UperfÐltra, dunamikĹ sustămata kai ergodikă jewrÐa sth jewrÐa Ramsey

QrusobalĹnthc BerÔkioc Upìtrofoc IKU Metaptuqiakì Prìgramma Logikăc kai AlgorÐjmwn (MPLA)

Perieqìmena

1 Eisagwgă 3 2 Stoiqeiÿdeic apodeÐxeic 6 3 Mia efarmogă sth logikă 14 4 O qÿroc βN 20 5 Efarmogèc twn uperfÐltrwn 28 6 DunamikĹ sustămata 32 7 Jeÿrhma Szemeredi 39

1 Eisagwgă

H jewrÐa Ramsey eÐnai klĹdoc thc sunduastikăc. Păre to ìnomĹ thc proc timă tou F.Ramsey (1903-1930), pou apèdeixe to omÿnumo jeÿrhma se èna Ĺrjro tou pou aforoÔse th majhmatikă logikă.^1 Sthn ergasÐa aută ja parousiĹsoume apodeÐxeic, stoiqeiÿdeic kai mh, klasikÿn jewrhmĹtwn thc perioqăc.

Pio sugkekrimèna ja asqolhjoÔme me ta epìmena jewrămata.

1. van der Waerden (1927) Gia kĹje k, l ∈ N upĹrqei N(k, l) ∈ N me thn akìloujh idiìthta: An χ qrwmatismìc me k qrÿmata tou {1, 2, . . . , N(k, l)} tìte upĹrqoun a, d ∈ {1, 2, . . . , N(k, l)} ÿste χ(a) = χ(a + d) = · · · = χ(a + (l − 1)d). 2. Ramsey (1930)

Gia kĹje k, n, p ∈ N upĹrqei N(k, n, p) ∈ N me thn akìloujh idiìthta: An A sÔnolo me |A| ≥ N(k, n, p) kai χ tuqÿn qrwmatismìc me k qrÿmata tou [A]^p tìte upĹrqei B ⊆ A me |B| ≥ n ÿste to [B]^p na eÐnai monoqrwmatikì.

Paratărhsh: [A]^p = {X ⊆ A : |X| = p}.

3. Hindman (1974)

An χ peperasmènoc qrwmatismìc tou N tìte upĹrqei A Ĺpeiro uposÔnolo tou N ÿste to F S(A) na eÐnai monoqrwmatikì. Paratărhsh: F S(A) = {m ∈ N : m = ∑ i∈F i : F ∈ [A]^{<ω}}. 4. Szemeredi (1975) An A ⊆ N ÿste limsup_n^{|A∩{1,2,...,n}|}_n > 0 kai l ∈ N tìte upĹrqoun a, d ∈ N ÿste a, a + d, . . . , a + (l − 1)d ∈ A. Sthn parĹgrafo 2 dÐnoume stoiqeiÿdeic apodeÐxeic.

XekinĹme me thn Ĺpeirh morfă tou jewrămatoc Ramsey. Me th boăjeia tou lămmatoc Konig lambĹnoume wc pìrisma th morfă tou jewrămatoc pou perigrĹyame sthn arqă. Epiqeirămata tou eÐdouc basÐzontai sth sumpĹgeia kai paÐzoun basikì rìlo sthn perioqă.

1Pio sugkekrimèna, èdeixe ìti upĹrqei algìrijmoc pou apofasÐzei se kĹje peperasmènh domă thn alăjeia enìc tÔpou thc morfăc ∃x_1 · · · ∃x_n∀x_1 · · · ∀x_kϕ ìpou o ϕ den èqei posodeÐktec. H prospĹjeia eÔreshc algorÐjmou pou apofaÐnetai gia thn alăjeia enìc tuqaÐou tÔpou thc prwtobĹjmiac logikăc, ătan bèbaia katadikasmènh se apotuqÐa ìpwc èdeixan ta metèpeita apotelèsmata twn Turing, Church k.a.

Sth sunèqeia deÐqnoume to jeÿrhma van der Waerden me mia diplă epagwgă pou ousiastikĹ apoteleÐ anadiatÔpwsh, pio eÔkolh sth grafă, thc klasikăc apìdeixhc tou jewrămatoc. H mejodologÐa pou qrhsimopoieÐtai gÐnetai perissìtero faneră sthn apìdeixh tou epìmenou apotelèsmatoc (jeÿrhma Hales- Jewett). To jeÿrhma autì (apì to opoÐo eÔkola prokÔptei to jeÿrhma van der Waerden) paÐzei spoudaÐo rìlo sth jewrÐa Ramsey afoÔ apoteleÐ basikì ergaleÐo se pollèc sunduastikèc apodeÐxeic.

KleÐnoume thn parĹgrafo parousiĹzontac thn apìdeixh tou Baumgartner gia to jeÿrhma tou Hindman. H apìdeixh aută eÐnai shmantikĹ pio sÔntomh apì thn arqikă apìdeixh tou Ðdiou tou Hindman Sthn parĹgrafo 3 dÐnoume mia entupwsiakă efarmogă sth majhmatikă logikă. To apotèlesma pou parousiĹzoume eÐnai mikră tropopoÐhsh tou paradeÐgmatoc twn Paris-Harrington, miac prìtashc pou diatupÿnetai sthn prwtobĹjmia arijmhtikă, eÐnai alhjăc, allĹ den apodeiknÔetai apì ta axiÿmata tou Peano. Pio sugkekrimèna orÐzoume sunjăkh Q(s, t), qrhsimopoiÿntac mia parallagă tou jewrămatoc Ramsey, gia thn opoÐa, me bĹsh èna epiqeÐrhma sumpĹgeiac, isqÔei ∀s∃tQ(s, t). MetĹ, orÐzontac sugkekrimènouc qrwmatismoÔc, deÐqnoume ∀s∀t ≤ f_{ϵ0} (s)¬Q(s, t) ìpou h f_{ϵ0} brÐsketai sthn korufă thc ierarqÐac Wainer. H f_{ϵ0} uperbaÐnei kĹje apodeÐxima sto sÔsthma Peano anadromikă sunĹrthsh. ’Ara den eÐnai dunatìn na prokÔptei to ∀s∃tQ(s, t) apì ta axiÿmata tou Peano afoÔ tìte h apodeÐxima sto sÔsthma Peano anadromikă sunĹrthsh μtQ(s, t) ja uperèbaine thn f_{ϵ0} . Sthn parĹgrafo 4 orÐzoume thn ènnoia tou uperfÐltrou.

Xekinÿntac apì èna diakritì topologikì qÿro S jewroÔme ton qÿro βS twn uperfÐltrwn pĹnw ston S, pou efodiazìmenoc me katĹllhlh topologÐa kajÐstatai omoiomorfikìc me thn Stone-Cech sumpagopoÐhsh tou S H sumpagopoÐhsh Stone-Cech èqei thn idiìthta na epekteÐnei tuqoÔsec sunartăseic me pedÐo orismoÔ ton S kai pedÐo timÿn sumpagă kai Hausdorff qÿro se suneqeÐc sunartăseic me pedÐo orismoÔ to βS. Me bĹsh thn idiìthta aută orÐzoume prìsjesh ston qÿro βN, pou kajÐstatai ètsi sumpagăc, Hausdorff dexiĹ suneqăc hmiomĹda.

Sth sunèqeia apodeiknÔoume thn Ôparxh tautodunĹmwn stoiqeÐwn gia thn prìsjesh kai orÐzoume thn idiaÐtera qrăsimh ènnoia tou elaqistikoÔ aristeroÔ ideÿdouc gia thn opoÐa dÐnoume ènan qarakthrismì. Sthn parĹgrafo 5 kĹnoume qrăsh apotelesmĹtwn apì thn parĹgrafo 4 gia na dÿsoume mh stoiqeiÿdeic apodeÐxeic.

XekinĹme me to jeÿrhma Ramsey ìpou aplĹ qrhsimopoieÐtai o orismìc tou uperfÐltrou.

Sth sunèqeia dÐnoume mia entupwsiakĹ sÔntomh apìdeixh tou jewrămatoc Hindman pou basÐzetai sthn Ôparxh tautodunĹmou gia thn prìsjesh. H suntomÐa kai h aplìthta thc apìdeixhc autăc, se sÔgkrish me th duskolÐa twn stoiqeiwdÿn apodeÐxewn tou jewrămatoc èdwse idiaÐterh ÿjhsh sth qrăsh twn algebrotopologikÿn idiotătwn tou qÿrou βN kai genikìtera twn sumpagÿn Hausdorff dexiĹ suneqÿn hmiomĹdwn sth jewrÐa Ramsey. Teleiÿnoume thn parĹgrafo aută me mia apìdeixh tou jewrămatoc van der Waerden pou qrhsimopoieÐ thn ènnoia tou elaqistikoÔ aristeroÔ ideÿdouc. Sthn parĹgrafo 6 kĹnoume qrăsh mejìdwn thc topologikăc dunamikăc. JewroÔme to dunamikì sÔsthma (X, T ) ìpou X = {1, 2, . . . , c}^Z, c ∈ N kai T eÐnai h metatìpish katĹ èna aristerĹ.

DeÐqnoume to jeÿrhma van der Waerden metafrĹzontĹc to prÿta se katĹllhlh orologÐa thc topologikăc dunamikăc kai qrhsimopoiÿntac èna qarakthrismì (gia th sugkekrimènh perÐptwsh dunamikoÔ sustămatoc) thc ènnoiac tou elaqistikoÔ dunamikoÔ sustămatoc Sth sunèqeia kĹnontac qrăsh thc ènnoiac thc sunĹfeiac dÔo shmeÐwn kai thc peribĹllousac hmiomĹdac pou parĹgei o T , deÐqnoume to jeÿrhma Hindman.

Sthn parĹgrafo 7 me th boăjeia tou jewrămatoc tou Furstenberg, apì thn ergodikă jewrÐa, dÐnoume sÔntomh apìdeixh miac tropopoihmènhc morfăc tou jewrămatoc Szemeredi.

Oi mh stoiqeiÿdeic mèjodoi (idiaÐtera autèc pou qrhsimopoioÔn stoiqeÐa apì thn ergodikă jewrÐa) apoteloÔn plèon basikì ergaleÐo sth jewrÐa Ramsey, afoÔ ektìc apì to gegonìc ìti dÐnoun pollèc forèc piì aplèc apodeÐxeic, katafèrnoun na enopoioÔn kommĹtia thc jewrÐac kai na dinoun genikeÔseic pou den èqoun akìmh stoiqeiÿdeic apodeÐxeic.

2 Stoiqeiÿdeic apodeÐxeic

Ja xekinăsoume me to klasikì apotèlesma tou Ramsey. H prÿth apìdeixh tou brÐsketai sto [13]. ApodeiknÔoume arqikĹ thn Ĺpeirh èkdoqă tou.

Jeÿrhma 2.1 (Ramsey) ’Estw l ∈ N, χ : [N]^2 → {1, 2, . . . , l}. Tìte upĹrqei M ⊆ N ÿste M Ĺpeiro kai [M]^2 monoqrwmatikì.

Apìdeixh:OrÐzoume anadromikĹ akoloujÐec m_i fusikÿn, A_i uposunìlwn tou N, c_i stoiqeÐwn tou {1, 2, . . . , l}. m_1 = 1 Jètoume B_{1,j} = {x : x > m_1 ∧ χ({m_1, x}) = j} gia j ∈ {1, 2, . . . , l} UpĹrqei j_1 ÿste B_{1,j1} na eÐnai Ĺpeiro. Jètoume A_1 = B_{1,j1} c_1 = j_1 Dojèntwn twn m_{i−1}, A_{i−1}, c_{i−1} m_i = minA_{i−1} Jètoume B_{i,j} = {x : x > m_i ∧ χ({m_i, x}) = j} ∩ A_{i−1} gia j ∈ {1, 2, . . . , l} UpĹrqei j_i ÿste B_{i,ji} na eÐnai Ĺpeiro. Jètoume A_i = B_{i,ji} c_i = j_i UpĹrqei c_{in} , stajeră upakoloujÐa thc c_i. ’Estw c_{in} = c Jètoume M = {m_{in} : n ∈ N} An m_1, m_2 ∈ M me m_1 < m_2 kai n o elĹqistoc fusikìc ÿste m_1 ∈ A_{in} tìte m_2 ∈ A_{in+1} Ĺra χ({m_1, m_2}) = c •

MiĹ eÔkolh epagwgă genikeÔei to sumpèrasma gia peperasmènouc qrwmatismoÔc tou [N]^p gia p ∈ N.

DeÐqnoume thn peperasmènh morfă tou jewrămatoc qrhsimopoiÿntac èna epiqeÐrhma sumpĹgeiac.

Jeÿrhma 2.2 Gia kĹje l, m ∈ N upĹrqei R ∈ N ÿste an χ : [{1, 2, . . . , R}]^2 → {1, 2, . . . , l} na upĹrqei M ⊆ {1, 2, . . . , R} ÿste |M| ≥ m kai [M]^2 na eÐnai monoqrwmatikì.

Apìdeixh: Proc apagwgă se Ĺtopo, èstw l, m ∈ N ÿste gia kĹje n ∈ N na upĹrqei qrwmatismìc gia ton opoÐon den isqÔei to sumpèrasma tou jewrămatoc.

’Estw F h oikogèneia pou perièqei touc qrwmatismoÔc autoÔc. ParathroÔme ìti (F, ⊆) eÐnai peperasmèna paragìmeno dèntro. H upìjesă pou kĹname exasfalÐzei ìti eÐnai kai Ĺpeiro.

Efarmìzontac to lămma Konig to (F, ⊆) èqei Ĺpeiro kladÐ, èstw K. Gia to ∪K : [N]^2 → {1, 2, . . . , l} upĹrqei (blèpe jeÿrhma 2.1) Ĺpeiro A ⊆ N ÿste [A]^2 monoqrwmatikì wc proc ∪K.

An a_1 < a_2 < · · · < a_m ta m prÿta stoiqeÐa tou A tìte ∪K ↾ {1, 2, . . . , a_m} ∈ F wc periorismìc tou ∪K, prĹgma pou èrqetai se antÐjesh me thn epilogă tou A. •

H prÿth apìdeixh tou epìmenou jewrămatoc brÐsketai sto [18]. H apìdeixh pou dÐnoume edÿ^2 basÐzetai sthn Ðdia idèa kai eÐnai pio eÔkolh sthn grafă.

Orismìc 2.1 Gia l, m ∈ N orÐzoume ta S-sÔnola tou {0, 1, . . . , l}^m S_i = {(x_1, x_2, . . . , x_m) : (j ≤ m − i → 0 ≤ x_j < l) ∧ (j > m − i → x_j = l)} i = 0, 1, . . . , m Jeÿrhma 2.3 (van der Waerden) ’Estw l, r ∈ N. UpĹrqei W ∈ N ÿste an χ : {1, 2, . . . , W } → {1, 2, . . . , r} na upĹrqoun a, d ∈ N ÿste χ(a) = χ(a + d) = · · · = χ(a + (l − 1)d).

Apìdeixh: OrÐzoume S(l, m) ⇔ gia kĹje r ∈ N upĹrqei N(l, m, r) ÿste gia kĹje χ : {1, 2, . . . , N(l, m, r)} → {1, 2, . . . , r} na upĹrqoun a, d_1, d_2, . . . , d_m ÿ- ste to χ(a+ ∑_m j=1 x_j d_j ) na eÐnai stajerì pĹnw sta S-sÔnola tou {0, 1, . . . , l}^m.

ParathroÔme ìti to jeÿrhma pou jèloume na deÐxoume eÐnai isodÔnamo me ∀lS(l, 1). ApodeiknÔoume to S(l, m) epagwgikĹ. Profanÿc isqÔei to S(1, 1). Isqurismìc: S(l, 1) ∧ S(l, 2) ∧ · · · ∧ S(l, m) → S(l, m + 1) ’Estw r ∈ N.

Jètoume M = N(l, m, r), M^′ = N(l, 1, r^M ). Ja deÐxoume ìti N(l, m + 1, r) = MM^{′ 3}. ’Estw χ : {1, 2, . . . , MM^′} → {1, 2, . . . , r}. 2gia thn apìdeixh aută kai gia pollèc apì tic epìmenec qrhsimopoiăjhke to [8] 3H isìthta aută shmaÐnei ìti to MM^′ èqei tic apaitoÔmenec gia to N(l, m + 1, r) idiìthtec

OrÐzoume sqèsh isodunamÐac sto {1, 2, . . . , M^′} k ∼ k^′ ⇔ χ(kM − i) = χ(k^′M − i) gia kĹje i ∈ {0, 1, . . . , M − 1} H ∼ dÐnei èna qrwmatismì χ^′ : {1, 2, . . . , M^′} → {1, 2, . . . , r^M } me thn idiìthta χ^′(k) = χ^′(k^′) ann k ∼ k^′. UpĹrqoun loipìn a^′, d_1 ÿste χ^′(a^′) = χ^′(a^′ + d_1) = · · · = χ^′(a^′ + (l − 1)d_1). |{a^′M −M +1, a^′M −M +2, . . . , a^′M}| = M Ĺra upĹrqoun a, d_2, d_3, . . . , d_{m+1} ÿste χ(a + ∑_m i=1 x_id_{i+1}) na eÐnai stajerì se kĹje èna apì ta S-sÔnola tou {0, 1, . . . , l}^m. ’Etsi to χ(a + ∑_{m+1} i=1 x_id_i) eÐnai stajerì sta S-sÔnola tou {0, 1, . . . , l}^{m+1}.

Isqurismìc: ∀mS(l, m) → S(l + 1, 1) ’Estw r ∈ N.

Ja deÐxoume ìti N(l + 1, 1, r) = N(l, r, r) ’Estw χ : {1, 2, . . . , N(l, r, r)} → {1, 2, . . . , r} UpĹrqoun a^′, d^′_1, d^′_2, . . . , d^′_r ÿste χ(a^′ + ∑_r i=1 x_id^′_i) na eÐnai stajerì se kĹje èna apì ta S-sÔnola tou {0, 1, . . . , l}^r. |{a^′ + ∑_r i=u ld^′_i : 1 ≤ u ≤ r + 1}| = r + 1 Ĺra upĹrqoun u, v ∈ N ÿste 1 ≤ u < v ≤ r + 1 kai χ(a^′ + ∑_r i=u ld^′_i) = χ(a^′ + ∑_r i=v ld^′_i) Jètoume a = a^′ + ∑_r i=v ld^′_i, d = ∑_{v−1} i=u d^′_i kai parathroÔme ìti χ(a + id) eÐnai stajerì gia i ∈ {0, 1, . . . , l}.

Apì touc dÔo isqurismoÔc kai to S(1, 1) èqoume ∀l∀mS(l, m) • Mia endiafèrousa genÐkeush tou Jewrămatoc 2.3 sthn opoÐa h mèjodoc pou qrhsimopoieÐtai gÐnetai perissìtero faneră eÐnai to jeÿrhma Hales-Jewett [9]

Orismìc 2.2 ’Estw B_0 {1, 2, . . . , n}, {B_1, B_2, . . . , B_k} diamèrish tou {1, 2, . . . , n} \ B_0 kai x ∈ {0, 1, . . . , t − 1}^n S ⊆ {0, 1, . . . , t − 1}^n kaleÐtai k-diĹstatoc sunduastikìc qÿroc an y ∈ S ⇔ (i ∈ B_0 → y_i = x_i) ∧ (∃l({i, j} ⊆ B_l) → y_i = y_j )

’Enac monodiĹstatoc sunduastikìc qÿroc kaleÐtai sunduastikă grammă. O χ : {0, 1, . . . , t − 1}^n → {1, 2, . . . , r} kaleÐtai sumbatìc an ta S-sÔnola tou {0, 1, . . . , t − 1}^n eÐnai monoqrwmatikĹ.

H profanăc antistoÐqish tou tuqìnta k-diĹstatou sunduastikoÔ qÿrou me to {0, 1, . . . , t − 1}^k mac epitrèpei na metafèroume qrwmatismoÔc.

Orismìc 2.3 An χ peperasmènoc qrwmatismìc tou {0, 1, . . . , t − 1}^n, tìte ènac k-diĹstatoc qÿroc, èstw S, kaleÐtai sumbatìc me ton χ, an o epagìmenoc, mèsw tou S, qrwmatismìc tou {0, 1, . . . , t − 1}^k eÐnai sumbatìc.

Jeÿrhma 2.4 (Hales-Jewett) Gia kĹje r, t ∈ N upĹrqei N ÿste an χ : {0, 1, . . . , t − 1}^N → {1, 2, . . . , r} tìte upĹrqei monoqrwmatikă sunduastikă grammă.

Apìdeixh: OrÐzoume HJ(t) ⇔ gia kĹje r ∈ N upĹrqei N(t, r) ÿste an χ : {0, 1, . . . , t − 1}^{N(t,r)} → {1, 2, . . . , r} na upĹrqei monoqrwmatikă sunduastikă grammă. LHJ(T ) ⇔ gia kĹje r, k ∈ N upĹrqei N^′(t, r, k) ÿste an χ : {0, 1, . . . , t}^{N ′(t,r,k)} → {1, 2, . . . , r} na upĹrqei sumbatìc me ton χ k-diĹstatoc qÿroc.

HJ(1) isqÔei tetrimmèna.

Isqurismìc: HJ(t) → LHJ(t) Me epagwgă sto k gia ìla ta r kĹje forĹ k = 1 jètoume N^′(t, r, 1) = N(t, r) An χ : {0, 1, . . . , t}^{N(t,r)} → {1, 2, . . . , r} tìte upĹrqei monoqrwmatikă sunduastikă grammă tou {0, 1, . . . , t − 1}^{N(t,r)}, èstw L, pou me thn prosjăkh enìc shmeÐou, autoÔ pou stic stajerèc suntetagmènec sumfwneÐ me ta shmeÐa thc L kai stic metaballìmenec suntetagmènec èqei timă t, gÐnetai sumbatìc me ton χ 1-diĹstatoc qÿroc.

k → k + 1 jètoume m = N^′(t, r, k), s = r^{(t+1)m} , m^′ = N^′(t, s, 1) Ja deÐxoume N^′(t, r, k + 1) = m + m^′ UpĹrqei profanăc antistoÐqish twn {0, 1, . . . , t}^{m′+m}, {0, 1, . . . , t}^{m′} ×{0, 1, . . . , t}^m. An x ∈ {0, 1, . . . , t}^{m′} , y ∈ {0, 1, . . . , t}^m tìte grĹfoume xy gia to antÐstoiqo stoiqeÐo tou {0, 1, . . . , t}^{m′+m}. ’Estw χ : {0, 1, . . . , t}^{m′+m} → {1, 2, . . . , r} OrÐzoume χ^′ : {0, 1, . . . , t}^{m′} → {1, 2, . . . , s} qrhsimopoiÿntac thn sqèsh ∼ x ∼ x^′ ⇔ ∀y ∈ {0, 1, . . . , t}^mχ(xy) = χ(x^′y) UpĹrqei sumbată me ton χ^′ sunduastikă grammă L = {x_0, x_1, . . . , x_t} ⊆ {0, 1, . . . , t}^{m′} OrÐzoume χ^{′′} : {0, 1, . . . , t}^m → {1, 2, . . . , r} ÿste χ^{′′}(y) = χ(x_0y) = χ(x_1y) = · · · = χ(x_{t−1}y) UpĹrqei k-diĹstatoc sunduastikìc qÿroc sumbatìc me ton χ^{′′} èstw S. jètoume T = {x_iy : 0 ≤ i ≤ t ∧ y ∈ S} Tìte o T eÐnai k + 1-diĹstatoc qÿroc sumbatìc me ton χ

Isqurismìc: An χ : {0, 1, . . . , t}^k → {1, 2, . . . , k} eÐnai sumbatìc tìte upĹrqei monoqrwmatikă sunduastikă grammă. Jewrÿntac ta x_i = (x_{i1}, x_{i2}, . . . , x_{ik}) gia i ∈ {0, 1, . . . , k} x_{ij} = { 0 an j ≤ i t alliÿc.

èqoume ìti upĹrqoun u, v ∈ N, 0 ≤ u < v ≤ k ÿste χ(x_u) = χ(x_v). OrÐzetai loipìn h sunduastikă grammă L = {y_0, y_1, . . . , y_t} me y_{ij} = 0 an j ≤ u i an u < j ≤ v t alliÿc.

H L eÐnai monoqrwmatikă.

Qrhsimopoiÿntac thn antistoÐqish tou {0, 1, . . . , t}^k me ènan opoiodăpote kdiĹstato sunduastikì qÿro o parapĹnw isqurismìc dÐnei ìti an χ : {0, 1, . . . , t}^{k′} → {1, 2, . . . , k} kai S ⊆ {0, 1, . . . , t}^{k′} k-diĹstatoc sunduastikìc qÿroc sumbatìc me ton χ tìte upĹrqei L ⊆ S monoqrwmatikă sunduastikă grammă.

Isqurismìc: LHJ(t) → HJ(t + 1) Jètoume N(t + 1, r) = N^′(t, r, r) An χ : {0, 1, . . . , t}^{N ′(t,r,r)} → {1, 2, . . . , r} tìte upĹrqei S r-diĹstatoc sunduastikìc qÿroc sumbatìc me ton χ.

’Ara upĹrqei L ⊆ S monoqrwmatikă sunduastikă grammă.

Apì touc isqurismoÔc prokÔptei ∀tHJ(t). •

To Jeÿrhma 2.3 prokÔptei apì to Jeÿrhma 2.4 wc exăc. An l, r ∈ N jewrÿntac to l-adikì anĹptugma, to N antistoiqÐzetai me tic lèxeic me grĹmmata apì to {0, 1, . . . , l − 1}. Ja deÐxoume ìti W (l, r) = l^{N(l,r)} − 1 An χ : {0, 1, . . . , l^{N(l,r)} − 1} → {1, 2, . . . , r} tìte epĹgetai χ^′ : {0, 1, . . . , l − 1}^{N(l,r)} → {1, 2, . . . , r} opìte upĹrqei monoqrwmatikă sunduastikă grammă gia ton χ^′ pou mèsw thc antistoiqÐac dÐnei thn zhtoÔmenh arijmhtikă prìodo gia ton χ.

Stic parapĹnw apodeÐxeic gÐnetai qrăsh diplăc epagwgăc. Apotèlesma autoÔ eÐnai oi arijmoÐ pou ikanopoioÔn ta sumperĹsmata twn jewrhmĹtwn na eÐnai Ĺpeirhc tĹxhc sthn ierarqÐa Ackermann, Ĺra oi antÐstoiqec sunartăseic na mhn eÐnai prwtogenÿc anadromikèc. (Gia ton orismì thc ierarqÐac Ackermann blèpe parĹgrafo 3) Prìsfata mia nèa apìdeixh tou jewrămatoc Hales-Jewett apì ton S. Shelah [15] katĹfere na apofÔgei th diplă epagwgă. (Gia thn akrÐbeia dÐnei sunartăseic tĹxhc Ackermann 4).

To epìmeno jeÿrhma apodeÐqjhke arqikĹ apì ton N. Hindmann [11] . Edÿ ja dÿsoume thn pio prosită apìdeixh tou J.E. Baumgartner [1] Sumbolismìc: [N]^{<w} = {A ⊆ N : |A| < w}

Orismìc 2.4 ’Estw D ⊆ [N]^{<w} . H D lègetai xènh sullogă an |D| = w kai D ∪ {N \ ∪D} eÐnai diamèrish tou N.

’Estw D xènh sullogă. F U(D) = {∪_{i∈I} D_i : I ∈ [N]^{<w} ∧ D_i ∈ D gia i ∈ I} ’Estw D^′ xènh sullogă. D^′ < D an D^′ ⊆ F U(D). Orismìc 2.5 ’Estw C ⊆ [N]^{<w} , D xènh sullogă. M(C, D) ⇔ ∀D^′ < D(C ∩ F U(D^′) ≠ ∅). Parathrăseic • D^′ < D → F U(D^′) ⊆ F U(D) • M(C, D) ∧ D^′ < D → M(C, D^′) • M([N]^{<w} , [N]^1 )

An A ∈ [N]^{<w} tìte jètoume D − A = {B ∈ D : B ∩ A = ∅} To D − A eÐnai xènh sullogă.

An {C_1, C_2, . . . , C_k} eÐnai diamèrish thc C tìte grĹfoume C = C_1 + C_2 + · · ·+ C_k

Jeÿrhma 2.5 ’Estw [N]^{<w} = C_1 + C_2 + · · · + C_k.

Tìte upĹrqoun A xènh sullogă, i_0 ∈ {1, 2, . . . , k} ÿste F U(A) ⊆ C_{i0} .

Apìdeixh:

Isqurismìc: An M(C, D) kai C = C_1 + C_2 + · · · + C_k tìte upĹrqei i ∈ {1, 2, . . . , k} kai D^′ < D ÿste M(C_i, D^′) k = 1 jètoume i = 1, D^′ = D k → k + 1 An M(C_{k+1}, D) tìte jètoume i = k + 1, D^′ = D

An ¬M(C_{k+1}, D) tìte upĹrqei D^{′′} < D ÿste C_{k+1} ∩ F U(D^{′′}) = ∅. ’Omwc M(C, D^{′′}) Ĺra an D^{′′′} < D^{′′} tìte (C_1 + C_2 + · · · + C_k) ∩ F U(D^{′′′}) ≠ ∅, dhladă M(C_1 + C_2 + · · · + C_k, D^{′′′}) Ĺra, apì thn epagwgikă upìjesh, upĹrqei i ∈ {1, 2, . . . , k} kai D^′ < D^{′′} ÿste M(C_i, D^′). AfoÔ D^′ < D èpetai to sumpèrasma. Isqurismìc: M(C, D) ∧ S ∈ [N]^{<w} → M(C − S, D) Proc Ĺtopo, èstw D^′ < D me (C − S) ∩ F U(D^′) = ∅ ’Ara (C − S) ∩ F U(D^′ − S) = ∅, Ĺtopo afoÔ profanÿc M(C − S, D^′ − S)

Isqurismìc: ’Estw M(C, D). Tìte upĹrqoun D ∈ F U(D), D^′ < D − D ètsi ÿste an C^′ = {C ∈ C : C ∩ D = ∅ ∧ C ∪ D ∈ C} tìte M(C^′, D^′)

ParathroÔme ìti upĹrqoun D_1, D_2, . . . , D_k ∈ D ÿste an D^′ ∈ F U(D) kai D^′ ∩ ∪^k_{i=1}D_i = ∅ tìte na upĹrqei I(D^′) ⊆ {1, 2, . . . , k} ÿste D^′ ∪ ∪_{i∈I(D}′_)D_i ∈ C. (EidĹllwc ja mporoÔsame na kataskeuĹsoume xènh sullogă {D_1, D_2, . . . } ÿste F U({D_1, D_2, . . . }) ∩ C = ∅) GiĹ ∅ ≠ I ⊆ {1, 2, . . . , k} jètoume C_I = {C ∈ C : C ∩ ∪^k_{i=1}D_i = ∅ ∧ C ∪ ∪_{i∈I} D_i ∈ C} ’Etsi C − ∪^k_{i=1}D_i = ∑ ∅≠I⊆{1,2,...,k} CI Apì ton prÿto isqurismì upĹrqoun I_0, D^′ ÿste D^′ < D − ∪^k_{i=1}D_i < D − ∪_{i∈I0} D_i kai M(C_{I0} , D^′).

ArkeÐ loipìn na jèsoume D = ∪_{i∈I0} D_i

Isqurismìc: An M(C, D) tìte upĹrqoun D ∈ F U(D) ∩ C kai D^′ < D ÿste an C^′ = {C ∈ C : C ∩ D = ∅ ∧ C ∪ D ∈ C} tìte M(C^′, D^′) QrhsimopoioÔme ton prohgoÔmeno isqurismì gia na orÐsoume anadromikĹ akoloujÐec C_n, D_n, D_n me tic akìloujec idiìthtec D_1 ∈ F U(D) D_1 < D − D_1 C_1 = {C ∈ C : C ∩ D_1 = ∅ ∧ C ∪ D_1 ∈ C} M(C_1, D_1) kai genikìtera D_{n+1} ∈ F U(D_n) D_{n+1} < D_n − D_{n+1} C_{n+1} = {C ∈ C_n : C ∩ D_{n+1} = ∅ ∧ C ∪ D_{n+1} ∈ C_n} M(C_{n+1}, D_{n+1}) Ja upĹrqoun i_1 < i_2 < · · · < i_k ÿste ∪^k_{j=1}D_{ij} ∈ C

Jètoume D = ∪^k_{j=1}D_{ij} kai D^′ = D_{ik}

Isqurismìc: An M(C, D) tìte upĹrqei D^′ < D ÿste F U(D^′) ⊆ C QrhsimopoioÔme ton prohgoÔmeno isqurismì gia na orÐsoume anadromikĹ akoloujÐec C_n, D_n, D_n me tic akìloujec idiìthtec C_0 = C D_0 = D D_0 = ∅ kai genikìtera D_{n+1} ∈ F U(D_n) ∩ C_n D_{n+1} < D_n − D_{n+1} C_{n+1} = {C ∈ C_n : C ∩ D_{n+1} = ∅ ∧ C ∪ D_{n+1} ∈ C_n} M(C_{n+1}, D_{n+1}) Jètoume D^′ = {D_1, D_2 . . . }

Qrhsimopoiÿntac ton prÿto isqurismì upĹrqei i_0 ∈ {1, 2, . . . , k} kai D^′ < [N]^1 ÿste M(C_{i0} , D^′).

Qrhsimopoiÿntac ton teleutaÐo isqurismì upĹrqei D < D^′ ÿste F U(D) ⊆ C_{i0} . •

Me th boăjeia thc epìmenhc paratărhshc lambĹnoume to jeÿrhma Hindman.

Paratărhsh 2.1 Gia kĹje n ∈ N upĹrqei monadikă duadikă anaparĹstash, dhladă upĹrqei monadikì F (n) ∈ [N]^{<ω} ÿste n = ∑ i∈F (n) 2 i Jeÿrhma 2.6 (Hindman) ’Estw k ∈ N, χ : N → {1, 2, . . . , k}. Tìte upĹrqei B ⊆ N ÿste B Ĺpeiro kai F S(B) na eÐnai monoqrwmatikì.

Apìdeixh: Mèsw thc duadikăc anaparĹstashc antistoiqoÔme ta N, [N]^{<w} kai ètsi o χ epĹgei χ^′ : [N]^{<ω} → {1, 2, . . . , k}.

UpĹrqei loipìn (apì to Jeÿrhma 2.5) D xènh sullogă ÿste χ^′(F U(D)) na eÐnai stajerìc.

Jètoume B = {m ∈ N : F (m) ∈ D} ParathroÔme ìti afoÔ an m, m^′ ∈ B tìte F (m + m^′) = F (m) ∪ F (m^′) to F S(B) antistoiqÐzetai sto F U(D) opìte χ(F S(B)) eÐnai stajerìc. •

3 Mia efarmogă sth logikă

To jeÿrhma mh plhrìthtac tou Godel lèei ìti upĹrqoun alhjeÐc protĹseic thc jewrÐac arijmÿn pou den apodeiknÔontai sto sÔsthma axiwmĹtwn tou Peano. Ta paradeÐgmata tou Godel eÐnai stenĹ sundedemèna me th majhmatikă logikă (p.q. mia prìtash thc jewrÐac arijmÿn pou kwdikopoieÐ thn sunèpeia tou sustămatoc axiwmĹtwn Peano. )

Ja dÿsoume parakĹtw mia tropopoÐhsh tou jewrămatoc tou Ramsey pou apoteleÐ thn prÿth prìtash sth jewrÐa arijmÿn h opoÐa den apodeiknÔetai sto susthma axiwmĹtwn tou Peano, eÐnai alhjăc kai prokÔptei apì èna klĹdo twn majhmatikÿn ektìc thc majhmatikăc logikăc.

To prÿto tètoio parĹdeigma dìjhke apì touc Paris, Harrington [10]. XekinĹme me ton orismì thc ierarqÐac sunartăsewn tou Ackerman.

Orismìc 3.1 f_1(x) = 2x f_{n+1}(x) = f^{(x)}n (x) f_ω(x) = f_x(x)

GenÐkeush thc ierarqÐac Ackerman eÐnai h ierarqÐa Wainer pou ja qrhsimopoiăsoume sta epìmena.

Orismìc 3.2 OrÐzoume anadromikĹ e_1(n) = n, e_{s+1}(n) = n^{es(n)} γ_1 = ω, γ_{s+1} = ω^{γs} ϵ_0 = lim_{s→∞} γ_s

ParathroÔme ìti ω^{ϵ0} = ϵ_0.

O ϵ_0 eÐnai o elĹqistoc diataktikìc me thn idiìthta aută.

Jeÿrhma 3.1 ( Cantor ) KĹje diataktikìc arijmìc a grĹfetai katĹ monadikì trìpo sth morfă a = ω^{a1} n_1 + ω^{a2} n_2 + · · · + ω^{at} n_t ìpou a ≥ a_1 > a_2 > · · · > a_t ≥ 0 kai n_1, n_2, · · · , n_t ∈ N H parapĹnw anaparĹstash tou a kaleÐtai anaparĹstash Cantor. Gia thn apìdeixh tou jewrămatoc blèpe [16] ParathroÔme ìti :

• An a < ϵ_0 tìte a > a_1 > a_2 > · · · > a_t ≥ 0

• An a < γ_{s+1} tìte a_1 < γ_s

Orismìc 3.3 T (a) = to plăjoc twn ìrwn thc anaparĹstashc Cantor tou a. N(a) = max{n_1 + 1, n_2 + 1, . . . , n_t + 1, N(a_1), N(a_2), . . . , N(a_t)}

O N(a) eÐnai o megalÔteroc fusikìc pou emfanÐzetai sthn anaparĹstash Cantor tou a auxhmènoc katĹ èna.

Paratărhsh 3.1 a < γ_{s+1} → T (a) < e_s(N(a))

Gia kĹje a < ϵ_0 ja orÐsoume mia akoloujÐa diataktikÿn a(n) pou sugklÐnei ston a.

Orismìc 3.4 An a eÐnai epìmenoc tìte a(n) = a An a eÐnai oriakìc tìte An a_t = β + 1 a(n) = ω^{a1} n_1 + ω^{a2} n_2 + · · · + ω^{at} (n_t − 1) + ω^βn An a_t eÐnai oriakìc tìte a(n) = ω^{a1} n_1 + ω^{a2} n_2 + · · · + ω^{at} (n_t − 1) + ω^{at(n)}

Paratărhsh 3.2 N(a(n)) ≤ max{N(a), n}

Xekinÿntac apì a < ϵ_0, n ∈ N mporoÔme na kataskeuĹsoume akoloujÐa a_0 = a, a_{i+1} = a_i(n).

ParathroÔme ìti afoÔ aută eÐnai fjÐnousa ja stajeropoihjeÐ se ènan epìmeno diataktikì.

GrĹfoume a((n)) gia ton arijmì autì.

Qrhsimopoiÿntac thn Paratărhsh 3.2 èqoume N(a((n))) ≤ max{N(a), n}

Ja epekteÐnoume thn ierarqÐa sunartăsewn tou Ackermann

Orismìc 3.5 OrÐzoume anadromikĹ f_1(x) = 2x f_{a+1}(x) = f^{(x)}a (x) f_a(x) = f_{a(x)}(x) an a eÐnai oriakìc, a < ϵ_0 f_{ϵ0} (x) = f_{γx} (x)

DiagwnopoioÔme loipìn stouc oriakoÔc diataktikoÔc katĹ ta prìtupa thc f_ω H parapĹnw ierarqÐa sunartăsewn kaleÐtai ierarqÐa Wainer EÐnai gnwstì [12] ìti • a < β → f_a(x) = o(f_β(x))

• An f eÐnai apodeÐxima anadromikă^4 tìte upĹrqei a < ϵ_0 ÿste f(n) = o(f_a(n)) Paratărhsh 3.3 Autì loipìn pou ja kĹnoume eÐnai na orÐsoume sunjăkh Q(s, t) ekfrĹsimh sth glÿssa tou sustămatoc Peano kai na deÐxoume ∀s∃tQ(s, t) ∀s∀t ≤ f_{ϵ0} (s)¬Q(s, t) Autì shmaÐnei P ⊬ ∀s∃tQ(s, t) (eidĹllwc ja orizìtan h apodeÐxima anadromikă f(s) = μtQ(s, t) me f(s) > f_{ϵ0} (s)) OrÐzoume aβ na eÐnai o megalÔteroc diataktikìc δ ÿste ω^δ na emfanÐzetai sthn anaparĹstash Cantor twn a, β me diaforetikoÔc suntelestèc.

Paratărhsh 3.4 An a_1 > a_2 > · · · > a_n tìte a_1a_n = max{a_ia_{i+1} : 1 ≤ i ≤ n} Sumbolismìc: ’Otan grĹfoume {a_1, a_2, . . . , a_n} gia èna sÔnolo diataktikÿn ennooÔme a_1 > a_2 > · · · > a_n.

OrÐzoume qrwmatismì triÿn qrwmĹtwn sto [ϵ_0]^3

χ({a_1, a_2, a_3}) =

0 an a_1a_2 > a_2a_3 1 an a_1a_2 = a_2a_3 2 alliÿc

Lămma 3.1 An χ{a_1, a_2, . . . , a_r} = 1^5 tìte r ≤ N(a_1)

Apìdeixh: O suntelestăc tou ω^{a1a2} sto anĹptugma tou a_1 eÐnai toulĹqiston r − 1. ’Ara N(a_1) ≥ r •

Lămma 3.2 An χ{a_1, a_2, . . . , a_r} = 2 tìte r ≤ T (a_1) + 1

Apìdeixh:Jewrÿntac ta a_ia_{i+1} 1 ≤ i ≤ r − 1 kai qrhsimopoiÿntac thn Paratărhsh 3.4 a_1a_{i+1} = a_ia_{i+1}.

AfoÔ h akoloujÐa a_ia_{i+1} eÐnai gnhsÐwc aÔxousa èqoume r − 1 diaforetikoÔc suntelestèc sto anĹptugma tou a_1 Ĺra T (a_1) ≥ r − 1 •

Paratărhsh 3.5 Qrhsimopoiÿntac thn Paratărhsh 3.1 lambĹnoume a_1 < γ_{s+1} → r ≤ e_s(N(a_1)) + 1

4Autì shmaÐnei ìti upĹrqoun e ∈ N, T prwtogenèc anadromikì kathgìrhma, ÿste P ⊢ ∀m∃nT (e, m, n) kai f(m) = n ⇔ n = μyT (e, m, y) 5EnnooÔme ìti o χ lambĹnei timă 1 se kĹje triĹda stoiqeÐwn tou sunìlou autoÔ

Lămma 3.3 An χ{a_1, a_2, . . . , a_r} = 0 kai a_1 < ω^ω tìte r ≤ N(a_1) + 1

Apìdeixh:UpĹrqei s ∈ ω ÿste ω^s ≤ a_1 < ω^{s+1}. ’Ara s ≥ a_1a_2 > a_2a_3 > · · · > a_{r−1}a_r dhladă r ≤ s + 2 ≤ N(a_1) + 1 •

Me bĹsh ton χ, ja orÐsoume mia akoloujÐa qrwmatismÿn χ_s : [γ_s]^{s+1} → {0, 1, . . . , 2s − 2} kai mia akoloujÐa auxousÿn sunartăsewn h_s : N → N me thn idiìthta an {a_1, a_2, . . . , a_r} eÐnai monoqrwmatikì wc proc χ_s tìte r ≤ h_s(N(a_1)).

χ_2 = χ ↾ ω^ω h_2(x) = x + 1 Dojèntwn twn χ_{s−1}, h_{s−1} ’Estw {a_1, a_2, . . . , a_{s+1}} ∈ [γ_s]^{s+1} An χ({a_1, a_2, a_3}) = 1 tìte χ_s({a_1, a_2, . . . , a_{s+1}} = 2s − 3 An χ({a_1, a_2, a_3}) = 2 tìte χ_s({a_1, a_2, . . . , a_{s+1}} = 2s − 2 An χ({a_1, a_2, a_3}) = 0 tìte an a_1a_2 > a_2a_3 > · · · > a_sa_{s+1} tìte χ_s({a_1, a_2, . . . , a_{s+1}}) = χ_{s−1}({a_1a_2, a_2a_3, . . . , a_sa_{s+1}}) alliÿc χ_s({a_1, a_2, . . . , a_{s+1}}) = 0 An {a_1, a_2, . . . , a_r} eÐnai monoqrwmatikì wc proc χ_s tìte an χ_s({a_1, a_2, . . . , a_r}) = 2s − 3 èqoume χ({a_1, a_2, . . . , a_{r−s+2}}) = 1 (afoÔ èqoume afairèsei ta teleutaÐa s − 2 stoiqeÐa, opìte opoiodăpote uposÔnolo tou {a_1, a_2, . . . , a_{r−s+2}} me trÐa stoiqeÐa sqhmatÐzei me ta afairejènta èna sÔnolo me s + 1 stoiqeÐa) Ĺra apì Lămma 3.1 r − s + 2 ≤ N(a_1) an χ_s({a_1, a_2, . . . , a_r}) = 2s − 2 tìte, anĹloga, χ({a_1, a_2, . . . , a_{r−s+2}}) = 2, Ĺra r − s + 2 ≤ e_{s−1}(N(a_1)) + 1 (Paratărhsh 3.5) an χ_s({a_1, a_2, . . . , a_r}) eÐnai kĹpoio Ĺllo qrÿma tìte parathroÔme ìti gia i ≤ r − s isqÔei χ({a_i, a_{i+1}, a_{i+2}}) = 0 Ĺra a_ia_{i+1} > a_{i+1}a_{i+2} autì ìmwc shmaÐnei ìti an i_1 < i_2 < · · · < i_{s+1} ≤ r − s + 2 tìte χ_{s−1}({a_{i1} a_{i2} , a_{i2} a_{i3} , . . . , a_{is} a_{is+1} }) = χ_s({a_{i1} , a_{i2} , . . . , a_{is+1} }) Ĺra to{a_1a_2, a_2a_3, . . . , a_{r−s+1}a_{r−s}} eÐnai monoqrwmatikì wc proc χ_{s−1} Ĺra r − s + 1 ≤ h_{s−1}(N(a_1a_2)) ≤ h_{s−1}(N(a_1)).

Jètoume h_s(x) = max{x + s − 2, e_{s−1}(x) + s − 1, h_{s−1}(x) + s − 1}

OrÐzoume tÿra sunĹrthsh U(n, a) wc exăc : XekinoÔme me to zeÔgoc (n, a).

An èqoume ftĹsei sto zeÔgoc (m, β) tìte an β = 0 tìte U(n, a) = m alliÿc lambĹnoume to zeÔgoc (m + 1, β((m)) − 1)

Paratărhsh 3.6 An (m, β) eÐnai zeÔgoc pou emfanÐzetai èqontac xekinăsei apì to (n, a) tìte N(β) ≤ max(N(a), m) (Paratărhsh 3.2) ’Etsi an a = γ_s tìte N(β) ≤ m

Lămma 3.4 An 1 ≤ a < ϵ_0, n ∈ N tìte U(n, ω^a) = f_a(n)

Apìdeixh: Me epagwgă sto a a = 1 U(n, ω) = 2n = f_1(n) An o a eÐnai oriakìc, tìte parathroÔme ìti ta zeÔgh (n, ω^a), (n, ω^{a(n)}) dÐnoun thn Ðdia akoloujÐa zeugÿn Ĺra U(n, ω^a) = U(n, ω^{a(n)}) = f_{a(n)}(n) = f_a(n) An a = β+1 tìte parathroÔme ìti an xekinăsoume apì to zeÔgoc (t, ω^β(s+1)) tìte kajìson i ≤ U(t, ω^β) = f_β(t) ja èqoume zeÔgh thc morfăc (i, ω^βs + γ) ìpou to (i, γ) ja èqei prokÔyei xekinÿntac apì to zeÔgoc (t, ω^β) ’Etsi loipìn xekinÿntac apì to (t, ω^βt) ja èqoume U(t, ω^βt) = f^{(t)}_β (t) = f_{β+1}(t).

EpÐshc, apì ton orismì, U(t, ω^{β+1}) = U(t, ω^βt) Ĺra U(t, ω^{β+1}) = f_{β+1}(t) •

Orismìc 3.6 ’Estw S ∈ [N]^{<ω} , h : N → N aÔxousa sunĹrthsh. To S kaleÐtai h-megĹlo an |S| > h(min S)

Orismìc 3.7 OrÐzoume P (s, m, n) ⇔ n > m kai an to [{m, m + 1, . . . , n}]^{s+1} qrwmatisteÐ me 2s − 1 qrÿmata tìte upĹrqei h_s-megĹlo monoqrwmatikì sÔnolo.

Paratărhsh 3.7 To P (s, m, n) eÐnai ekfrĹsimo sth glÿssa tou sustămatoc Peano.

Paratărhsh 3.8 H apìdeixh pou dÿsame sto kefĹlaio 2 gia to jeÿrhma Ramsey (prÿta h Ĺpeirh èkdosh, metĹ epiqeirămata sumpĹgeiac) mporeÐ na efarmosteÐ ki edÿ gia na dÿsei ∀s∀m∃nP (s, m, n) Lămma 3.5 ∀s∀m(∀n ≤ f_{γs−1} (m))[¬P (s, m, n)] Apìdeixh: ’Estw s, m ∈ N, n ≤ f_{γs−1} (m) Ja kataskeuĹsoume qrwmatismì pou na deÐqnei ìti ¬P (s, m, n) Xekinÿntac apì to zeÔgoc (m, γ_s(m)) brÐskoume zeÔgh (t, R(t)) gia t ≤ U(m, γ_s(m)) = U(m, ω^{γs−1(m)}) = U(m, ω^{γs−1} ) = f_{γs−1} (m)

An i < j tìte R(i) > R(j).

Apì thn Paratărhsh 3.6 prokÔptei N(R(t)) ≤ t OrÐzoume χ^∗ : [{m, m + 1, . . . , n}]^{s+1} → {0, 1, . . . , 2s − 2} me χ^∗({x_1, x_2, . . . , x_{s+1}}) = χ_s({R(x_1), R(x_2), . . . , R(x_{s+1})}) An {x_1, x_2, . . . , x_r}^6 eÐnai monoqrwmatikì wc proc ton χ^∗ tìte to {R(x_1), R(x_2), . . . , R(x_{s+1})} eÐnai monoqrwmatikì wc proc ton χ_s Ĺra r ≤ h_s(N(R(x_1))) ≤ h_s(x_1) •

Orismìc 3.8 Q(s, t) ⇔ P (s + 1, s, t)

Jeÿrhma 3.2 H prìtash ∀s∃tQ(s, t) ekfrĹzetai sth glÿssa tou sustămatoc Peano, eÐnai alhjăc, allĹ den apodeiknÔetai sto susthma autì.

Apìdeixh: ’Opwc prokÔptei apì to Lămma 3.5, an s ∈ N tìte to elĹqisto t ∈ N gia to opoÐo Q(s, t) ja prèpei na uperbaÐnei to f_{γs} (s) dhladă to f_{ϵ0} (s). Apì tic Parathrăseic 3.3,3.7,3.8 prokÔptei o isqurismìc tou jewrămatoc. •

6ennoeÐtai ìti x_1 < x_2 < · · · < x_r

4 O qÿroc βN

ExetĹzoume edÿ sÔntoma orismènec idiìthtec twn uperfÐltrwn. Gia peraitèrw melèth parapèmpoume sto klasikì biblÐo twn Comfort kai Negrepìnth [3] ’Estw S sÔnolo me |S| ≥ ω.

Orismìc 4.1 ’Estw F ⊆ P(S). H F kaleÐtai fÐltro an ikanopoioÔntai oi epìmenec idiìthtec • A ∈ F ∧ B ∈ F → A ∩ B ∈ F • A ∈ F ∧ A ⊆ B → B ∈ F • ∅ ⫋ F ⫋ P(S) ’Ena megistikì wc proc th sqèsh ⊆ fÐltro kaleÐtai uperfÐltro.

Mia oikogèneia uposunìlwn tou S, èstw A èqei thn idiìthta thc peperasmènhc tomăc an gia kĹje F ⊆ [A]^{<ω} isqÔei ∩F ≠ ∅ ’Ena fÐltro loipìn èqei thn idiìthta thc peperasmènhc tomăc. O qÿroc {A ⫋ P(S) : A èqei thn idiìthta thc peperasmènhc tomăc} efodiasmènoc me th sqèsh ⊆ eÐnai epagwgikìc qÿroc, Ĺra me bĹsh to lămma Zorn èqei megistikĹ stoiqeÐa.

Ta stoiqeÐa autĹ eÐnai uperfÐltra (Ĺmeso apì ton Orismì 4.1) Ĺra

Paratărhsh 4.1 Gia kĹje A ⊆ P(S) me thn idiìthta thc peperasmènhc tomăc, upĹrqei uperfÐltro U ÿste A ⊆ U

An s ∈ S orÐzoume ŝ = {A ⊆ S : s ∈ A} To ŝ eÐnai uperfÐltro.

UperfÐltra thc morfăc autăc kaloÔntai tetrimmèna.

H oikogèneia {A ⊆ S : S \ A ∈ [S]^{<ω}} èqei thn idiìthta thc peperasmènhc tomăc, Ĺra upĹrqei uperfÐltro U pou thn perièqei. To U den eÐnai tetrimmèno.

Prìtash 4.1 An U eÐnai fÐltro pĹnw sto S tìte ta kĹtwji eÐnai isodÔnama

1. To U eÐnai uperfÐltro. 2. A ⊆ S → (A ∈ U ∨ S \ A ∈ U) 3. A ∪ B ∈ U → (A ∈ U ∨ B ∈ U)

Apìdeixh: 1 → 2 an A /∈ U tìte to U ∪ {A} den èqei thn idiìthta thc peperasmènhc tomăc, Ĺra upĹrqei B ∈ U ÿste B ∩ A = ∅ dhladă B ⊆ S \ A pou shmaÐnei S \ A ∈ U 2 → 3 an A, B /∈ U tìte S \ A, S \ B ∈ U (apì to 2) Ĺra (S \ A) ∩ (S \ B) = S \ (A ∪ B) ∈ U. ’Omwc tìte ∅ = (A ∪ B) ∩ (S \ (A ∪ B)) ∈ U Ĺtopo. 3 → 2 profanèc, jètontac B = S \ A 2 → 1 an A /∈ U tìte (S \ A) ∈ U Ĺra an V fÐltro me U ⊆ V kai A ∈ V tìte ∅ = A ∩ (S \ A) ∈ V Ĺtopo. •

’Ena uperfÐltro diaqwrÐzei ta uposÔnola tou S se mikrĹ kai megĹla. Autì faÐnetai kalÔtera an jewrăsoume to peperasmèna prosjetikì 0,1-mètro μ(A) = { 1 an A ∈ U 0 alliÿc.

Sqìlio: ProkÔptei to erÿthma an upĹrqoun sÔnolo S kai uperfÐltro U ÿste to mètro na eÐnai arijmăsima prosjetikì.

H apĹnthsh eÐnai ìti den mporoÔme na broÔme kĹti tètoio sth ZFC afoÔ tìte o plhjĹrijmoc tou S ja kajÐstato Ulam metrăsimoc. (O elĹqistoc Ulam metrăsimoc plhjĹrijmoc eÐnai metrăsimoc. H Ôparxh metrăsimwn plhjarÐjmwn den mporeÐ na deiqjeÐ sth ZFC blèpe [14])

’Ena uperfÐltro U kajorÐzei èna posodeÐkth ∀_U wc exăc ∀_U sϕ(s) ⇔ {s ∈ S : ϕ(s)} ∈ U Apì ton orismì tou uperfÐltrou prokÔptei ìti o posodeÐkthc autìc sèbetai touc sundèsmouc thc logikăc dhladă • ∀_U ϕ(s) ∧ ∀_U ψ(s) ↔ ∀_U (ϕ(s) ∧ ψ(s)) • ∀_U ϕ(s) ∨ ∀_U ψ(s) ↔ ∀_U (ϕ(s) ∨ ψ(s)) • ¬∀_U sϕ(s) ↔ ∀_U s¬ϕ(s) ’Eqontac èna posodeÐkth ∀^∗ me tic parapĹnw idiìthtec mporoÔme na orÐsoume èna uperfÐltro V wc exăc A ∈ V ⇔ ∀^∗s(s ∈ A) JewroÔme tÿra th diakrită topologÐa pĹnw sto S.

Orismìc 4.2 βS eÐnai to sÔnolo {U ⊆ P(S) : U eÐnai uperfÐltro pĹnw sto S} efodiasmèno me thn topologÐa pou parĹgetai apì thn oikogèneia B = {{U : A ∈ U} : A ∈ P(S) \ ∅}

H oikogèneia B eÐnai bĹsh topologÐac afoÔ ∪B = βS an V ∈ {U : A ∈ U} ∩ {U : B ∈ U} tìte A ∩ B ∈ V Ĺra V ∈ {U : A ∩ B ∈ U} ⊆ {U : A ∈ U} ∩ {U : B ∈ U} Paratărhsh 4.2 An |S| = |T | tìte o βS eÐnai omoiomorfikìc me ton βT . Pollèc forèc anaferìmaste aplĹ ston βa ìpou a eÐnai plhjĹrijmoc.

O qÿroc βN eÐnai o qÿroc pou orÐsthke parapĹnw jètontac S = N

Prìtash 4.2 O qÿroc βS eÐnai Hausdorff kai sumpagăc.

Apìdeixh:

Hausdorff : èstw V, W ∈ βS, V ≠ W. UpĹrqei A ⊆ S, ÿste A ∈ V kai S \ A ∈ W. Tìte V ∈ {U : A ∈ U}, W ∈ {U : S \ A ∈ U} kai {U : A ∈ U} ∩ {U : S \ A ∈ U} = ∅ SumpĹgeia : parathroÔme ìti • {U : S \ A ∈ U} = βS \ {U : A ∈ U}.

• {U : A ∈ U} ∩ {U : B ∈ U} = {U : A ∩ B ∈ U}.

JewroÔme oikogèneia basikÿn sunìlwn B^′ ⊆ B ÿste ∪B^′ = βS. An gia kĹje F ∈ [B^′]^{<ω}, isqÔei ∪F ≠ βS tìte h oikogèneia B^{′′} = {A ⊆ βS : βS \ A ∈ B^′} èqei thn idiìthta thc peperasmènhc tomăc. An A^′ ⊆ P(S) eÐnai h oikogèneia twn sunìlwn pou kajorÐzei thn B^′ h A^{′′} = {A ⊆ S : S \ A ∈ A^′} kajorÐzei thn B^{′′} Ĺra èqei kai aută thn idiìthta thc peperasmènhc tomăc.

UpĹrqei loipìn uperfÐltro U pou perièqei thn oikogèneia A^{′′}, Ĺra perièqetai sto ∩B^{′′}.

’Omwc ∩B^{′′} = βS \ ∪B^′ = ∅ Ĺtopo •

Jewrÿntac thn apeikìnish e : S → βS me e(s) = ŝ, parathroÔme ìti afoÔ {ŝ} = {U : {s} ∈ U} ∈ B h e apoteleÐ emfÔteush tou diakritoÔ qÿrou S ston βS ParakĹtw tautÐzoume to S me to e(S).

Prìtash 4.3 S = βS

Apìdeixh: An W ∈ {U : A ∈ U} tìte jewrÿntac s ∈ A èqoume ŝ ∈ {U : A ∈ U} • ’Estw X qÿroc sumpagăc, Hausdorff, (x_s)_{s∈S} oikogèneia stoiqeÐwn tou X kai U ∈ βS. Orismìc 4.3 x = U − lim_{s∈S} x_s ⇔ gia kĹje perioqă V tou x {s ∈ S : x_s ∈ V } ∈ U. Gia parĹdeigma, x = ŝ − lim_{t∈S} x_t ↔ x = x_s AfoÔ o X eÐnai sumpagăc to U−lim_{s∈S} x_s upĹrqei pĹnta (an (x_s)_{s∈S} oikogèneia tètoia ÿste na mhn upĹrqei to U − lim_{s∈S} x_s tìte gia kĹje x ∈ X upĹrqei perioqă Y_x ÿste {s ∈ S : x_s ∈ Y_x} /∈ U. Jewrÿntac ton X wc ènwsh twn perioqÿn autÿn, upĹrqoun Y_{x1} , Y_{x2} , . . . , Y_{xn} ÿste X = ∪^n_{i=1}Y_{xi} Ĺra S = ∪^n_{i=1}{s ∈ S : x_s ∈ Y_{xn} }, Ĺtopo).

AfoÔ X eÐnai Hausdorff to U − lim_{s∈S} x_s eÐnai monadikì.

An to U eÐnai mh tetrimmèno tìte to U − lim_{s∈S} x_s eÐnai shmeÐo sussÿreushc thc (x_s)_{s∈S}

Prìtash 4.4 ’Estw f : S → X. Tìte upĹrqei suneqăc sunĹrthsh f̂ : βS → X ÿste f̂ ↾ S = f (H f̂ kaleÐtai epèktash Stone thc f)

Apìdeixh: Jètoume f̂(U) = U − lim_{s∈S} f(s). ’Estw W ∈ βS kai Y perioqă tou f̂(W). Tìte A = {s ∈ S : f(s) ∈ Y } ∈ W. ’Ara to {U : A ∈ U} eÐnai perioqă tou W.

ParathroÔme ìti an V ∈ {U : A ∈ U} tìte afoÔ A ∈ V èqoume ìti f̂(V) ∈ Y . ’Ara h f̂ eÐnai suneqăc sto tuqìn W. •

Ta parapĹnw, upodeiknÔoun ìti o βS eÐnai omoiomorfikìc me thn Stone-Cech sumpagopoÐhsh tou S. (H sumpagopoÐhsh aută ja mporoÔse na gÐnei me Ĺllo trìpo, gia parĹdeigma jewrÿntac ton qÿro X = [0, 1]^{(S→[0,1])} me thn topologÐa ginìmeno. O X eÐnai sumpagăc (jeÿrhma Tychonoff) kai Hausdorff kai jewrÿntac thn emfÔteush s → g_s me g_s(f) = f(s) h S eÐnai h sumpagopoÐhsh pou jèlame) AntÐstrofa ja mporoÔsame na orÐsoume ton qÿro βS, dojeÐshc sumpagopoÐhshc Stone-Cech.

Sqìlia

• AfoÔ to N eÐnai puknì sto βN isqÔei |βN| ≤ 2^{2ω} .

MporeÐ na deiqjeÐ ìti |βN| = 2^{2ω}

• O qÿroc βN den eÐnai metrikopoiăsimoc (an ătan afoÔ eÐnai diaqwrÐsimoc ja eÐqame |βN| = 2^ω)

• An χ(U) eÐnai o elĹqistoc plhjĹrijmoc ÿste to U na èqei bĹsh perioqÿn me autì to mègejoc tìte upĹrqei W ∈ βN ÿste ω < χ(W) (ènac akìmh lìgoc gia ton opoÐo o βN den eÐnai metrikopoiăsimoc).

Mia sullogă apì parìmoiec idiìthtec tou qÿrou βN upĹrqei sto klasikì Ĺrjro tou W.Comfort [4] Ac jewrăsoume tÿra ìti o S èqei mia prĹxh, èstw ∗ pou ton kajistĹ hmiomĹda. (gia parĹdeigma S = N, ∗ : prìsjesh ă ∗ : pollaplasiasmìc) QwrÐc blĹbh thc genikìthtac parakĹtw ja asqolhjoÔme me thn perÐptwsh (N, +).

Gia kĹje m ∈ N orÐzoume f_m : N → βN me f_m(n) = m + n UpĹrqei f̂_m : βN → βN suneqăc epèktash thc f_m ’Eqoume loipìn orÐsei to m + U gia tuqìnta m ∈ N, U ∈ βN. Gia kĹje W ∈ βN orÐzoume f_W : N → βN me f_W (n) = n + W UpĹrqei f̂_W : βN → βN suneqăc epèktash thc f_W

Orismìc 4.4 EpekteÐnoume thn prìsjesh sto βN me U + W = f̂_W (U)

Paratărhsh 4.3 Blèpontac thn apìdeixh thc Prìtashc 4.4 h prìsjesh orÐsthke wc exăc m + U = U − lim_{n∈N} m + n V + U = V − lim_{m∈N} m + U = V − lim_{m∈N} U − lim_{n∈N} m + n Paratărhsh 4.4 H prìsjesh ston βN eÐnai dexiĹ suneqăc. Prìtash 4.5 U + V = {A ⊆ N : {m : {n : m + n ∈ A} ∈ V} ∈ U}

Apìdeixh: A ∈ U + V ↔ A ∈ U − lim_{m∈N} m + V ↔ {W : A ∈ W} eÐnai perioqă tou U − lim_{m∈N} m + V ↔ {m ∈ N : A ∈ m + V} ∈ U ↔ {m ∈ N : A ∈ V − lim_{n∈N} m + n} ∈ U ↔ {m ∈ N : {W : A ∈ W} eÐnai perioqă tou V − lim_{n∈N} m + n} ∈ U ↔ {m : {n : m + n ∈ A} ∈ V} ∈ U • Gia touc posodeÐktec isqÔei ∀_{U+V} sϕ(s) ↔ ∀_U m∀_V nϕ(m + n) PrĹgmati, ∀_{U+V} sϕ(s) ↔ {s ∈ N : ϕ(s)} ∈ U + V ↔ {m ∈ N : {n ∈ N : ϕ(m + n)} ∈ V} ∈ U ↔ {m ∈ N : ∀_V nϕ(m + n)} ∈ U ↔ ∀_U m∀_V nϕ(m + n) AnĹloga

μ_{U+V} (A) = { 1 an ∀_U m∀_V n(m + n) ∈ A 0 alliÿc.

Prìtash 4.6 H prìsjesh pou orÐsame sto βN eÐnai prosetairistikă

Apìdeixh: (U + V) + W = (U + V) − lim_{m∈N} W − lim_{n∈N} m + n = U − lim_{l∈N} V − lim_{k∈N} W − lim_{n∈N} (l + k) + n = U − lim_{l∈N} V − lim_{k∈N} W − lim_{n∈N} l + (k + n) = U − lim_{l∈N} (V + W) − lim_{m∈N} l + m = U + (V + W) •

’Epetai loipìn to epìmeno

Jeÿrhma 4.1 An (S, ∗) hmiomĹda efodiasmènh me thn diakrită topologÐa, tìte o βS efodiasmènoc me thn epèktash thc ∗ apoteleÐ sumpagă kai Hausdorff dexiĹ suneqă hmiomĹda.

To Jeÿrhma 4.1 mac dÐnei th dunatìthta na qrhsimopoiăsoume stoiqeÐa thc ploÔsiac jewrÐac twn hmiomĹdwn tou anaferìmenou tÔpou.

Prìtash 4.7 (Jeÿrhma Ellis ) blèpe kai [5] ’Estw (T, +) sumpagăc kai Hausdorff dexiĹ suneqăc hmiomĹda. Tìte h T perièqei tautodÔnama stoiqeÐa, dhladă upĹrqei x ∈ T ÿste x + x = x

Apìdeixh: Jètoume A = {A ⊆ T : A ≠ ∅ ∧ A kleistì ∧ A + A ⊆ A} A ≠ ∅ afoÔ T ∈ A An jewrăsoume th diĹtaxh ≤ sto A me A ≤ B ⇔ A ⫆ B parathroÔme ìti o (A, ≤) eÐnai epagwgikìc qÿroc. (to elĹqisto Ĺnw frĹgma miac alusÐdac C eÐnai to ∩C, afoÔ ∩C ≠ ∅ lìgw sumpĹgeiac, ∩C eÐnai kleistì wc tomă kleistÿn kai profanÿc ∩C + ∩C ⊆ ∩C) Me bĹsh to lămma Zorn, o (A, ≤) èqei megistikĹ stoiqeÐa (Ĺra o (A, ≤) èqei elaqistikĹ stoiqeÐa) ’Estw A èna tètoio stoiqeÐo kai x ∈ A.

ParathroÔme ìti A + x ∈ A (A + x ≠ ∅, A + x eÐnai kleistì wc suneqăc eikìna sumpagoÔc sunìlou, (A + x + (A + x) = (A + x + A) + x ⊆ A + x). ’Ara A + x = A.

UpĹrqei loipìn y ∈ A ÿste y + x = x Jètoume B = {z ∈ A : z + x = x} Tìte B ∈ A afoÔ B ≠ ∅, to B eÐnai kleistì (afoÔ B = f^{−1}_x ({x}) kai f_x eÐnai suneqăc) kai B + B ⊆ B (afoÔ an y, z ∈ B tìte (y + z) + x = y + (z + x) = y + x = x) ’Ara B = A Sunepÿc x + x = x

Pìrisma 4.1 O βN èqei tautodÔnama stoiqeÐa wc proc thn prìsjesh.

Sqìlio: MporeÐ na deiqjeÐ ìti ta tautodÔnama stoiqeÐa tou (βN, +) eÐnai isoplhjikĹ me ton Ðdio ton qÿro βN blèpe [2].

OrÐzoume mia sqèsh diĹtaxhc pĹnw sto sÔnolo twn tautodunĹmwn stoiqeÐwn tou βN wc exăc U ≤ V ⇔ U + V = V + U = U ’Ena sÔnolo I ⊆ βN ja lègetai aristerì ideÿdec an βN + I ⊆ I. Jewrÿntac thn oikogèneia twn aristerÿn idewdÿn efodiasmènh me th sqèsh ⊆ orÐzetai h ènnoia tou elaqistikoÔ aristeroÔ ideÿdouc.

Paratărhsh 4.5 ’Ena elaqistikì aristerì ideÿdec I eÐnai aparaÐthta thc morfăc βN + U ìpou U ∈ I. ’Ara eÐnai kleistì sÔnolo.

Me qrăsh tou lămmatoc Zorn prokÔptei ìti kĹje aristerì ideÿdec perièqei èna elaqistikì aristerì ideÿdec.

AfoÔ to βN +U eÐnai sumpagăc Hausdorff dexiĹ suneqăc hmiomĹda (afoÔ eÐnai kleistì algebrikĹ kai topologikĹ mèsa ston βN) ja perièqei tautodÔnama stoiqeÐa.

Prìtash 4.8 ’Estw U tautodÔnamo stoiqeÐo. To U eÐnai elaqistikì wc proc ≤ an kai monon an to βN + U eÐnai elaqistikì aristerì ideÿdec.

Apìdeixh: (←) ’Estw V ≤ U.

AfoÔ V = V +U èqoume ìti V ∈ βN +U, kai afoÔ to βN +U eÐnai elaqistikì isqÔei βN + U = βN + V Ĺra upĹrqei W ÿste U = W + V ’Etsi V = U + V = W + V + V = W + V = U dhladă to U eÐnai elaqistikì.

(→) ArkeÐ na deÐxoume ìti an I ⊆ βN + U elaqistikì aristerì ideÿdec, tìte upĹrqei V ∈ I ÿste V ≤ U ’Estw W tautodÔnamo stoiqeÐo tou I.

UpĹrqei W^′ ÿste W = W^′ + U (afoÔ W ∈ βN + U) U + W ∈ I (afoÔ to I eÐnai aristerì ideÿdec) (U + W) + U = U + W^′ + U + U = U + W^′ + U = U + W U + (U + W) = U + W (U + W) + (U + W) = (U + W) + U + W = U + W + W = U + W Ĺra U + W ≤ U •

5 Efarmogèc twn uperfÐltrwn

Ja xekinăsoume kĹnontac mia aplă efarmogă thc ènnoiac tou uperfÐltrou.

Jeÿrhma 5.1 ’Estw l ∈ N, χ : [N]^2 → {1, 2, . . . , l}. Tìte upĹrqei M ⊆ N ÿste M Ĺpeiro kai [M]^2 monoqrwmatikì.

Apìdeixh: ’Estw U ∈ βN \ N OrÐzoume ψ : N → {1, 2, . . . , l} ψ(n) = c ↔ {x : χ({x, n}) = c} ∈ U AfoÔ {ψ^{−1}(c) : c ∈ {1, 2, . . . , l}} eÐnai diamèrish tou N upĹrqei M^′ monoqrwmatikì wc proc ψ ÿste M^′ ∈ U. ’Estw c_0 to qrÿma tou M^′ OrÐzoume anadromikĹ x_1 = min M^′ x_{n+1} = min((M^′ ∩ ∩^n_{i=1}{x : χ({x_i, x}) = c_0}) \ {x_1, x_2, . . . , x_n}) O orismìc eÐnai kalìc afoÔ to M^′ ∩ ∩^n_{i=0}{x : χ({x_i, x}) = c_0} eÐnai Ĺpeiro wc mèloc tou U Jètoume M = {x_1, x_2, . . . } •

Sto epìmeno jeÿrhma ja qrhsimopoiăsoume thn Ôparxh tautodunĹmou sto βN thn opoÐa deÐxame sthn prohgoÔmenh parĹgrafo. Sumbolismìc: ’Estw m ∈ N, A ⊆ N, U ∈ βN −n + A = {x : n + x ∈ A} A_U = {x : −x + A ∈ U} Paratărhsh 5.1 Qrhsimopoiÿntac touc orismoÔc èqoume : • A ∈ U + V ↔ A_V ∈ U • −n + A_U = (−n + A)_U • −n + A ∩ B = (−n + A) ∩ (−n + B) Jeÿrhma 5.2 ’Estw k ∈ N, χ : N → {1, 2, . . . , k}. Tìte upĹrqei B ⊆ N ÿste B Ĺpeiro kai F S(B) na eÐnai monoqrwmatikì.

Apìdeixh: ’Estw U ∈ βN ÿste U + U = U

Isqurismìc: ’Estw A ∈ U, C = A ∩ A_U , m ∈ C. Tìte −m + C ∈ U

PrĹgmati −m + A ∈ U = U + U.

’Ara (blèpe Paratărhsh 5.1) (−m + A)_U ∈ U.

−m + C = (−m + A) ∩ (−m + A_U ) = (−m + A) ∩ (−m + A)_U ∈ U.

UpĹrqei c ∈ {1, 2, . . . , k} ÿste χ^{−1}(c) ∈ U. Jètontac A = χ^{−1}(c), C = A ∩ A_U orÐzoume anadromikĹ x_1 = min C x_{n+1} = min(∩{−x + C : x ∈ F S({x_1, x_2, . . . , x_n})}) Jètoume B = {x_1, x_2, . . . } •

Sto teleutaÐo jeÿrhma pou apodeiknÔoume sthn parĹgrafo aută qrhsimopoioÔme thn ènnoia tou elaqistikoÔ aristeroÔ ideÿdouc. H apìdeixh emfanÐsthke gia prÿth forĹ sto [2]. Sumbolismìc :

• ’Estw F, G ∈ [N]^{<ω} , d = ∑ f∈F d_f , d^′ = ∑ g∈G d^′_g. d ◁ d^′ ⇔ max_{f∈F} d_f < min_{g∈G} d^′_g • ’Estw A diamèrish tou N. U ∼_A V ⇔ ∃A ∈ A(A ∈ U ∩ V) • ’Estw n ∈ N, U ∈ βN −n + U = {−n + A : A ∈ U} • ’Estw A^′ ⊆ P(N)

m ∼_A′ n ⇔ oi m, n emfanÐzontai akribÿc sta Ðdia sÔnola thc A^′ D_A′ eÐnai h diamèrish pou antistoiqeÐ sthn ∼_A′

Paratărhsh 5.2 An U ∈ βN \ N tìte −n + U ∈ βN

Jeÿrhma 5.3 ’Estw l ∈ N, B ∈ [N]^ω , A peperasmènh diamèrish tou N. UpĹrqoun A ∈ A, a ∈ N, d ∈ F S(B) ÿste {a, a + d, . . . , a + ld} ⊆ A Apìdeixh : ’Estw I elaqistikì aristerì ideÿdec tou βN.

Isqurismìc : UpĹrqei k ∈ N ÿste V, W ∈ I → ∃t ∈ {1, 2, . . . , k}(t + V ∼_A W) ’Estw ìti den upĹrqei tètoio k.

UpĹrqoun loipìn V_n, W_n ∈ I n = 1, 2, . . . ÿste ∀t ∈ {1, 2, . . . , n}(t + V_n ≁_A W_n).

’Estw U ∈ βN \ N To I eÐnai sumpagèc Ĺra upĹrqoun ta V = U − lim V_n, W = U − lim W_n V, W ∈ I UpĹrqei A ∈ A ÿste A ∈ W AfoÔ {t + V : t ∈ N} = βN+V = I upĹrqei t_0 ∈ N ÿste t_0+V ∈ { U : A ∈ U}. ’Ara {n : A ∈ W_n ∧ −t_0 + A ∈ V_n} ∈ U.

Sunepÿc upĹrqei n_0 > t_0 ÿste A ∈ W_{n0} ∧ A ∈ t_0 + V_{n0} Ĺra t_0 + V_{n0} ∼_A W_{n0} Ĺtopo.

Isqurismìc : ’Estw V ∈ I, n ∈ N. Tìte −n + V ∈ I V ∈ βN \ N Ĺra −n + V ∈ βN. UpĹrqei W ∈ βN ÿste V = W + V W ∈ βN \ N (an W = r̂ ja orÐzame m ∼ n ⇔ m = n mod r + 1 kai ja upărqe sÔnolo thc diamèrishc autăc pou ja anăke sta V, r + V Ĺtopo) ’Etsi −n + W ∈ βN. Qrhsimopoiÿntac ton orismì −n + V = −n + (W + V) = (−n + W) + V ∈ βN + V = I

OrÐzoume

• S(l) ⇔ gia kĹje peperasmènh diamèrish tou N, èstw A, kai kĹje B ∈ [N]^ω upĹrqoun V ∈ I kai d ∈ F S(B) ÿste V ∼_A id+V i ∈ {0, 1, . . . , l} • T (l) ⇔ gia kĹje peperasmènh diamèrish tou N, èstw A, kĹje B ∈ [N]^ω kĹje W ∈ I kai kĹje d^′ ∈ F S(B) upĹrqoun V ∈ I, d ∈ F S(B) ÿste d^′ ◁ d kai W = id + V i ∈ {1, 2, . . . , l} Isqurismìc : S(l − 1) → T (l) ’Estw A peperasmènh diamèrish tou N, B ∈ [N]^ω , W ∈ I kai d^′ ∈ F S(B) ’Estw k o arijmìc pou lambĹnoume apì ton prÿto isqurismì gia thn A. Jètoume A^′ = {−i + A : i ∈ {0, 1, . . . , k} ∧ A ∈ A} B^′ = {m ∈ B : m > d^′} UpĹrqoun V^′ ∈ I, d ∈ F S(B^′) ÿste V^′ ∼_{DA′} id + V^′ i ∈ {0, 1, . . . , l − 1} UpĹrqei t ∈ {1, 2, . . . , k} ÿste W ∼_A t + V^′ Me bĹsh ton deÔtero isqurismì jètoume V = t + (−d + V^′) kai afoÔ U ∼_{DA′} V → U ∼_A V èqoume W ∼_A t+V^′ ∼_A t+(i−1)d+V^′ ∼_A id+t+(−d+V^′) ∼_A id+ V i ∈ {1, 2, . . . , l} Isqurismìc : T (l) → S(l) ’Estw A peperasmènh diamèrish tou N, B ∈ [N]^ω , V_0 ∈ I.

OrÐzoume anadromikĹ akoloujÐec A_j diamerÐsewn tou N, V_j ∈ I, d_j ∈ N j ∈ {1, 2, . . . , |A| + 1} V_1, d_1 tètoia ÿste V_0 ∼_A id_1 + V_1 d_1 ∈ F S(B) i ∈ {1, 2, . . . , l} A_1 = D_A′ ìpou A^′ = {−id_1 + A : i ∈ {0, 1, . . . , l} ∧ A ∈ A} V_{j+1}, d_{j+1} tètoia ÿste V_j ∼_{Aj} id_{j+1} + V_{j+1} d_{j+1} ∈ F S(B), d_j ◁ d_{j+1} i ∈ {1, 2, . . . , l} A_{j+1} = D_A′_j ìpou A^′_j = {−id_{j+1} + A : i ∈ {0, 1, . . . , l} ∧ A ∈ A_j} UpĹrqoun loipìn 1 ≤ m < n ≤ |A| + 1 ÿste V_m ∼_A V_n Jètoume V = V_n, d = d_{m+1} + · · · + d_n d ∈ F S(B) (afoÔ d_j ◁ d_{j+1} j ∈ {1, 2, . . . , |A|}) Ja deÐxoume ìti V ∼_A id + V i ∈ {0, 1, . . . , l} i = 0 profanèc An i < j tìte h A_j eÐnai eklèptunsh thc A_i An n = m + 1 tìte V ∼_A V_m ∼_{Am} id_n + V Ĺra V ∼_A id_n + V i ∈ {1, 2, . . . , l} An n > m + 1 tìte V_{n−2} ∼_{An−2} id_{n−1} + V_{n−1} ∼_{An−2} i(d_{n−1} + d_n) + V SuneqÐzontac katĹutìn ton trìpo èqoume telikĹ V_m ∼_{Am} id + V_n Ĺra V ∼_A id + V

Qrhsimopoiÿntac touc dÔo teleutaÐouc isqurismoÔc èqoume ∀lS(l) UpĹrqoun loipìn V ∈ I, d ∈ F S(B) ÿste V ∼_A id + V i ∈ {0, 1, . . . , l} UpĹrqei A ∈ A ÿste A ∈ V Ĺra −id + A ∈ V i ∈ {0, 1, . . . , l} sunepÿc ∩^l_{i=0}(−id + A) ≠ ∅. Epilègoume a ∈ ∩^l_{i=0}(−id + A) •

H sunăjhc morfă tou jewrămatoc van der Waerden prokÔptei apì to prohgoÔmeno me thn efarmogă enìc epiqeirămatoc sumpĹgeiac.

6 DunamikĹ sustămata

Sta epìmena ja qrhsimopoiăsoume mejìdouc apì thn topologikă dunamikă. ’Estw c ∈ N Orismìc 6.1 X = {1, 2, . . . , c}^Z (O X eÐnai to sÔnolo ìlwn twn qrwmatismÿn tou Z me c qrÿmata)

JewroÔme thn diakrită topologÐa pĹnw sto {1, 2, . . . , c}. EfodiĹzoume ton X me thn topologÐa ginìmeno. Me bĹsh to jeÿrhma Tychonoff o qÿroc X eÐnai sumpagăc.

Orismìc 6.2 ρ(x, y) =

{_1 n+1 x ≠ y ∧ n = max m(x(i) = y(i) |i| < m) 0 alliÿc

Paratărhsh 6.1 x_n →_ρ x ann ∀i(x_n(i) → x(i))

Apì thn prohgoÔmenh paratărhsh prokÔptei ìti h topologÐa pou epĹgei h ρ pĹnw ston X eÐnai h topologÐa ginìmeno. ’Etsi jewroÔme ton X wc sumpagă metrikì qÿro.

Orismìc 6.3 T : X → X T x(i) = x(i+1) (O telestăc T eÐnai h metaforĹ katĹ èna aristerĹ)

Paratărhsh 6.2 O T eÐnai 1 − 1 kai omoiìmorfa suneqăc.

Orismìc 6.4 ’Ena zeÔgoc (Y, T ), ìpou Y eÐnai sumpagăc metrikìc qÿroc kai T : Y → Y eÐnai 1 − 1 kai omoiìmorfa suneqăc kaleÐtai dunamikì sÔsthma.

Orismìc 6.5 An (Y, T ) eÐnai dunamikì sÔsthma kai y ∈ Y tìte cl(y) = {T^sy : s ∈ Z} To cl(y) eÐnai sumpagăc metrikìc qÿroc kai afoÔ T [cl(y)] ⊆ cl(y) to (cl(y), T ) eÐnai dunamikì sÔsthma. ’Estw x ∈ X.

Mia diatetagmènh r-ada, èstw u, ja lègetai tmăma tou x an upĹrqei s ∈ Z ÿste u_i = x(s + i) i ∈ {0, 1, . . . , r − 1}. To sÔnolo twn tmhmĹtwn tou x sumbolÐzetai seq(x). Lămma 6.1 y ∈ cl(x) ann seq(y) ⊆ seq(x)

Apìdeixh : (→) ’Estw (y(s), y(s + 1), . . . , y(s + r − 1)) tmăma tou y. UpĹrqei t ∈ Z ÿste ρ(T^tx, y) <^1_{1+max(|s|,|s+r−1|)} ’Etsi ta T^tx, y sumfwnoÔn pĹnw sto {s, s + 1, . . . , s + r − 1} dhladă (y(s), y(s + 1), . . . , y(s + r − 1)) = (x(t + s), x(t + s + 1), . . . , x(t + s + r − 1)).

(←) ’Estw n ∈ N Tìte to (y(−n), y(−n + 1), . . . , y(n)) ∈ seq(x) Ĺra upĹrqei èna t ∈ Z ÿste (y(−n), y(−n + 1), . . . , y(n)) = (x(t), x(t + 1), . . . , x(t + 2n)) dhladă ρ(T^{t+n}x, y) <^1_{n+1} •

Orismìc 6.6 ’Estw A = {cl(y) : y ∈ X}. To x kaleÐtai elaqistikì an to cl(x) eÐnai elaqistikì stoiqeÐo tou (A, ⊆)

Lămma 6.2 ’Estw x ∈ X. UpĹrqei y ∈ cl(x), y elaqistikì.

Apìdeixh : ’Estw S alusÐda ston qÿro (A, ⊆) H S èqei thn idiìthta twn peperasmènwn tomÿn kai afoÔ ìla ta stoiqeÐa thc eÐnai kleistĹ uposÔnola tou X kai o X eÐnai sumpagăc èqoume ∩S ≠ ∅. UpĹrqei loipìn y ∈ ∩S Ĺra cl(y) eÐnai kĹtw frĹgma gia thn S. Me bĹsh to lămma Zorn upĹrqei elaqistikì stoiqeÐo y me cl(y) ⊆ cl(x) dhladă y ∈ cl(x) • Paratărhsh 6.3 An jewrăsoume B = {seq(y) : y ∈ X} tìte apì to Lămma 6.1 an x elaqistikì tìte seq(y) eÐnai elaqistikì sth (B, ⊆)

Orismìc 6.7 ’Estw Y ⊆ X ÿste (Y, T ) na eÐnai dunamikì sÔsthma. To (Y, T ) ja lègetai elaqistikì dunamikì sÔsthma an gia kĹje y ∈ Y isqÔei cl(y) = Y Lămma 6.3 To x eÐnai elaqistikì ann gia kĹje tmăma tou èstw (x(s), x(s + 1), . . . , x(s + r − 1)) upĹrqei M ∈ N ÿste gia kĹje t ∈ Z na upĹrqei t^′ ∈ {t, t + 1, . . . , t + M − r} ÿste (x(s), x(s + 1), . . . , x(s + r − 1)) = (x(t^′), x(t^′ + 1), . . . , x(t^′ + r − 1)) Apìdeixh :(→) ’Estw u = (x(s), x(s + 1), . . . , x(s + r − 1)) Proc Ĺtopo èstw ìti gia kĹje perittì M = 2N + 1 upĹrqei t_M ÿste to u na mhn eÐnai upotmăma^7 tou (x(t_M ), x(t_M + 1), . . . , x(t_M + M))

7Dhladă na mhn upĹrqei t^′_M ∈ {t_M , t_M +1, . . . , t_M +M −r} ÿste (x(s), x(s+1), . . . , x(s+ r − 1)) = (x(t^′_M ), x(t^′_M + 1), . . . , x(t^′_M + r − 1))

Jètontac x_M = T^{tM +N} parathroÔme ìti to u den eÐnai upotmăma tou (x(−N), x(−N+ 1), . . . , x(N)) UpĹrqei upakoloujÐa x_{Mi} pou sugklÐnei. ’Estw x^∗ = lim_{i→∞} x_{Mi} ParathroÔme ìti u /∈ seq(x^∗) enÿ x^∗ ∈ cl(x) (Ĺra x ∈ cl(x^∗) afoÔ to x eÐnai elaqistikì, Ĺtopo) (←) ’Estw y ∈ cl(x), u = (x(s), x(s + 1), . . . , x(s + r − 1)), tmăma tou x. ArkeÐ na deÐxoume ìti u ∈ seq(y) ’Estw M na ikanopoieÐ thn deÔterh sunjăkh tou lămmatoc. UpĹrqei t ∈ Z ÿste (y(1), y(2), . . . , y(M)) = (x(t), x(t + 1), . . . , x(t + M)). AfoÔ to (x(s), x(s + 1), . . . , x(s + r − 1)) eÐnai upotmăma tou (x(t), x(t + 1), . . . , x(t + M)) eÐnai kai upotmăma tou (y(1), y(2), . . . , y(M)) Ĺra u ∈ seq(y). • Lămma 6.4 ’Estw (Y, T ) elaqistikì dunamikì sÔsthma, ϵ > 0. UpĹrqei M ∈ N ÿste x, y ∈ Y → ∃s(|s| ≤ M ∧ ρ(T^sx, y) < ϵ) Apìdeixh : Proc apagwgă se Ĺtopo èstw x_m, y_m akoloujÐec stoiqeÐwn tou Y ÿste ρ(T^sx_m, y_m) ≥ ϵ |s| ≤ m BrÐskoume m_n akoloujÐa fusikÿn ÿste na upĹrqoun ta ìria lim_{n→∞} x_{mn} , lim_{n→∞} y_{mn} èstw x, y antÐstoiqa. Tìte ρ(T^sx, y) ≥ ϵ s ∈ Z ’Omwc Y = seq(x) Ĺra upĹrqei s ∈ Z ÿste ρ(T^sx, y) < ϵ Ĺtopo. •

Jeÿrhma 6.1 ’Estw Y ⊆ X, ÿste (Y, T ) na eÐnai dunamikì sÔsthma, r ∈ N, ϵ > 0. UpĹrqoun y ∈ Y kai n ∈ N ÿste ρ(T^{in}y, y) < ϵ i ∈ {1, 2, . . . , r} Apìdeixh : Me bĹsh to Lămma 6.2 qwrÐc blĹbh thc genikìthtac jewroÔme to (Y, T ) elaqistikì.

BohjhtikĹ orÐzoume touc kĹtwji tÔpouc gia r ∈ N • A(r) ↔ (∀ϵ > 0)(∃x, y ∈ Y )(∃n ∈ N)ρ(T^{in} x, y) < ϵ i ∈ {1, 2, . . . , r}

• B(r) ↔ (∀ϵ > 0)(∀z ∈ Y )(∃x ∈ Y )(∃n ∈ N)ρ(T^{in} x, z) < ϵ i ∈ {1, 2, . . . , r}

• C(r) ↔ (∀ϵ > 0)(∀z ∈ Y )(∃x ∈ Y )(∃n ∈ N)(∃ϵ^′ > 0)(ρ(x^′, x) < ϵ^′ → ρ(T^{in}x^′, z) < ϵ) i ∈ {1, 2, . . . , r}

• D(r) ↔ (∀ϵ > 0)(∃w ∈ Y )(∃n ∈ N)ρ(T^{in} w, w) < ϵ i ∈ {1, 2, . . . , r} Autì pou jèloume na deÐxoume eÐnai ∀rD(r) A(1) isqÔei profanÿc. Isqurismìc : A(r) → B(r) ’Estw M pou ikanopoieÐ to Lămma 6.4 gia to^ϵ_2 Apì thn omoiìmorfh sunèqeia upĹrqei ϵ^′ > 0 ÿste ρ(x, y) < ϵ^′ → ρ(T^sx, T^sy) <^ϵ_2 |s| ≤ M Apì thn A(r) upĹrqoun x, y, n ÿste ρ(T^{in}x, y) < ϵ^′ i ∈ {1, 2, . . . , r} UpĹrqei s, |s| ≤ M ÿste ρ(T^sy, z) <^ϵ_2 ’Ara ρ(T^{in+s}x, T^sy) <^ϵ_2 i ∈ {1, 2, . . . , r} sunepÿc ρ(T^{in+s}x, z) < ϵ i ∈ {1, 2, . . . , r} Ta T^sx, n ikanopoioÔn thn B(r) Isqurismìc : B(r) → C(r) Apì th B(r) upĹrqoun x, n ÿste ρ(T^{in}x, z) <^ϵ_2 i ∈ {1, 2, . . . , r} Me bĹsh th sunèqeia upĹrqei 0 < ϵ^′ < ϵ ÿste ρ(x^′, x) < ϵ^′ → ρ(T^{in}x^′, T^{in}x) < ϵ 2 i ∈ {1, 2, . . . , r} ’Etsi ρ(x^′, x) < ϵ^′ → ρ(T^{in}x^′, z) < ϵ i ∈ {1, 2, . . . , r} ’Ara ta x, n, ϵ^′ ikanopoioÔn th C(r). Isqurismìc : C(r) → D(r) OrÐzoume anadromikĹ akoloujÐec z_k stoiqeÐwn tou Y , n_k fusikÿn, ϵ_k jetikÿn pragmatikÿn, wc exăc z_0 tuqaÐo, ϵ_0 <^ϵ_2 .

Ta z_{k+1}, n_{k+1}, ϵ_{k+1} ikanopoioÔn thn C(r) gia ta z_k, ϵ_k AfoÔ Y sumpagèc upĹrqoun z_k, z_k′ ÿste k < k^′ kai ρ(z_k, z_k′ ) <^ϵ_2 Me bĹsh th C(r) èqoume ρ(x, z_k′ ) < ϵ_k′ → ρ(T^{i(nk′ +nk′−1+···+nk+1)}x, z_k) < ϵ_k ’Ara ρ(T^{i(nk′ +nk′−1+···+nk+1)}z_k′ , z_k′ ) < ϵ Jètontac w = z_k′ , n = n_k′ + n_k′_{−1} + · · · + n_{k+1} ikanopoieÐtai h D(r) Isqurismìc : D(r) → A(r + 1) An ta w, n ikanopoioÔn th D(r) jètontac x = T^{−n}w, y = w èqoume ρ(T^{in}x, y) = ρ(T^{(i−1)n}w, w) < ϵ i ∈ {1, 2, . . . , r + 1} Me bĹsh touc parapĹnw isqurismoÔc lambĹnoume epagwgikĹ to zhtoÔmeno. •

Jeÿrhma 6.2 ’Estw x qrwmatismìc me c qrÿmata tou Z, r ∈ N UpĹrqoun s ∈ Z, n ∈ N ÿste x(s) = x(s + n) = · · · = x(s + rn) Apìdeixh : To x eÐnai stoiqeÐo tou X.

Efarmìzoume to Jeÿrhma 6.1 gia Y = cl(x) kai ϵ = 1 UpĹrqoun y ∈ cl(x), n ∈ N ÿste ρ(T^{in}y, y) < 1 r ∈ {1, 2, . . . , r} Autì shmaÐnei ìti y(0) = T^ny(0) = · · · = T^{rn}y(0) dhladă y(0) = y(n) = · · · = y(rn) UpĹrqei s ∈ Z ÿste ρ(y, T^sx) <^1_{rn+1} Ĺra ta y, T^sx sumfwnoÔn sto {−rn, −rn + 1, . . . , rn}. ’Etsi x(s) = x(s + n) = · · · = x(s + rn) •

Pìrisma 6.1 (jeÿrhma van der Waerden) ’Estw x qrwmatismìc me c qrÿmata tou N, r ∈ N. UpĹrqei monoqrwmatikă arijmhtikă prìodoc megèjouc r

Apìdeixh : OrÐzoume qrwmatismì me c qrÿmata tou Z, èstw x^′, me

x^′(s) = { x(s + 1) s ≥ 0 x(−s) alliÿc.

Me bĹsh to prohgoÔmeno jeÿrhma o x^′ èqei monoqrwmatikă prìodo megèjouc 2r. ’Ara apì thn kataskeuă tou x^′ o x èqei monoqrwmatikă arijmhtikă prìodo megèjouc toulĹqiston r •

Orismìc 6.8 ’Estw x, y ∈ X. Ta x, y lègontai sunafă an inf_{s∈Z} ρ(T^sx, T^sy) = 0

Paratărhsh 6.4 Ta x, y eÐnai sunafă ann gia kĹje M ∈ N upĹrqei s ∈ Z ÿste (x(s), x(s + 1), . . . , x(s + M)) = (y(s), y(s + 1), . . . , y(s + M)) JewroÔme to X^X efodiasmèno me thn topologÐa ginìmeno. To X^X eÐnai sumpagèc.

Mia upobĹsh thc topologÐac ginìmeno eÐnai ta sÔnola thc morfăc {h ∈ X^X : ρ(h(x), y) < ϵ} x, y ∈ X ϵ > 0 H sÔnjesh apeikonÐsewn eÐnai prĹxh prosetairistikă Ĺra kajistĹ to X^X hmiomĹda.

H hmiomĹda aută eÐnai dexiĹ suneqăc afoÔ gia na èqoume ρ(fg(x), y) < ϵ arkeÐ ρ(f(g(x)), y) < ϵ. Orismìc 6.9 E = {T^s : s ∈ Z}. H E kaleÐtai peribĹllousa hmiomĹda tou (X, T )

To E eÐnai sumpagèc.

Paratărhsh 6.5 f ∈ E ann gia kĹje x_1, x_2, . . . , x_n ∈ X, ϵ > 0 upĹrqei s ∈ Z ÿste ρ(f(x_i), T^s(x_i)) < ϵ i ∈ {1, 2, . . . , n} Lămma 6.5 H E eÐnai dexiĹ suneqăc, sumpagăc kai Hausdorff hmiomĹda.

Apìdeixh : ArkeÐ na deÐxoume ìti h E eÐnai kleistă kĹtw apì th sÔnjesh (afoÔ tìte oi apaitoÔmenec idiìthtec ja prokÔyoun apì tic antÐstoiqec gia ton X^X ) ’Estw f, g ∈ E, x_1, x_2, . . . , x_n ∈ X, ϵ > 0 UpĹrqei s ∈ Z ÿste ρ(f(g(x_i)), T^sg(x_i)) <^ϵ_2 i ∈ {1, 2, . . . , n} UpĹrqei ϵ^′ > 0 ÿste ρ(x, y) < ϵ^′ → ρ(T^sx, T^sy) <^ϵ_2 UpĹrqei t ∈ Z ÿste ρ(g(x_i), T^tx_i) < ϵ^′ i ∈ {1, 2, . . . , n} ’Ara ρ(fg(x_i), T^{s+t}x_i) ≤ ρ(fg(x_i), T^sg(x_i)) + ρ(T^sg(x_i), T^sT^tg(x_i)) < ϵ i ∈ {1, 2, . . . , n} Me bĹsh thn Paratărhsh 6.5 fg ∈ E •

Jeÿrhma 6.3 ’Estw x ∈ X, Y ⊆ cl(x), (Y, T ) elaqistikì dunamikì sÔsthma. UpĹrqei y ∈ Y ÿste ta x, y na eÐnai sunafă.

Apìdeixh : Jètoume F = {f ∈ E : f(x) ∈ Y } F ≠ ∅ afoÔ an y^′ ∈ Y tìte y^′ ∈ cl(x) Ĺra upĹrqei akoloujÐa s_m ∈ Z ÿste T^{sm} x → y^′ ’Omwc afoÔ E sumpagăc, upĹrqei upakoloujÐa thc s_m èstw s^′_m ÿste T^{s′m} sugklÐnei, èstw sto f.

Tìte f(x) = lim_{m→∞} T^{s′m} x = y^′ F eÐnai kleistì, Ĺra sumpagèc.

An f ∈ E, z ∈ Y , tìte gia kĹje ϵ > 0 upĹrqei s ∈ Z ÿste ρ(f(z), T^sz) < ϵ kai afoÔ T^sz ∈ Y èqoume ρ(f(z), Y ) = 0, dhladă f(z) ∈ Y . ’Ara an f_1, f_2 ∈ F tìte f_1f_2(x) = f_1(f_2(x)) ∈ Y dhladă to F eÐnai kleistì wc proc th sÔnjesh.

Sunepÿc to F eÐnai dexiĹ suneqăc sumpagăc Hausdorff hmiomĹda. ’Estw g ∈ F me gg = g Jètoume y = g(x) y ∈ Y UpĹrqei s ∈ Z ÿste ρ(g(x), T^sx) <^ϵ_2 kai ρ(g(g(x)), T^sg(x)) <^ϵ_2 Ĺra ρ(T^sy, T^sx) < ϵ •

Pìrisma 6.2 (Jeÿrhma Hindman) An χ qrwmatismìc tou N me c qrÿmata tìte upĹrqei B ∈ [N]^ω ÿste χ(F S(B)) na eÐnai stajerì.

Apìdeixh : EpekteÐnoume to χ sto Z summetrikĹ. ’Estw x ∈ X h epèktash.

SÔmfwna me to prohgoÔmeno jeÿrhma kai to Lămma 6.2 upĹrqei y ∈ cl(x) ÿste to y eÐnai elaqistikì kai ta x, y eÐnai sunafă. QwrÐc blĹbh èstw inf_{n∈N} ρ(T^nx, T^ny) = 0 OrÐzoume anadromikĹ akoloujÐa a_m fusikÿn, wc exăc AfoÔ to y eÐnai elaqistikì, qrhsimopoiÿntac to Lămma 6.3 upĹrqei M ÿste se kĹje tmăma tou y megèjouc M na upĹrqei s ∈ Z ÿste y(0) = y(s). Me bĹsh thn Paratărhsh 6.4 upĹrqei a_1 ÿste x(a_1) = y(a_1) = y(0) An èqoun oristeÐ ta a_1, a_2, . . . , a_m tìte upĹrqei M ∈ N ÿste se kĹje tmăma tou y megèjouc M na upĹrqei s ∈ Z ÿste (y(0), y(1), . . . , y(a_1 + a_2 + · · · + a_m)) = (y(s), y(s + 1), . . . , y(s + a_1 + a_2 + · · · + a_m)).

UpĹrqei a_{m+1} ÿste (y(0), y(1), . . . , y(a_1 +a_2 +· · ·+a_m)) = (y(a_{m+1}), y(a_{m+1} + 1), . . . , y(a_{m+1} + a_1 + a_2 + · · · + a_m)) = (x(a_{m+1}), x(a_{m+1} + 1), . . . , x(a_{m+1} + a_1 + a_2 + · · · + a_m)) Jètoume B = {a_1, a_2, . . . } DeÐqnoume epagwgikĹ ìti to B ikanopoieÐ th zhtoÔmenh idiìthta. n = 1, safèc.

n → n + 1 An k ∈ F S({a_1, a_2, . . . , a_{n+1}}) tìte eÐte k ∈ F S({a_1, a_2, . . . , a_n}) opìte qrhsimopoioÔme thn epagwgikă upìjesh eÐte k = a + a_{n+1} ìpou a ∈ F S({a_1, a_2, . . . , a_n}) opìte x(k) = x(a_{n+1} + a) = y(a_{n+1} + a) = y(a) = y(0) eÐte k = a_{n+1} opìte xanĹ x(k) = x(a_{n+1}) = y(a_{n+1}) = y(0) •

7 Jeÿrhma Szemeredi

To jeÿrhma Szemeredi apantĹ se mia eikasÐa twn Erdos-Turan pou ègine to 1936. H prÿth apìdeixh dìjhke apì ton Szemeredi to 1974 (blèpe [17]). Prìsfata dìjhke mia nèa, aploÔsterh, stoiqeiÿdhc apìdeixh apì ton W.T.Gowers (blèpe [7]). EmeÐc ja qrhsimopoiăsoume èna jeÿrhma apì thn ergodikă jewrÐa (jeÿrhma Furstenberg ) gia na sunĹgoume mia elafrĹ tropopoihmènh morfă tou jewrămatoc.

Orismìc 7.1 ’Estw S ⊆ Z. To S èqei jetikă asumptwtikă puknìthta, èstw a > 0, an upĹrqoun akoloujÐec m_i, n_i ∈ Z ÿste m_i > n_i, m_i − n_i → ∞ kai lim_{i→∞}^{|S∩{ni,ni+1,...,mi−1}|} m_i−n_i = a Jètoume Y = {0, 1}^Z.

ParakĹtw ja tautÐzoume èna sÔnolo A ⊆ Z me to antÐstoiqo stoiqeÐo tou Y . Jètoume Ω = [0, 1]^Y To Ω eÐnai sumpagèc.

Orismìc 7.2 ’Ena stoiqeÐo f tou Ω kaleÐtai kanonikì an f(Z) = 1 A ∩ B = ∅ → f(A ∪ B) = f(A) + f(B) To f kaleÐtai analloÐwto apì metaforèc an f(T x) = f(x)

Lămma 7.1 An S èqei jetikă asumptwtikă puknìthta a tìte upĹrqei f kanonikì kai analloÐwto apì metajèseic ÿste f(S) = a

Apìdeixh : ParathroÔme ìti to sÔnolo twn kanonikÿn stoiqeÐwn tou Ω eÐnai kleistì, Ĺra sumpagèc.

PrĹgmati, èstw f anăkei sthn kleistìthta kai A, B xèna uposÔnola tou Z Tìte upĹrqei f^′ kanonikì ÿste |f(A) − f^′(A)| <^ϵ_3 |f(B) − f^′(B)| <^ϵ_3 |f(A ∪ B) − f^′(A ∪ B)| <^ϵ_3 Ĺra |f(A ∪ B) − f(A) − f(B)| < ϵ kai afoÔ to ϵ eÐnai tuqaÐo èqoume f(A ∪ B) = f(A) + f(B) Parìmoia f(Z) = 1 OrÐzoume f_i i ∈ Z kanonikĹ stoiqeÐa, wc exăc f_i(A) =^{|A∩{ni,ni+1,...,mi−1}|} m_i−n_i

Apì th sumpĹgeia tou sunìlou twn kanonikÿn stoiqeÐwn upĹrqei upakoloujÐa f_{im} sugklÐnousa. ’Estw f to ìriì thc. f(S) = lim_{m→∞} f_{im} (S) = a ParathroÔme ìti |f_i(T A) − f_i(A)| =^{||(A−1)∩{ni,ni+1,...,mi−1}|−|A∩{ni,ni+1,...,mi−1}||} m_i−n_i ≤ 2 m_i−n_i ìpou A − 1 = {s ∈ Z : s + 1 ∈ A} ’Etsi lim_{m→∞}(f_{im} (T A) − f_{im} (A)) = 0 dhladă f(T A) = f(A) •

Jeÿrhma 7.1 ( Furstenberg ) An (X, A, μ) eÐnai qÿroc pijanìthtac kai T 1 − 1 telestăc me thn idiìthta μ(T A) = μ(A) tìte gia kĹje A ∈ A me μ(A) > 0 kai k ∈ N upĹrqei s ∈ Z ÿste μ(A ∩ T^sA ∩ · · · ∩ T^{s(k−1)}A) > 0

Gia thn apìdeixh tou jewrămatoc parapèmpoume sto [6].

Jeÿrhma 7.2 ( Szemeredi ) ’Estw S ⊆ Z me jetikă asumptwtikă puknìthta a > 0 kai k ∈ N. UpĹrqei arijmhtikă prìodoc megèjouc k pou perièqetai sto S.

Apìdeixh : Me bĹsh to prohgoÔmeno lămma upĹrqei f kanonikì kai analloÐwto apì metajèseic, ÿste f(S) = a Jètoume Y_s = {y ∈ Y : y(s) = 1} s ∈ Z OrÐzoume μ^′(Y_{i1} ∩ Y_{i2} ∩ · · · ∩ Y_{in} ) = f(T^{i1} S ∩ T^{i2} S ∩ · · · ∩ T^{in} S) Apì th jewrÐa mètrou prokÔptei ìti to μ^′ epekteÐnetai se mètro pijanìthtac μ pĹnw sth σ−Ĺlgebra pou parĹgei h oikogèneia {Y_s : s ∈ Z} ParathroÔme ìti o T eÐnai mia 1 − 1 apeikìnish pou diathreÐ to mètro μ Ĺra (jeÿrhma Furstenberg) upĹrqei n ∈ N ÿste afoÔ μ(Y_0) = f(S) = a > 0 tìte μ(Y_0 ∩ T^sY_0 ∩ · · · ∩ T^{s(k−1)}Y_0) > 0 ’Ara f(S ∩ (S − n) ∩ · · · ∩ (S − n(k − 1))) = μ(Y_0 ∩ Y_{−n} ∩ · · · ∩ Y_{−n(k−1)}) > 0 dhladă S ∩ (S − n) ∩ · · · ∩ (S − n(k − 1)) ≠ ∅ UpĹrqei loipìn a ∈ Z ÿste a ∈ S ∩ (S − n) ∩ · · · ∩ (S − n(k − 1)) dhladă a, a + n, . . . , a + n(k − 1) ∈ S •

Anaforèc

[1] Baumgartner J.E. (1974)

A short proof of Hindman’s theorem J.Comb.Th.(A) 17 pp 384-386

[2] Bergelson V. - Hindman N. (1990)

Nonmetrizable topological dynamics and Ramsey theory Trans AMS 320 pp 293-320

[3] Comfort W. - Negrepontis S. (1974)

The theory of ultrafilters Springer

[4] Comfort W. (1977)

Ultrafilters: Some old and some new results Bull.AMS 83 pp 417-455

[5] Ellis R. (1969)

Lectures on topological dynamics Benjamin

[6] Furstenberg H. (1981)

Recurrence in ergodic theory and combinatorial number theory Princeton University Press

[7] Gowers W.T. (2001)

A new proof of Szemeredi’s theorem Geom.Funct.Anal. 11 pp 465-588

[8] Graham R. - Rothschild B. - Spencer J. (1990) Ramsey Theory Wiley

[9] Hales A.W.- Jewett R.I. (1963)

Regularity and positional games Trans.Amer.Math.Soc. 106 pp 222-229

[10] Harrington L.- Paris J. (1977)

A mathematical incompleteness in Peano arithmetic Handbook of mathematical logic (North Holland) pp 1133-1142

[11] Hindman N. (1974)

Finite sums from sequences within cells of a partition of N J.Combin.Theory A 17 pp 1-11

[12] Kreisel G. (1952)

On the interpretation of nonfinitist proofs II J.S.L 17 pp 43-58

[13] Ramsey (1930)

On a problem for formal logic Proc.London Math.Soc. 30 pp 264-286

[14] Scott D.S. (1961)

Measurable cardinals and constructible sets Bulletin de l’Academie Polonaise des Sciences 9 pp 521-524

[15] Shelah S. (1988)

Primitive recursive bounds for van der Waerden numbers J.AMS 1 pp 683-697

[16] Sierpinski W. (1965)

Cardinal and ordinal numbers Polish Scientific Publishers

[17] Szemeredi E. (1975)

On sets of integers containing no k elements in arithmetic progression Acta Arithm. 27 pp 199-245

[18] van der Waerden B.L. (1927) Beweis einer Baudetschen Vermutung Nieuw Arch.Wisk. 15 pp 212-216