − 1 isqÔei ìti x_{iy} = rem(z_i, q_y). Tìte èpetai ìti q_y|z_i − x_{iy} kai epeidă x_{iy} < w èpetai ìti q_y | | | ∏_{w−1} k=0 (z_i − k) pou shmaÐnei ìti q_y | | | ( z_i w ) w! kai epeidă q_y, w! eÐnai

sqetikĹ prÿtoi èpetai ìti q_y | | ( z_i w ) . Dhladă gia i = 1, . . . , m kai y = 0, . . . , b − 1 isqÔei ìti q_y | | | ( z_i w ) . ’Ara q_0 · · · q_{b−1} | | ( z_i w ) , i = 1, . . . , m. Dhladă ( q b )| | | ( z_i w ) , i = 1, . . . , m. ’Ara èpetai ìti upĹrqoun q, w, z_0, . . . , z_m tètoia ÿste: b!(b+w+B(a, b, w))! | q+1 ∧ z_0 = q ∧ ( q b )| | | ( z_i w ) , i = 0, . . . , m ∧ D(a, z_0, . . . , z_m) ≡ 0 (mod ( q b ) ).

(⇐=): Gia y = 0, . . . , b − 1 jètoume q_y = q + 1 y + 1

− 1.

Tìte q_0 · · · q_{b−1} = ( q b ) . AfoÔ ( q b )| | | ( z_i w ) , i = 0, . . . , m èpetai ìti q_0 · · · q_{b−1} | | ( z_i w ) , i = 0, . . . , m pou shmaÐnei ìti q_y | | ( z_i w ) , i = 1, . . . , m, y = 0, . . . , b − 1. ’Ara q_y | | | (z_i)! w!(z_i − w)! , dhladă q_y | | | (z_i − w + 1) · · · z_i w! , pou shmaÐnei ìti q_y | | | ∏_{w−1} k=0 (z_i − k) gia i = 1, . . . , m kai y = 0, . . . , b − 1.

’Estw p_y prÿtoc arijmìc tètoioc ÿste p_y|q_y gia y = 0, . . . , b − 1.

Tìte: p_y | | w−1∏ k=0 (z_i − k) gia i = 1, . . . , m, y = 0, . . . , b − 1. Epeidă o p_y eÐnai prÿtoc arijmìc, èpetai ìti upĹrqei x_{iy} ÿste: x_{iy} < w kai p_y | | z_i − x_{iy} gia i = 1, . . . , m, y = 0, . . . , b − 1. ’Ara isqÔei x_{iy} = rem(z_i, p_y) gia i = 1, . . . , m, y = 0, . . . , b − 1.

EpÐshc isqÔei ìti z_0 = q. Epeidă q_y = q + 1 y + 1

−1 èpetai ìti q_y| z_0 −y kai Ĺra p_y| z_0 − y, pou shmaÐnei ìti y = rem(z_0, p_y).

’Ara upĹrqoun x_{iy}, i = 1, . . . , m, y = 0, . . . , b−1 ÿste na isqÔoun: x_{iy} = rem(z_i, p_y), i = 1, . . . , m, y = 0, . . . , b − 1 y = rem(z_0, p_y), y = 0, . . . , b − 1. Tìte èpetai ìti gia y = 0, . . . , b − 1 isqÔei: D(a, y, x_{1y}, . . . , x_{my}) ≡ D(a, z_0, . . . , z_m) (mod p_y). EpÐshc isqÔei ìti |D(a, y, x_{1y}, . . . , x_{my})| ≤ B(a, b, w). Isqurismìc 3: p_y > B(a, b, w). PrĹgmati: EÐnai p_y|q_y. ’Ara gcd(p_y, q + 1 y + 1

) = 1.

EpÐshc b!(b + w + B(a, b, w))! | q + 1 kai Ĺra q + 1 = λb!(b + w + B(a, b, w))!. Epeidă p_y eÐnai prÿtoc arijmìc èpetai ìti p_y > b + w + B(a, b, w). ’Ara p_y > B(a, b, w).

Lìgw tou isqurismoÔ 3, isqÔei ìti |D(a, y, x_{1y}, . . . , x_{my})| ≤ p_y. Apì upìjesh èqoume ìti D(a, z_0, . . . , z_m) ≡ 0 (mod ( q b ) ). Autì shmaÐnei ìti D(a, z_0, . . . , z_m) ≡ 0 (mod q_0 · · · q_{b−1}) kai epeidă oi arijmoÐ q_0 · · · q_{b−1} eÐnai sqetikĹ prÿtoi, èpetai ìti D(a, z_0, . . . , z_m) ≡ 0 (mod q_y), y = 0, . . . , b − 1. ’Ara D(a, z_0, . . . , z_m) ≡ 0 (mod p_y), y = 0, . . . , b − 1. Tìte èpetai ìti D(a, y, x_{1y}, . . . , x_{my}) = 0 gia y = 0, . . . , b − 1. ’Ara isqÔei ìti: ∀y < b∃x_{1y} , . . . , x_{my}[D(a, y, x_{1y}, . . . , x_{my}) = 0]. ’Ara isqÔei ìti: R_2(a, b) ⇔ ∃q, w, z_0, . . . , z_m [ b!(b + w + B(a, b, w))! | q + 1 ∧ z_0 = q ∧ ( q b )| | | ( z_i w ) , i = 0, . . . , m ∧ D(a, z_0, . . . , z_m) ≡ 0 (mod ( q b ) ) ] , pou shmaÐnei ìti h sqèsh R_2(a, b) eÐnai diofantikă. □

7.2 Anadromikèc sunartăseic

Orismìc 7.1 H klĹsh twn fianadromikÿn sunartăsewnfl eÐnai h mikrìterh klĹsh sunartăsewn stouc fusikoÔc arijmoÔc, h opoÐa:

• perièqei tic sunartăseic: S(x) = x + 1 P d(x) = x − 1 C^n_q (x_1, . . . , x_n) = q P^n_i (x_1, . . . , x_n) = x_i • eÐnai kleistă kĹtw apì touc exăc kanìnec:

1. SÔnjesh f(x_1, . . . , x_n) = g(h_1(x_1, . . . , x_n), . . . , h_m(x_1, . . . , x_n)) 2. Prwtogenă anadromă f(0, x_1, . . . , x_n) = g(x_1, . . . , x_n) f(n + 1, x_1, . . . , x_n) = h(f(n, x_1, . . . , x_n), n, x_1, . . . , x_n) 3. ElaqistopoÐhsh f(x_1, . . . , x_n) = μy[g(y, x_1, . . . , x_n) = 0], ìpou h g eÐnai sunĹrthsh gia thn opoÐa isqÔei ìti ∀x_1, . . . , x_n∃y[g(y, x_1, . . . , x_n) = 0]. Orismìc 7.2

• Mia sqèsh kaleÐtai fianadromikăfl an h qarakthristikă thc sunĹrthsh eÐnai anadromikă.

• Ena sÔnolo kaleÐtai fianadromikìfl an h qarakthristikă tou sunĹrthsh eÐnai anadromikă.

Orismìc 7.3

• Mia sqèsh R(x_1, . . . , x_n) kaleÐtai fiS_1fl an upĹrqei mia anadromikă sqèsh Q(x_1, . . . , x_n, y) tètoia ÿste na isqÔei: R(x_1, . . . , x_n) ⇔ ∃y Q(x_1, . . . , x_n, y) • ’Ena sÔnolo A kaleÐtai fianadromikĹ aparijmhtìfl an h sqèsh x ∈ A eÐnai S_1 sqèsh.

Jèsh Church-Turing Oi klĹseic twn upologÐsimwn sunartăsewn kai twn anadromikÿn tautÐzontai.

H jèsh Church-Turing tautÐzei th diaisjhtikă ènnoia thc upologisimìthtac me thn austhră (majhmatikă) ènnoia thc anadromikìthtac. O Turing taÔtise tic ènnoiec upologisimìthtac kai mhqanikăc upologisimìthtac, orÐzontac austhrĹ mia klĹsh mhqanÿn, tic mhqanèc Turing kai dÐnontac epiqeirămata ìti oi upologismoÐ opoiasdăpote kataskeuĹsimhc mhqanăc prosomoiÿnontai apì kĹpoia mhqană Turing .

7.3 H klĹsh twn diofantikÿn sqèsewn tautÐzetai me thn klĹsh twn S_1 sqèsewn

Jeÿrhma 7.2 Mia sunĹrthsh eÐnai diofantikă an kai mìno an eÐnai anadromikă.

Apìdeixh

(=⇒): An f eÐnai diofantikă sunĹrthsh, tìte isqÔei f(a_1, . . . , a_n) = a ⇔ ∃x_1, . . . , x_m [D(a, a_1, . . . , a_n, x_1, . . . , x_m) = 0. Epeidă ta poluÿnuma eÐnai anadromikèc sunartăseic, èqoume ìti to grĹfhma thc f eÐnai Σ_1 sqèsh. Autì shmaÐnei ìti h f eÐnai anadromikă sunĹrthsh.

(⇐=): An h sunĹrthsh f eÐnai anadromikă, me epagwgă apodeiknÔetai ìti eÐnai kai diofantikă. PrĹgmati, an h f eÐnai kĹpoia apì tic sunartăseic S, P d, C^n_q , P^n_i tìte:

• f(x) = S(x) a = S(x) ⇔ a = x + 1 • f(x) = P d(x) a = P d(x) ⇔ a = x − 1 • f(x_1, . . . , x_n) = C^n_q (x_1, . . . , x_n)

a = C^n_q (x_1, . . . , x_n) ⇔ a = q • f(x_1, . . . , x_n) = P^n_i (x_1, . . . , x_n)

a = P^n_i (x_1, . . . , x_n) ⇔ a = x_i

An h f orÐzetai me sÔnjesh, prwtogenă anadromă ă elaqistopoÐsh, tì- te: SÔnjesh: An f(x_1, . . . , x_n) = h(g_1(x_1, . . . , x_n), . . . , g_m(x_1, . . . , x_n)), tì- te: a = f(x_1, . . . , x_n) ⇔ ∃t_1, . . . , t_m[t_1 = g_1(x_1, . . . , x_n)∧ . . . ∧ t_m = g_m(x_1, . . . , x_n) ∧ a = h(t_1, . . . , t_m)] ’Omwc apì epagwgikă upìjesh oi sunartăseic h, g_1, . . . , g_m eÐnai diofantikèc. ’Ara kai h f eÐnai diofantikă sunĹrthsh.

Prwtogenăc anadromă: f(0, x_1, . . . , x_n) = g(x_1, . . . , x_n) f(n + 1, x_1, . . . , x_n) = h(f(n, x_1, . . . , x_n), n, x_1, . . . , x_n) ’Estw El(t, b, i) eÐnai h diofantikă sunĹrthsh pou dÐnei to i−ostì stoiqeÐo miac pleiĹdac me cipher t kai bĹsh b, thn opoÐa orÐsame sthn parĹgrafo 5.2. Tìte isqÔei: a = f(n, x_1, . . . , x_n) ⇔ ∃ b, t [ El(t, b, 1) = g(x_1, . . . , x_n) ∧ ∀i < n [El(t, b, i + 1) = h(El(t, b, i), i, x_1, . . . , x_n)] ∧ El(t, b, n) = a ]

Apì epagwgikă upìjesh èqoume ìti oi sunartăseic g, h eÐnai diofantikèc kai epeidă oi diofantikèc sqèseic eÐnai kleistèc kĹtw apì fragmènouc posodeÐktec èpetai ìti h sunĹrthsh f eÐnai diofantikă.

ElaqistopoÐhsh: An f(x_1, . . . , x_n) = μi [g(i, x_1, . . . , x_n) = 0] me thn proôpìjesh ìti ∀x_1, . . . , x_n∃i [g(i, x_1, . . . , x_n) = 0] tìte: a = f(x_1, . . . , x_n) ⇔ g(a, x_1, . . . , x_n) = 0 ∧ ∀ t < a [g(t, x_1, . . . , x_n) ≠ 0] Efìson h sunĹrthsh g eÐnai diofantikă lìgw thc epagwgikăc upìjeshc, èpetai ìti kai h f ja eÐnai diofantikă. □

Pìrisma 7.1 H klĹsh twn diofantikÿn sqèsewn tautÐzetai me thn klĹsh twn S_1 sqèsewn.

Apìdeixh

(⇐=): Estw R(x_1, . . . , x_n) eÐnai mia S_1 sqèsh. Tìte upĹrqei anadromikă sqèsh Q(x_1, . . . , x_n, y) tètoia ÿste na isqÔei: R(x_1, . . . , x_n) ⇔ ∃yQ(x_1, . . . , x_n, y) ⇔ ∃y [g(x_1, . . . , x_n, y) = 0] ìpou h sunĹrthsh g(x_1, . . . , x_n, y) eÐnai anadromikă kai Ĺra sÔmfwna me to jeÿrhma 7.2 diofantikă. ’Ara èpetai ìti h sqèsh R(x_1, . . . , x_n) eÐnai diofantikă.

(=⇒): ’An h sqèsh R(x_1, . . . , x_n) eÐnai diofantikă, tìte: R(x_1, . . . , x_n) ⇔ ∃y_1, . . . , y_m[D(x_1, . . . , x_n, y_1, . . . , y_m) = 0] ìpou D(x_1, . . . , x_n, y_1, . . . , y_m) = 0 eÐnai diofantikă exÐswsh. Autì shmaÐnei ìti to D(x_1, . . . , x_n, y_1, . . . , y_m) eÐnai poluÿnumo me akèraiouc suntelestèc, kai Ĺra h sqèsh D(x_1, . . . , x_n, y_1, . . . , y_m) = 0 eÐnai anadromikă. Sunepÿc h sqèsh R(x_1, . . . , x_n) eÐnai S_1. □

7.4 To 10^o prìblhma tou Hilbert èqei arnhtikă apĹnthsh

Sto jeÿrhma 6.2 eÐqame orÐsei to diofantikì sÔnolo N = { a | a ∈ M^1_a } tou opoÐou ìmwc to sumplărwma den eÐnai diofantikì.

Lămma 7.1 H sunĹrthsh g(n, x) = { 2 an x ∈ M^1_n 1 an x /∈ M^1_n den eÐnai anadromikă.

Apìdeixh Ac jewrăsoume ìti h sunĹrthsh g(n, x) eÐnai anadromikă. Tìte sÔmfwna me to jeÿrhma 7.2 eÐnai kai diofantikă. Dhladă isqÔei: a = g(n, x) ⇔ ∃y_1, . . . , y_m[D(n, x, a, y_1, . . . , y_m) = 0, ìpou D(n, x, a, y_1, . . . , y_m) = 0 eÐnai diofantikă exÐswsh. Tìte isqÔei: 1 = g(n, n) ⇔ ∃y_1, . . . , y_m[D(n, n, 1, y_1, . . . , y_m) = 0. AllĹ, isqÔei epÐshc ìti: 1 = g(n, n) ⇔ n /∈ M^1_n. Autì shmaÐnei ìti: n /∈ M^1_n ⇔ ∃y_1, . . . , y_m[D(n, n, 1, y_1, . . . , y_m) = 0. Dhladă, n ∈ N ⇔ ∃y_1, . . . , y_m[D(n, n, 1, y_1, . . . , y_m) = 0 pou shmaÐnei ìti to sÔnolo N eÐnai diofantikì. Autì ìmwc den isqÔei lìgw tou jewrămatoc 6.2. ’Ara h upìjesh ìti h sunĹrthsh g(n, x) eÐnai anadromikă ătan lanjasmènh. □

Ac upojèsoume ìti upĹrqei algìrijmoc pou apofasÐzei an mia sugkekrimènh diofantikă exÐswsh èqei lÔsh ă ìqi stouc fusikoÔc.

SumbolÐzoume me M^1_n to diofantikì sÔnolo diĹstashc 1 tou opoÐou o kwdikìc eÐnai o arijmìc n. Tìte èqoume ìti:

a ∈ M^1_n ⇔ ∃y_1, . . . , y_m[U_1(a, n, y_1, . . . , y_m) = 0]

UpĹrqei dhladă algìrijmoc pou gia dedomèna ⟨n, a⟩ apofasÐzei an h kajolikă diofantikă exÐswsh U_1(a, n, y_1, . . . , y_m) = 0 èqei lÔsh ă ìqi stouc fusikoÔc. O algìrijmoc autìc gia dedomèna ⟨n, a⟩ ja apofasÐzei an a ∈ M^1_n. Tìte o algìrijmoc autìc mporeÐ na qrhsimopoihjeÐ gia ton upologismì thc sunĹrthshc g pou orÐsthke sto lămma 7.1. Apì th jèsh Church-Turing , autì shmaÐnei ìti h sunĹrthsh g eÐnai anadromikă to opoÐo ìmwc lìgw tou lămmatoc 7.1 den isqÔei.

To sumpèrasma eÐnai ìti den upĹrqei algìrijmoc pou na apofasÐzei an mia diofantikă exÐswsh èqei lÔsh ă ìqi stouc fusikoÔc arijmoÔc. To apotèlesma autì epekteÐnetai kai sto antÐstoiqo erÿthma gia thn Ôparxh lÔsewn miac diofantikăc exÐswshc stouc akeraÐouc, afoÔ ìpwc eÐdame kai sthn parĹgrafo 2.2 ta dÔo problămata eÐnai anĹloga.

8 Poluplokìthta twn kajolikÿn diofantikÿn exisÿsewn

8.1 SumbolismoÐ−ArqikĹ lămmata

Sthn parĹgrafo 6.4 apodeÐqjhke h Ôparxh miac kajolikăc diofantikăc exÐswshc U_1(a, k, x_1, . . . , x_m) me 1 parĹmetro stoiqeÐwn, 1 parĹmetro kwdikÿn kai m agnÿstouc, ìpou m eÐnai kĹpoioc stajerìc arijmìc, tètoia ÿste, an M eÐnai diofantikì sÔnolo diĹstashc 1, upĹrqei k^M ÿste na isqÔei h isodunamÐa:

a ∈ M ⇔ ∃x_1, . . . , x_m[U_1(a, k^M, x_1, . . . , x_m) = 0]

KatĹ kairoÔc èqei melethjeÐ h poluplokìthta twn kajolikÿn diofantikÿn exisÿsewn. ’Ena mètro gia thn poluplokìthta twn kajolikÿn diofantikÿn exisÿsewn, eÐnai to zeÔgoc (m, d) tou arijmoÔ twn agnÿstwn kai tou olikoÔ bajmoÔ thc exÐswshc. To 1970 o Y.Matiyasevich anakoÐnwse ìti o arijmìc twn agnÿstwn miac kajolikăc diofantikăc exÐswshc eÐnai mikrìteroc apì 200, enÿ metĹ apì lÐgo qronikì diĹsthma h J.Robinson meÐwse twn arijmì twn agnÿstwn se 35. Sth sunèqeia douleÔontac me ton Y.Matiyasevich meÐwse ton arijmì twn agnÿstwn se 24. To 1973 o Y.Matiyasevich kai h J.Robinson kataskeÔasan kajolikă diofantikă exÐswsh me 13 agnÿstouc. To apotèlesma autì dhmosieÔthke to 1975[8]. Sto Ĺrjro autì o Y.Matiyasevich diatÔpwse thn pijanìthta epiplèon meÐwshc tou arijmoÔ twn agnÿstwn se 9. H kataskeuă miac kajolikăc diofantikăc exÐswshc me 9 agnÿstouc parousiĹsthke analutikĹ to 1982 apì ton J.Jones [5].

Gia thn kataskeuă autăc thc diofantikăc exÐswshc ja qreiastoÔn kĹpoia arqikĹ lămmata.

• Me A = □ ennooÔme ìti to A eÐnai tetrĹgwno kĹpoiou arijmoÔ.

• Me N pow 2 ennooÔme ìti to N eÐnai mia dÔnamh tou 2.

• An x^2 − (A^2 − 1)y^2 = 1 ìpou A > 1 eÐnai exÐswsh tou Pell [2], sumbolÐzoume tic lÔseic autăc wc x = χ_A(n), y = ψ_A(n).

Lămma 8.1 An N pow 2, tìte τ_2(aN, bN) = τ_2(a, b).

Me τ_p(m, n) upenjumÐzoume ìti sumbolÐzoume ton arijmì twn kratoumènwn katĹ thn prìsjesh twn arijmÿn m, n, ìtan autoÐ grafoÔn wc anaptÔgmata me bĹsh to p.

Lămma 8.2 An N pow 2, 0 ≤ S_1 < N, 0 ≤ T_1 < N tìte τ_2(S_1, T_1) = 0 τ_2(S_2, T_2) = 0 ⇔ τ^2(S^1 + S^2N, T^1 + T^2N) = 0.

Lămma 8.3 An N_i pow 2, 0 ≤ S_i < N, 0 ≤ T_i < N gia i = 1, . . . , n kai S = ∑_n i=1 S_iN_1 · · · N_{i−1}, T = ∑_n i=1 T_iN_1 · · · N_{i−1} kai N = ∏_n i=1 N_i, tìte 1. ⋀_n i=1 τ_2(S_i, T_i) = 0 ⇔ τ_2(S, T ) = 0.

2. S < N kai T < N.

Lămma 8.4 An N pow 2, 0 ≤ S < N, 0 ≤ T < N kai R = S(N^2 − N) + (T + 1)(N^2 − 1) tìte

τ_2(S, T ) = 0 ⇔ N^2 | | | ( 2R R ) . Lămma 8.5 An R ≥ 8, N ≥ 8, R ≥ b kai N ≥ b > 0, tìte isqÔei ìti N^2 | | | ( 2R R ) kai b pow 2 an kai mìno an upĹrqoun jetikoÐ akèraioi arijmoÐ h, s, w, φ kai akèraioi A, B^′, C, K, M, P, U, V, W, Y pou ikanopoioÔn tic sqèseic:

P = 2M^2U (P^2 − 1)K^2 + 1 = □ ( C K − Y )^2 < 1 4 K = R + 1 + h(P − 1) M = RY A = M(U + 1) B^′ = 2R + 1 C = B^′ + φ U = N^2w Y = N^2s W = bw V = 2 (V^2 − 1)W C ≡ V (W^2 − 1) (mod 2AV − V^2 − 1) C = ψ_A(B^′).

Lămma 8.6 ’Estw ìti A > 1, 1 < B ≤ C, kai eÐte 2B ≤ C eÐte B eÐnai perittìc. Tìte isqÔei ìti C = ψ_A(B) an kai mìno an upĹrqoun jetikoÐ akèraioi i, j kai akèraioi D, E, F, H, G, I, tètoioi ÿste: DEF = □ F | H − C D = (A^2 − 1)C^2 + 1 E = iJDC^2 F = (A^2 − 1)E^2 + 1 G = A + F (CD + 1 − A) H = B + jC I = (G^2 − 1)H^2 + 1

8.2 Kataskeuă kajolikăc diofantikăc exÐswshc me 9 agnÿstouc

An M eÐnai diofantikì sÔnolo, tìte isqÔei h isodunamÐa: a ∈ M ⇔ ∃x_1, . . . , x_m[U(a, x_1, . . . , x_m) = 0] ìpou h U(a, x_1, . . . , x_m) = 0 eÐnai kajolikă diofantikă exÐswsh me m agnÿstouc.

Sth sunèqeia ja kataskeuasteÐ mia Ĺllh kajolikă diofantikă exÐswsh me 9 agnÿstouc.

’Estw d o olikìc bajmìc tou poluwnÔmou U(x_0, x_1, . . . , x_m). Upojètoume ìti U(a, 0, . . . , 0) ≠ 0 gia kĹje a ≥ 0. IsqÔei ìti:

(1 + x_0 + · · · + x_m)^d = ∑ i_0+i_1+···+i_m≤d c_{i0,...,im} x^{i0}_0 x^{i1}_1 · · · x^{im}_m ,

ìpou c_{i0,...,im} = d! i_0! · · · i_m!(d − i_0 − . . . − i_m)!

eÐnai diairètec tou d!. ’Ara upĹr- qoun jetikoÐ akèraioi Q_{i0,...,im} ÿste: c_{i0,...,im} Q_{i0,...,im} = d!.

An d_{i0,...,im} eÐnai oi suntelestèc tou poluwnÔmou U(x_0, x_1, . . . , x_m) tìte upĹr- qoun oi akèraioi P_{i0,...,im} = Q_{i0,...,im} d_{i0,...,im} ÿste: d!U(x_0, x_1, . . . , x_m) = ∑ i_0+i_1+···+i_m≤d c_{i0,...,im} P_{i0,...,im} x^{i0}_0 x^{i1}_1 · · · x^{im}_m . Efìson upojèsame ìti U(0, 0, . . . , 0) > 0 èpetai ìti o stajerìc ìroc tou poluwnÔmou U(x_0, x_1, . . . , x_m) eÐnai jetikìc kai sunepÿc to Ðdio sumbaÐnei kai gia ton akèraio P_{0,...,0}. Jètoume m^∗ = max |P_{i0,...,im} |. Epilègoume jetikì akèraio β ÿste: β pow 2 2(2 + m)^dm^∗ < β

JewroÔme mia metablhtă b pou sumbolÐzei èna anÿtato ìrio gia to mègejoc miac lÔshc tou poluwnÔmou U(x_0, x_1, . . . , x_m). Me thn èkfrash fimègejoc miac lÔshc poluwnÔmoufl ennooÔme th megalÔterh timă pou mporoÔn na pĹroun ta stoiqeÐa miac lÔshc. Upojètoume ìti: b pow 2 , kai orÐzoume B = βb^d. Orismìc 8.1 O arijmìc c eÐnai fikwdikìcfl miac pijanăc lÔshc ⟨z_0, . . . , z_m⟩ me ìrio b, tou poluwnÔmou U(x_0, x_1, . . . , x_m), an:

c = 1 + m∑ i=0 z_iB^{(d+1)i} ìpou 0 ≤ z_i < b, i = 1, . . . , m. H kwdikopoÐhsh twn pijanÿn lÔsewn enìc poluwnÔmou eÐnai sqedìn idia me thn kwdikopoÐhsh twn pijanÿn lÔsewn miac difantikăc exÐswshc pou eisĹgame sthn parĹgrafo 6.3.

Isqurismìc 1: O arijmìc c eÐnai kwdikìc thc pijanăc lÔshc ⟨a, z_1, . . . , z_m⟩ me ìrio b, tou poluwnÔmou U(x_0, x_1, . . . , x_m) an kai mìno an upĹrqei jetikìc akèraioc g ÿste na isqÔoun ta exăc:

c = 1 + aB + g a < b g < 2bB^{(d+1)m} τ_2(g, M_1) = 0 ìpou M_1 =

∑_{(d+1)}m j=0 m_j B^j kai

m_j = { B − b, an j = (d + 1)^i gia kĹpoio i ≥ 1 B − 1, diaforetikĹ Apìdeixh isqurismoÔ:

EÐnai M_1 = (B − 1) + (B − 1)B + · · · + (B − b)B^{d+1} + · · · + (B − b)B^{(d+1)m} . An to g grafeÐ wc anĹptugma me bĹsh to B, efìson isqÔei ìti τ_2(g, M_1) = 0 èpetai ìti o suntelestăc tou B ja eÐnai 0. EpÐshc oi suntelestèc twn B^j , ìpou j ≠ (d + 1)^i gia kĹje i ≥ 1, ja eÐnai epÐshc 0, enÿ oi suntelestèc twn B^{(d+1)i} ja eÐnai arijmoÐ mikrìteroi apì to b. ’Ara o arijmìc c eÐnai kwdikìc me ìrio b thc pijanăc lÔshc ⟨a, z_1, . . . , z_m⟩. To antÐstrofo eÐnai tetrimèno. □ Isqurismìc 2: An c eÐnai kwdikìc thc pijanăc lÔshc ⟨z_0, z_1, . . . , z_m⟩, me ìrio b tou poluwnÔmou U(x_0, x_1, . . . , x_m), D_0 = ∑ i_0+i_1+···+i_m≤d Pi0,...,im B (d+1)^{m+1} −i_0−i_1(d+1)−···−i_m(d+1)^m ,

kai E_0 = c^dD_0 +

∑_{(2d+1)(d+1)}m i=0 B 2 B^i, tìte h m−Ĺda ⟨z_0, z_1, . . . , z_m⟩ eÐnai lÔsh tou poluwnÔmou U(x_0, x_1, . . . , x_m) an kai mìno an isqÔei ìti τ_2(E_0, ( B 2 − 1)B^{(d+1)m+1} ) = 0.

Apìdeixh isqurismoÔ: Efìson c eÐnai kwdikìc me ìrio b thc pijanăc lÔshc ⟨z_0, z_1, . . . , z_m⟩ èpetai ìti c = 1 + ∑_m i=0 z_iB^{(d+1)i} .

Tìte c^d = ∑ i_0+i_1+···+i_m≤d ci0,...,im z i_0

0 · · · z^{im}_m B^{i0+i1(d+1)+···+im(d+1)m} , kai Ĺra to c^dD_0 eÐnai èna poluÿnumo tou B me bajmì to polÔ (2d + 1)(d + 1)^m kai o suntelestăc tou B^{(d+1)m+1} eÐnai to d!U(z_0, z_1, . . . , z_m). Efìson B = βb^d kai 2(2 + m)^dm^∗ < β isqÔoun ta exăc: B 2 = βb^d 2 > (2 + m)^dm^∗b^d > c_{i0,...,im} P_i′_{0,...,i}′_m z^{i0}_0 · · · z^{im}_m ’Ara ìloi oi suntelestèc tou poluwnÔmou c^dD_0 eÐnai mikrìteroi apì to B 2 . Autì shmaÐnei ìti oi suntelestèc tou poluwnÔmou E_0 eÐnai mikrìteroi tou B. O suntelestăc tou B^{(d+1)m+1} sto poluÿnumo E_0 eÐnai o d!U(z_0, z_1, . . . , z_m)+ B 2 . Efìson isqÔei ìti τ_2(E_0, ( B 2 − 1)B^{(d+1)m+1} ) = 0, èpetai ìti U(z_0, z_1, . . . , z_m) = 0. Dhladă h m−Ĺda ⟨z_0, z_1, . . . , z_m⟩ eÐnai lÔsh tou poluwnÔmou U(x_0, x_1, . . . , x_m). □

Apì to lămma 8.1 èpetai ìti:

τ_2(E_0, ( B 2 − 1)B^{(d+1)m+1} ) = τ_2(2E_0, (B − 2)B^{(d+1)m+1} )

Pìrisma 8.1

∃x_1, . . . , x_m[U(a, x_1, . . . , x_m) = 0] ⇔ c = 1 + aB + g a < b g < 2bB^{(d+1)m} τ_2(g, M_1) = 0 τ_2(2E_0, (B − 2)B^{(d+1)m+1} ), ìpou ta M_1, E_0 orÐsthkan parapĹnw. □ Jètoume: S_1 = 2E_0 T_1 = (B − 2)B^{(d+1)m+1} N_1 = 2B^{(2d+1)(d+1)m+1} S_2 = g T_2 = M_1 N_2 = B^{(d+1)m+1} S = S_1 + S_2N_1 T = T_1 + T_2N_1 N = N_1N_2.

Efìson isqÔoun ìti a < b, g < 2bB^{(d+1)m} kai D_0 > 0 èpetai ìti 0 ≤ S_i < N_i, 0 ≤ T_i < N_i gia i = 1, 2. Tìte apì to lămma 8.2 isqÔei ìti: c = 1 + aB + g a < b g < 2bB^{(d+1)m} τ_2(g, M_1) = 0 τ_2(2E_0, (B − 2)B^{(d+1)m+1} ) ⇔ c = 1 + aB + g a < b g < 2bB^{(d+1)m} τ_2(S, T ) = 0 kai epÐshc apì to lămma 8.3 èpetai ìti 0 ≤ S < N kai 0 ≤ T < N. Jètontac R = S(N^2 − N) + (T + 1)(N^2 − 1), apì to lămma 8.4 èpetai ìti:

τ_2(S, T ) = 0 ⇔ N^2 | | | ( 2R R ) .

Kajÿc upojèsame ìti b pow 2, apì to lămma 8.5 isqÔei ìti N^2 | | | ( 2R R ) an kai mìno an upĹrqoun h, s, w, φ, A, B^′, C, K, M, P, U, V, W, Y , tètoia ÿste: P = 2M^2U (8.1) (P^2 − 1)K^2 + 1 = □ (8.2) ( C K − Y )^2 < 1 4 (8.3) K = R + 1 + h(P − 1) (8.4) M = RY (8.5) A = M(U + 1) (8.6) B^′ = 2R + 1 (8.7) C = B^′ + φ (8.8) U = N^2w (8.9) Y = N^2s (8.10) W = bw (8.11) V = 2 (8.12) (V^2 − 1)W C ≡ V (W^2 − 1) (mod 2AV − V^2 − 1) (8.13) C = ψ_A(B^′) (8.14) Apì th sqèsh (8.7) èqoume ìti o B^′ eÐnai perittìc. ’Ara apì to lămma 8.6 èpetai ìti h sqèsh (8.14) isqÔei an kai mìno an upĹrqoun jetikoÐ akèraioi i, j tètoioi ÿste:

DEF = □ (8.15aþ) F | H − C (8.15bþ) D = (A^2 − 1)C^2 + 1 (8.15gþ) E = iJDC^2 (8.15dþ) F = (A^2 − 1)E^2 + 1 (8.15eþ) G = A + F (CD + 1 − A) (8.15˚þ) H = B^′ + jC (8.15zþ) I = (G^2 − 1)H^2 + 1 (8.15hþ)

ìpou J eÐnai ènac aujaÐretoc jetikìc akèraioc arijmìc.

ApoduknÔontac to lămma 8.5, faÐnetai ìti h sqèsh pou isqÔei sthn pragmatikìthta eÐnai ìti ( C K − Y )^2 < 1 16 . Epomènwc isqÔei h isodunamÐa: g < 2bB^{(d+1)m} ( C K − Y )^2 < 1 4 ⇔ 4( C K − Y )^2 + g 2bB^{(d+1)m} < 1 (8.3^′)

Tetrimèna isqÔei kai h akìloujh isodunamÐa: a < b ⇔ ∃ε [a + ε = b] SunoyÐzontac loipìn èqoume ìti:

c = 1 + aB + g a < b g < 2bB^{(d+1)m} τ_2(S, T ) = 0 ⇔ ∃ h, s, w, φ, A, B^′, C, K, M, P, U, V, W, Y, i, j, ε c = 1 + aB + g a + ε = b (8.1), (8.2), (8.3^′), (8.4) − (8.13)

(8.15aþ) − (8.15hþ)

An pĹroume wc J = 2AV − V^2 − 1 tìte èqoume ta exăc:

Apì tic sqèseic (8.15eþ) kai (8.15dþ) èqoume ìti F = (A^2 − 1)i^2J^2D^2C^4 + 1 pou shmaÐnei ìti oi arijmoÐ F, J eÐnai sqetikĹ prÿtoi.

PaÐrnontac wc C ìqi ton arijmì pou orÐzetai apì thn sqèsh (8.8) allĹ ènan arijmì megalÔtero apì ton arijmì W , ton

C = B^′ + W + φ (8.8^′) prokÔptei ìti (V^2 − 1)W C − V (W^2 − 1) > 0. EpÐshc apì th sqèsh (8.15zþ) èqoume ìti H − C > 0. Tìte isqÔei h isodunamÐa:

(8.13) ∧ (8.15bþ) ⇔ F J | [(V^2 − 1)W C − V (W^2 − 1)]F + (H − C)J (8.13^′)

’Ara to teleutaÐo sÔsthma sqèsewn eÐnai isodÔnamo me to exăc sÔsthma: ∃ h, s, w, φ, A, B^′, C, K, M, P, U, V, W, Y, i, j, ε c = 1 + aB + g a + ε = b (8.1), (8.2), (8.3^′), (8.4) − (8.7) (8.8^′), (8.9) − (8.12) (8.13^′) (8.15aþ), (8.15gþ) − (8.15hþ)

ApaleÐfontac me antikatĹstash tic metablhtèc, prokÔptei h isodunamÐa:

a ∈ M ⇔ ∃g, h, i, j, s, w, ε, φ a + ε = b DEF = □ 4( C K − Y )^2 + g 2bB^{(d+1)m} < 1 F J | [(V^2 − 1)W C − V (W^2 − 1)]F + (H − C)J

ìpou h sqèsh DEF = □ eÐnai isodÔnamh me to ìti ∃n [DEF = n^2]. SumptÔssontac tic parapĹnw tèsseric sqèseic èpetai ìti upĹrqei poluÿnumo P (a, g, h, i, j, s, w, ε, φ, n) tètoio ÿste: a ∈ M ⇔ ∃g, h, i, j, s, w, ε, φ, n [P (a, g, h, i, j, s, w, ε, φ, n) = 0]. To apotèlesma eÐnai ìti h diofantikă exÐswsh P (a, g, h, i, j, s, w, ε, φ, n) = 0 eÐnai kajolikă diofantikă exÐswsh me 9 agnÿstouc. ApodeiknÔetai ìti o bajmìc thc kajolikăc diofantikăc exÐswshc P (a, g, h, i, j, s, w, ε, φ, n) = 0 me 9 agnÿstouc eÐnai perÐpou d = 1, 638 × 10^{45}. Sth sunèqeia dÐnetai ènac pÐnakac me ta gnwstĹ zeÔgh, arijmìc agnÿstwn−bajmìc, miac kajolikăc diofantikăc exÐswshc.

m = 58, d = 4 m = 21, d = 96 m = 38, d = 8 m = 19, d = 2668 m = 32, d = 12 m = 14, d = 2, 0 × 10^5 m = 29, d = 16 m = 13, d = 6, 6 × 10^{43} m = 28, d = 20 m = 12, d = 1, 3 × 10^{44} m = 26, d = 24 m = 11, d = 4, 6 × 10^{44} m = 25, d = 28 m = 10, d = 8, 6 × 10^{44} m = 24, d = 36 m = 9, d = 1, 6 × 10^{45}

Autì pou eÐnai Ĺxio paratărhshc eÐnai ìti katĹ th meÐwsh tou arijmoÔ twn agnÿstwn apì 14 se 13, o bajmìc thc kajolikăc diofantikăc exÐswshc auxĹnetai shmantikĹ.

Anaforèc

[1] Davis Martin, Arithmetical problems and recursively enumerable predicates, J.Symbolic Logic, 18(1), pp 33-41, 1953.

[2] Davis Martin, Hilbert’s tenth problem is unsolvable, Amer.Math.Monthly, 80(3), pp 233-269, 1973.

[3] Davis Martin, Putnam Hilary and Robinson Julia,The decision problem for exponential Diophantine equations, Ann.Math., 74, pp 425-436, 1961.

[4] Hilbert David, Mathematische Probleme, Bull.Amer.Math.Soc., 8, pp 437-479, 1901-1902.

[5] Jones James, Universal diophantine equation, J.Symbolic Logic, 47(3), pp 549-571, 1982

[6] Matiyasevich Yuri, Hilbert’s Tenth Problem, MIT Press, 1993.

[7] Matiyasevich Yuri, Enumerable sets are Diophantine (Russian), Dokl.Akad.Nauk SSSR, 191, pp 279-282, 1970.

[8] Matiyasevich Yuri and Robinson Julia, Reduction of an arbitrary Diophantine equation to one in 13 unknowns, Acta Arith., 27, pp 521-553, 1975.

[9] Putnam Hilary, An unsolvable problem in number theory, J.Symbolic Logic, 25(3), pp 220-232, 1960.

[10] Robinson Julia, Existential definability in Arithmetic, Trans.Amer.Math.Soc., 72, pp 437-449, 1952.

[11] Singmaster David, Notes on binomial coefficients I,II,III, J.London Math.Soc.(2), 8(3), pp 545-548, 549-554, 555-560, 1974.